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THEORETICAL PHYSICS 


$1. GENERAL INTRODUCTION 


HYSICAL science, in the restricted sense of the term, is 
Pp concerned with those aspects of natural phenomena that 
are regarded as fundamental. Broadly speaking it inves- 
tigates things with which we are brought into immediate contact 
through the senses, hearing, touch and sight; and it includes, 
among others, the familiar sub-divisions sound, heat and 
light. But sense perceptions themselves hardly enter into physics. 
Indeed, they are deliberately excluded, as far as may be, from 
physical investigations. Spectra are observed photographically 
and the colour of a spectral line is really not a thing in which the 
physicist takes any interest. No great effort of imagination is 
needed to conceive the possibility of photometric devices whereby 
a completely blind observer might carry out for himself all the 
observations on a spectrum which have any significance for 
physics. Temperature is not measured by feeling how warm a 
thing is, nor in acoustical investigations do we rely on the sense 
of hearing. In fact, the use of human senses is practically con- 
fined, in experimental physics, to the observation of coincidences, 
such, for example, as that of the top of the mercury column in a 
thermometer with a mark on the scale of the instrument, or that 
of the spider line in a telescope with a star or a spectral line, and 
the associated coincidence which gives the scale reading. 

Physical science is the cumulative result of a variety of 
closely correlated activities which have given us, and are adding 
to, our knowledge of what we shall call the Physical World, and 
the present treatise is an attempt to present, in outline, a con- 
nected account of the body of doctrine which has grown out of 
them. 

There are three well-defined periods in the development of 
the theoretical side of physics since the time of Galileo. The 
earliest of these, which we may call the ‘matter and motion’ 
period, came to an end in 1864 when Clerk Maxwell’s electro- 

1 


2 THEORETICAL PHYSICS 


magnetic theory of light appearedt| The physicist of this 
period conceived the world as built up, roughly speaking, of 
minute particles (atoms) endowed with mass or inertia and 
capable of exerting forces (gravitational, electric, etc.) on one 
another. Their behaviour and mutual interactions were subject 
to certain dynamical principles, summarized in Newton’s laws 
of motion. A phenomenon was considered to be satisfactorily 
accounted for when it could be represented as a mechanical 
process ; when it could, as it were, be reproduced by mechanical 
models differing merely in scale from something that might be 
constructed in a workshop. This mechanical physics was 
extraordinarily successful, and was tenaciously adhered to and 
defended, even so recently as the opening years of the present 
century, as the following quotation from the preface to the first 
edition of an admirable work on the theory of optics ? will show. 


‘Those who believe in the possibility of a mechanical conception of 
the universe and are not willing to abandon the methods which from 
the time of Galileo and Newton have uniformly and exclusively led to 
success, must look with the gravest concern on a growing school of 
scientific thought which rests content with equations correctly represent- 
ing numerical relationships between different phenomena, even though 
no precise meaning can be attached to the symbols used.’ 


The second period, from 1865 till the opening years of this 
century, has a transitional character. Maxwell’s theory (which, 
it may be remarked, united the previously disconnected provinces 
of light and electricity) led eventually to the abandonment of 
the effort to establish electrical phenomena on the old-fashioned 
“matter and motion’ basis and placed ‘electricity’ on equal 
terms by the side of ‘matter’ as a building material for the 
physical world. In the ’eighties indeed the most characteristic 
property of matter, namely mass or inertia, was successfully 
accounted for in electrical terms, and attempts began to be made 
(with some success) to provide a purely electrical basis for theo- 
retical physics. 

Distinguishing marks of the present period of theoretical 
physics (since 1900) are the development of the quantum and 
relativity theories and the consequent overthrow of the sover- 
eignty of Euclidean geometry and Newtonian dynamics. These 
latter, however, retain their practical importance in almost 
undiminished measure, and it would indeed be inaccurate to 


1{t is noteworthy that Maxwell wrote a little book called Matter 
and Motion which, though he was the inaugurator of a new epoch in 
physics, presents a very fair picture of, and indicates his sympathy with, 
the ideals and aims of the earlier period. 

* Schuster: An Introduction to the Theory of Optics (Arnold, 1904). 
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speak of them as untrue or disproved ; but they now appear as 
limiting cases of the more comprehensive modern theories. The 
old problems of the explanation of electrical phenomena in 
mechanical terms, or of matter in electrical terms, have no 
longer any significance, and physical theory is approximating 
more and more to a vast and unified geometrical structure such 
as was not dreamt of in the philosophy of Euclid or Newton. 


CHAPTER I 
FOUNDATIONS OF EUCLIDEAN TENSOR ANALYSIS 


§ 2. ScAaLARS, VECTORS AND TENSORS 


PHYSICAL quantity which can be completely specified 
A by a single numerical statement (the unit of measure- 
ment having once been chosen) is called a scalar. 
Examples of scalars are electric charge, mass, temperature, 
energy and so forth. A vector is a physical quantity associ- 
ated with a direction in space. For its complete specification 
three independent numerical statements are necessary. The 
typical example of a vector is a displacement. If a small 
body or particle is given a series of 
B displacements represented by AB, BC, 
CD, DE (Fig. 2), which are not neces- 
sarily co-planar, it is obvious that 
A these bring about a result equivalent 
— to thesingle displacement represented 
Fic. 2 by AE. The displacement AE is 
called the resultant of the dis- 
placements AB, BC, CD, DE. Any vector can be represented 
in magnitude and direction by a displacement. Examples 
of vectors are force, velocity, momentum, electric field 
intensity and so on. If, for instance, four forces are applied 
to a body (to avoid irrelevant complications we shall suppose 
them all to be applied at the same point in the body) and if 
a straight line AB (Fig. 2) be constructed having the direction of 
the first force and a length numerically equal to it in terms of 
some convenient unit, and if a second straight line BC be drawn 
to represent the second force in a similar way and so on; then 
the four forces are equivalent to a single or resultant force 
which is represented in magnitude and direction by AE. The 
three independent numerical data which are necessary to express 
the vector completely may be given in various ways. We may, 
for example, give the absolute value of the vector, i.e. the length 
of the line AB or BC (Fig. 2), representing it; in which case 
we have to give two additional numerical data to fix its direction 
4 


D 


§ 2-1] EUCLIDEAN TENSOR ANALYSIS 5 


relative to whatever frame of reference we may have chosen. 
The three independent data, however they may be chosen, are 
called the components of the vector. It is usual, however, to 
restrict the use of the term ‘ component ’ in the way indicated in 
the following statement: Any vector can be represented as 
the resultant of three vectors which are parallel respectively 
to the X, Y and Z axes of a system of rectangular co-ordin- 
ates. These three vectors are called its components in 
the X, Y and Z directions. Unless the contrary is stated, or 
implied by the context, we shall use the term ‘component’ in 
this more restricted sense. If A represents the absolute value 
of a vector, we shall represent its components by A,, A, and 4, 
and refer to it as the vector A, or the vector (A,, A,, A,). The 
statement ‘A,, A, and A, are the X, Y and Z components of the 
vector A’ may conveniently be expressed in the abbreviated 
form : 
A = (A,, A,, A,). 

It is clear that when a vector is represented by a line drawn 
from the origin, O, of a system of rectangular co-ordinates to 
some point P, its components are the co-ordinates of P. 

Besides scalars and vectors we have still more complicated 
quantities, or sets of quantities, called tensors. A tensor of the 
second rank requires for its complete specification 9 or 32 inde- 
pendent numerical data, which are not necessarily all different. 
Just as a vector can be represented by a displacement, so can a 
tensor of the second rank be represented, in its essential pro- 
perties, by a pair of displacements. This will be more fully 
explained later. The state of stress in an elastic solid is an 
example of such a tensor. It has become customary in recent 
times to use the term ‘tensor’ for all these different types of 
physical quantities. A scalar is a tensor of zero rank; it 
requires for its specification 3° or 1 numerical datum. A vector 
is a tensor of the first rank, requiring for its specification 3! 
independent numerical data and so on. 


§ 2-1. SCALAR AND VECTOR PRODUCTS 


The inner or scalar product of two vectors is defined to 
be a scalar quantity numerically equal to the product of their 
absolute values and the cosine of the angle between their direc- 
tions. If the absolute values are A and B, and if the included 
angle is 0, the scalar product is AB cos 6. It is convenient to 
abbreviate this expression by writing it in the form (AB) or 
(BA). A very important instance of a scalar product is the 
work done by a force when its point of application is displaced. 
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If, for example, A represents a force (which we shall suppose to 
be constant), B the displacement of the point where it is applied, 
and @ the angle between their directions, the work done is 
expressed by AB cos 0 or briefly by (AB). 

To elucidate the properties of the scalar product it is con- 
venient to represent the vectors A and B by displacements from 
the origin O of rectangular co- 
ordinates (Fig. 2:1). Let the ter- 
minal points, » and gq, of the dis- 
placements be joined by a straight 
line, the length of which is repre- 
sented by ¢. Then we have 

t2 = A? + B2 — 2AB cos 6. 
Since the co-ordinates of and g are 
(A,, A,, A,) and (B,, B,, B,) respec- 
tively, itis evident that ¢ is the diag- 
onal of a parallelopiped, the edges of 
which are parallel to the axes X, Y and Z and equal respectively 
to |A, — B,|, |4, — B,| and |A, — BJ, the symbol [|x| being 
used to represent the absolute value of x. Therefore 

(= (a = B,)* ae ae = Bye oF (A, re Bie 
If we remember that 


x 


Fic. 2-1 


AP=A7+ A744? © . . « (210) 
and B?=B2+ B?+ B, 
we find on equating the two expressions for 7? 
AB cos 6 = A,B, + 4,B,+A4,B,| . . (2:11) 


This important result may be expressed in words as follows :— 
If the like components of two vectors are multiplied 
together, the sum of the three products thus formed is 
equal to the scalar product of the two vectors. 
When the angle between the two vectors is aright angle it is 
obvious that 
A,B, +A,B,+4,B,=0 . . . . (203) 
and conversely, when equation (2°12) holds the directions of the 
two vectors must be at right angles (if we except the trivial case 
where one or both of the vectors are equal to zero). If we refer 
the vectors A and B to new rectangular co-ordinates, in which 
their components are 
A,, A, Al and Bb oe 
the scalar product will now be 
A,'B,’ -- A,B, + A,’B 
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and we must have 

A,B, + A,B, + A,B, = A,B, + A,B, + A,B, 
since the value of the scalar product is clearly independent of 
the choice of co-ordinates. We have here an example of an 
invariant, i.c. of a quantity which has the same numerical 
value whatever system of co-ordinates it may be referred to. 

The product of the absolute values of the two vectors and the 
sine of the angle included between their directions is called their 
outer or vector product. In the case of the vectors A and B 
(Fig. 2-1) we have 

vector product = AB sin 0 
We shall usually abbreviate this expression by writing it in the 
form [AB]. 
Squaring both sides of (2-11) we have 
A?B? — A®B? sin? 6 = (4,68, + A,B, + A,B,)* 
or, by (2-10) 
A?B? sin? 90 = (A,? + A,? + A,?)(B,? + B,? + B,?) 
ao Ale als A,B, ste A,B,)?. 

On multiplying out, we easily recognize that this last equation 
is equivalent to 
A°B? sin? 0 = (A,B, a Yaigal bf ag (A,B, Poa A 

+ (4B, — A,B,)* - . . . (213) 
Obviously we may change the sign in any of the expressions 
A,B, — A,B,, etc. on the right without affecting the equation. 
This ambiguity is intimately associated with a corresponding 
feature in rectangular axes of co-ordinates, and it now becomes 
necessary to give a precise specification of the type of rectangular 
axes we propose to use. We shall do this in the following terms : 

The motion of an ordinary or right-handed screw 
travelling along the X direction turns the Y axis towards 
the Z axis. In this description the letters X, Y and Z may, 
of course, be interchanged in a cyclic fashion. It is evident 
from equation (2°13) that the three quantities, 

o, = A,B, — A,B,, 6, = A,B, — A,B,, 0, = A,B, — A,B, 
can be regarded as the components of a vector the absolute 
value of which is AB sin 0. The question arises: What is the 
relation between the directions of the vectors o, A and B? 
The scalar product pie 


= 0,A, = 0,A, i 
= (A; ag — A ,B,)A oh (A,B, — 4,2,)A deals (A,B, a A,B,)A, 
= 0 identically. 
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Tt follows that the vector o is at right-angles to A and by forming 
the scalar product (6B) we can show further that o is also at 
right angles to B. Let us turn the co-ordinate axes about the 
origin so that the vectors A and B lie in the XY plane in the way 
indicated in Fig. 2-11. The 
components o, and o, will now 
be zero, and we see that go, is 
positive, since A,b, — A,B, is 
obviously greater than zero. 
This means that when the 
co-ordinate axes are placed in 
this way relatively to the vec- 
tors A and B, the vector o will 
be in the direction of the Z 
axis, and so we conclude that 
ime, 2e0h the motion of an ordinary or 
right-handed screw travel- 
ling in the direction of o turns the vector A towards 
the vector B. We shall extend the use of the notation [AB] 
to represent the vector product completely, i.e. both in magni- 
tude and direction. That is to say [AB] means the vector, the 
X, Y and Z components of which are respectively 


A,B, —A,B,, A,B, — A,B, A,B, — A,B,, 

and [BA] means the vector 

(B,A, _e B,A,, BAG a BA, B,A, ae Aas 
which has the opposite direction. 

The scalar product of any vector C and [AB] is 

(C[AB]) = C[AB), + C{AB], + C{AB],, 

(C[AB]) = C,(4,B, — 4,B,) + C,(A,B, — A,B.) _* 

a C,(A,B, _ A,B,), 


. (2°14) 


xX 


Ay Abn ae 
Be Be. B, 
0 y? z 
Clearly this determinant is an invariant, since a scalar product 
is an invariant. If again we imagine the axes of co-ordinates to 
be turned about the origin till the vectors A and B he in the 
XY plane, as in Fig. (2-11), the scalar product (C[AB]) becomes 
C[AB],, since the X and Y components of [AB] are both zero. 

Therefore 


or (C[AB]) = 


(C[AB]) =Ccose ABsinO . .. . (2°15) 
where ¢ is the angle between the directions of C and of the Z 


axis. If therefore ¢« is less than 1 the scalar product (C[AB}) 
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or the determinant (2°14) is equal to the volume of the parallelo- 
piped which is determined by the displacements A, B, C. 

We may formulate this result as follows: If the motion of 
an ordinary or right-handed screw travelling along the 
direction of C turn A towards B, then the determinant 
(2:14) is equal to the volume of the parallelopiped deter- 
mined by the vectors A, B and C. 

Obviously we may interchange A, B and C in cyclic fashion 
in this theorem. 

If cos ¢ in (2°15) is zero, the vectors C and [AB] are at right- 
angles to one another; but this means that A, B and C are in 
the same plane and on the other hand that the determinant 
(2°14) is zero. In fact, if A, B and C are all different from 
zero, the necessary and sufficient condition that they shall be 
co-planar is: 

AEA A 
B,.B) By 
CUne, 


—=0 . . . 4 . « (2:16) 


§ 2-2. Co-ORDINATE TRANSFORMATIONS 


Let X, Y, Z and X’, Y’, Z’ be two sets of rectangular axes 
of co-ordinates with a common origin O; and let P be any 
point, the co-ordinates of which 
are x, y,z and x’, y’, 2’ in the x 
two systems respectively (Fig. p 
2:2). Let us further represent x 
the cosines of the angles be- 
tween X’ and X, Y, Z, by J,, l, 
and l, respectively ; those be- 
tween Y’ and X, Y, Z by m,, 
m, and m, respectively, and so 
on. ‘The problem before us is: Y 
given x, y, 2, the co-ordinates 0 Fre, 2-2 
of P in the system X, Y, Z, 
to find x’,y’,z’, its co- “onieneiae in the other system X’, Y’, Z’, 
and vice versa. Drop a perpendicular Pm on OX’, so that Om 
is equal to x’, the X’ co-ordinate of P in the system aN Ze 
We may regard both OP and Om as vectors and we have clearly 


OP = (a, y, 2) 
Om xs (2'l,., x’l,, v1} System x XG Th 


OP = (ae y’, 2’) , t , 

Om = (2’, 0, 0) | System ey ee 

The rule (2:11) gives us for their scalar product the alternative 
expressions, 
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'lse + x'Ly + x'lz (System X, Y, Z) 
and x’2 (System X’, Y’, Z’). 


On equating these two expressions, and dividing by the common 
factor x’, we finally obtain 
w= be+ by + lez. 
In a similar way we may show that 
y = Me + My + MZ, ; 
2 = nw + ny + nez,, 7 ee 
The equations of the inverse transformation are easily found 
to be 
g=be' + my’ + 1,2 
y=laimy’ +n,’ . « » azo 
z2=l2'’+my +n’. 

We may, evidently, regard J,,l, and 1, as the components of 
a unit vector (i.e. a vector the absolute value of which is unity) 
in the system X, Y, Z. A similar remark applies to (m,, m,, m,) 
and (n,, 2, n,). And in the system X’, Y’, Z’ we may regard 
(L,, My) My), (Ly. M,, M,) and (L,, m,, n,) a8 unit vectors. 

For many purposes it is convenient to represent these direc- 
tion cosines by a single letter, distinguishing one from another by 
numerical subscripts, thus : z 

(L,, ep L,) == (acne Qi25 Qi3), 
(m,, M,, M,) = (Ger, Gee, Ges); 
(N_, Ny, 2,) = (G31, Ase, Oss). 

All six equations of transformation given above are con- 

veniently represented in the following schematic form :— 


Hi O11 Qizg O13 


_ (2:22) 
Yy Qe1 | Ase | Gas 


, 


@ Asi | Aze | Ags 


Mathematically a vector may be defined as a set of three 
quantities which transform according to the rules em- 
bodied in (2-22). . 

There are certain important and interesting relations between 
the direction cosines a. For example, the sum of the squares of 
the a’s in any horizontal row, or in any vertical column of (2°22) 
is equal to unity: 

Gir? + Gye” + a1,” = 1, 


etc. Ci + Case + Osa% = . . . ° (2°23) 
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The correctness of these equations is obvious, since in each 
case the left-hand member can be regarded as the sum of the 
squares of the components of a unit vector. Further, the sum 
of the products of corresponding a’s in any two horizontal rows, 
or in any two vertical columns is zero, e.g., 

11013 + Ge1Ge3 + Asids3 = 9, 

ei1031 + Ae2s2 + Ass833 = 0 ~4> « (2224) 
and so on. These equations follow since the left-hand member 
in each case can be regarded as the scalar product of two unit 
vectors which are at right angles to one another. 

Finally we have the relation 


O11, G12, G13 
Qei1, Ase, Aes 
G31, Age, Ass 
since by (2:14) this determinant represents the volume of the 
parallelopiped bounded by the three mutually perpendicular 
unit vectors (l,, l,, 1), (m,, m,, m,) and (”,, My) %,)- 


=}... . . (225) 


§ 2-3. ‘Tewsors or Hignrr Rank 


We are now able to define more precisely a tensor of higher 
rank than a vector. Take, for example, a tensor of the second 
rank, such as that which expresses the state of stress in an elastic 
solid. It is a set of 3? quantities, called its components, 


Pree Poy Pras 

Pres Puy Pry 

Px Pap Przy 
having the property that the values of the components p,,’, 
Poy, ete., in the system X'Y’Z’ are calculated from p,,, p,,, etc., 
the components in the system X, Y, Z, by precisely the same 
rules as those for calculating A,’B,’, A,’B,’, etc., from the pro- 
ducts A,Bb,, A,B,, etc., where A,, A,, B,, etc., are the components 
of two vectors. A tensor of the second rank is said to be sym- 
metrical when the subscripts of a component may be interchanged, 
e.g., when 

Pry = Pre 

The system of stresses in an elastic solid in equilibrium consti- 
tutes such a symmetrical tensor. If, on the other hand, 


Poy = ~ Pre 
the tensor is said to be anti-symmetrical. Since in this case, 
Poe = ~ Pox 


the components 7,,, ),,, etc., with two like subscripts will all 
three be zero. As an example of an anti-symmetrical tensor we 
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may instance that formed from two vectors A and B in the 
following way :— 
ee = Alen Ay <— A,B,, bey, ai woe 


ABs A_Bi Ash, = Aspe BeeeaRe 


AB. — A.B ASB = A*BY Bees Re 
Its XX, YY and ZZ components are zero and the remaining six 
are the components of the vectors [AB] and [BA]. In fact we 
may dispense with these vector products by employing this 
tensor. 

More generally, if we have n vectors and select one component 
of each and multiply them together, the 3” products obtained 
from all the possible selections constitute a typical tensor of the 
mth rank, and any set of 3” quantities will constitute a tensor 
of rank n if they obey the same laws of transformation as the 3” 
components of the typical tensor. 


§ 2:4. VECTOR AND TENSOR FIELDS 


We shall often be concerned with regions in which electric, 
magnetic or gravitational forces manifest themselves. We call 
such regions fields of force. They are characterized in each of 
these examples by a vector which varies continuously from point 
to point in the region and which may be termed the intensity 
of the field. In hydrodynamics we are concerned with regions 
filled with a fluid, the motion of which can be described by giving 
its velocity at every point in the region. In all these examples 
we may use the general term vector field for the region in 
question. Or we may be concerned (e.g. when we are studying 
the state of stress in an elastic solid, or the Maxwell stresses in 
an electrostatic field) with the components of a tensor of higher 
rank than a vector and with the way in which they vary from 
one point in the field to another. In such a case we may call 
the region a tensor field. 

The description and investigation of vector or tensor fields 
involves the use of partial differential equations, and we shall 

CnC) 
ox dy’ dz 
where the round d’s are the conventional symbols for partial 


therefore study some of the features of the operations 


differentiation, i.e. ie means a differentiation in which the other 
a 


independent variables y, z and the time are kept constant. In 


0 0 oO 


~-, =~, =~ have the same trans- 
Ox Oy 02 
formation properties as the X, Y, Z components of a vector. 


the first place we may show that 
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Let ¢ be any quantity which varies continuously from point to 
point. Then by a well-known theorem of the differential calculus, 


GAGS Bien GO oe 
i Gee OWE Goece 
But by (2:22) 


© = 00" + dei’ + 312, 

i Ayo%" + Ooo + G22’, 

Z = A130" + Asay’ + Ags2', 
therefore 


— =—01 => >= 
Ox! > Ox’ 


or, dropping ¢, we have the oe 


0 0 
a = ie ae cee 7a Oiane ow oo oe eae 


This is sufficient to establish the er character of these 
operations. 
If A = (A,, A,, A,) is a ay i the quantity 


0A, 
ait = 


7 

will be an invariant since it has _ same transformation pro- 
perties as a scalar product. It is called the divergence of the 
vector A and is written 


div A. 
Furthermore the three quantities 
0A, 0A, 0A, OA, OA, OA, 


ei ee —— 


must be the X, Y and Z components of a vector, since they have 
the same transformation properties as the components of a 
vector product. This vector is called the curl of A or the 
rotation of A and is written 


curl A or rot A. 
It is easy to show that 
div curl #4 —.05 7 ee ee 
where A is any field vector. We have in fact, 


: é 7) 0 
div curl A = 5, ourl Al, + ye A}, + a {curl A}, 
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or div curl A = & 0A, =) C OA, 0A, 


Gu\ Oy oz Oy\ dz Oa 
0 (0A, Oae 
Oz\ 0x = 


It will be seen that this is identically zero. 

if A = (A,, A,, A,) is a vector and ¢ any scalar quantity, 
it is obvious that 

(A,$, 4,6, A.) 
is a vector. Similarly 
(e oe: _ 
Ox Oy’ OZ 

is a vector. Such a vector is called the gradient of the scalar 
quantity and is written grad d. We have therefore 


_ (0% 0 Og 
grad @ = (5%, a) Se) eee 
The components of the vector curl grad ¢ are all identically 
zero. Take the X component for example : 


{curl grad $}, = - {grad $}, — ~ {grad $}, 


0 (od 0(0 
or {curl grad $}, = =a} _ a} 


= 0 identically. 
We may write this result in the form 


curl grad d=—=0. . . . 224m 
: : : 0 0 oa 
The quasi-vectorial character of the operations aa? Bye es 


makes it often a convenience to represent them by the symbolism 
used for vectors. We shall frequently denote them by the symbol 
V (pronounced nabla), thus 


» wy 6 8 
Wie (Ve Wie Ve) = On’ oy’ =) 


and therefore 


grad p = (Vas Vos VPs) 


or srad ¢ = V4, 
and div A = V,4, + V,4, + V.4; = (WA). 
The quantity 
0% i 2d , a% 


is called the laplacian of the scalar ¢ in honour of the great 
French mathematician Laplace. Our notation enables us to 
represent it by Wd. 
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A useful formula, frequently used in electromagnetic theory, 
is the following :— 


div [AB] = (B curl A) — (A curl B)  . (2-44) 
This can be proved by writing out div [AB] in full. 


: 0 0 0 
div [AB] = ~ [AB], + ayn Bl + = {ABI,. 
The first of the Pe terms on the right expands to 


; a 0B Mar, 
Avge + Bag! — Ao! — BS 
and the remaining two terms on the right give 
AS 4 ih OS al, Ae. = pie 
@ oy oy 
| par, al, 
“P As -+ Be — A, — B, ae 
The pair of terms, marked o, taken together make 
B, {curl A}... 
Similarly, we find a pair of terms equivalent to 
i Curley 
and another equivalent to 
B, {curl A}, 
so that six of the terms make up 
(B curl A). 
In the same way the remaining six are seen to make up 
— (A curl B) 


and thus the formula is established. 
An equally important formula is: 


curl curl A= grad div A—YW?A .. . (2°45) 


which we can likewise establish by writing out the left-hand side, 
or the X component of the left-hand side, in full. 
feurkcurl A}. = ae UE | d Z- wee it 


—_- -"—s —————- 


Oy | Oa oy J  dz\ oz Ae 
2 2 
or {curl curl A}, = = a be oA ~ Ce aa) 


-hand side we get 
CEA gee en Cat 

. O02 Oy? = dz? J : 

a result which may be expressed in the form (2°45). 


2 xz 

ola 
Chas 

{curl curl A}, = 7 div A — 


CHAPTER II 


THE THEOREMS OF GAUSS, GREEN AND 
STOKES. FOURIER’S EXPANSION 


§ 3. THEOREM oF GAUSS 


MAGINE a closed surface, abc, Fig. 3, and a field vector 
(A,, A,, A,) which varies continuously throughout the 
volume enclosed by it. We shall investigate the integral 


| faiv A dixdydz . Ve ee (3) 


It is important to grasp the precise meaning of this integral. 
We suppose the whole 
x (dS), it ?: b volume abc divided into 
| small elements and each 
element of volume mul- 
tiplied by the value of 
div A at some point within 
it. The integral (3) is the 
limit to which the sum of 
all the products so formed 
approximates as the ele- 
ments of volume become 
indefinitely small. It is 
O Y not essential that the 
ite, = elements of volume should 
be rectangular, or that the 
sum should be expressed by the use of the triple symbol of integra- 
tion. We may write (3) in the form 


[div 4 do oe... (3-001) 


where dv represents an element of volume of any shape. It is 
convenient, however, to use the triple symbol when we wish to 
draw attention to the 3-dimensional character of the region 
over which the integration extends. 
From the definition of div A (§ 2:4) we have for (3) 
16 
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a Gh oe . 
We +E+5 |du dy de .. (3-002) 


@ 


so that it may be treated as the sum of three integrals. We 


shall begin with 
0A, 
WI) aaa Ue: 


and carry out the integration or summation over all the elements 
of volume from 1 to 2 (Fig. 3) in a single narrow vertical column 
with the uniform horizontal cross-sectiondydz. For this restricted 
volume we have 


2 
[{ [eae dy dz = dy dz | ae 
1 


Ox 


= dy dz{(A,), —(A,)1}. . . . (3°003) 
where (A,), and (A,), are the values of A, at the terminal points 
1 and 2 respectively, where the vertical column cuts the surface 
abc. Let the elements of area at the two ends of the vertical 
column be (dS), and (dS),. It is helpful to imagine short 
perpendiculars erected on the surface at the points 1 and 2 
and directed outwards, each perpendicular having a length equal 
to the area dS of the corresponding element; (see (dS), and 
(dS). in Fig. 3). These perpendiculars may be regarded as 
vectors with the absolute values (dS), and (dS),. Let ¢, and 
@, be the angles between the directions of the vectors (dS), 
and (dS), respectively and the X axis. We have then 
(dS). cos ¢, = dy dz, 
— (dS), cos ¢, = dy dz, 
or 
(dS.,)2 — dy dz, 
— (dS,)1 = dy dz. 
Substituting in (3-003) we get 
2 


Fide i fede EGR Paras. 
1 


or, otherwise expressed, the integral 


0A, 
\{f = dx dy dz, 


when extended over such a vertical column, is equal to the 
sum of the products A,dS,, where the surface abc is cut by the 
column. When the integral is extended over the whole volume 
abc, i.e. over all the vertical columns in it, we get the sum 
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of the products A,dS, for all the elements of area making up the 


surface. 
aA, _ 
(Ws de dy dz = | [44s 


Therefore 
where the summation on the left extends over the whole volume 
abc, and that on the right over the whole surface abc. Similarly 


we have, 
0A 
JJ Jor ae ay ae = [faas, 


oil [[\eee ue = [fas 


Adding these three equations, we get 


Wily 9 Gal, ab 
ie = By == A ) dx dy dz 


= [\taas, + AdS, + Ads} 


or | fffaw a aeay a = [fea as) | - . (301) 


where (A dS) on the right hand is the scalar product of the 
vectors A = (A,,A,,A,) and dS = (d8S,, d8S,, dS,). Equation 
(3:01) expresses the theorem of Gauss. 


§ 3:1. GREEN’s THEOREM 
Let the vector A in (3:01) have the form 
U grad J, 
where U and V are scalars, which, with their first and second 


differential quotients, are continuous functions of 2, y and z 
in the volume abc. We thus have 


{ faiw {U7 grad V} dx dy dz = {{w grad V, dS), 
or \{Jover dx dy de + [|| erad U, grad V) dx dy dz 
= [fw grad V, dS) . (3-1) 
Interchanging U and V in (3-1), we get 
{ | | VV2U dx dy dz + | | | (grad U, grad V) dx dy de 
= [fv grad U, dS). . (3-11) 
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and on subtracting (3°11) from (3-1) we obtain 


(\ Uy?2V — VW2U} dx dy dz 
Zs [{w grad V, dS) — [fv rad U, dS) (3-12) 


This result, known as Green’s theorem, was published in 
1828 by George Green in an epoch-making work entitled An 
Essay on the Application of Mathematical Analysis to the Theories 
of Electricity and Magnetism. If we represent distances measured 
in the direction of an outward normal to the surface abc by the 
letter n, the normal component of grad V, i.e. the product of 
grad V and the cosine of the angle between its direction and that 
of dS or of the normal, is 

OV 
“On? 
so that (3°12) may be written in the form 


(If (UY2V — VW2U} dx dy dz 


= {\it= = V=-las eas 
In this equation let the value of U at any point be equal to 
: where 7 is the distance of the point from the origin. If then 


the origin is outside the volume abc over which the triple integral 
is extended, we have from (3°13) 
il 
1G 


Jiewre dy dz mate s v-tas Sei 


Since can be shown, as follows, to be zero. We have namely 


A) Vcr 
Ox 


re Ox 
0*(-) 2 /or\2 1 @? 
r / r 
therefore aa ag =) hae (3°141) 
Now 2 = ge? + y® 4 22, 
therefore oo" = 24 
Ox 
or or _« 
OU 
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io. a? 1 


Further a m= Hf K, 
Cx? ye 7 
ee : or Bee 
Substituting these expressions for x and ann (3°141) we get 


1 
HO) 
or Cm Bae = ] 
Cre rs rs 
Similarly 
a6 
r by? 
oy? pe 78? 
(5) 
Pa PJ pense = 1 
a 


On adding the last three equations, we find 


8G) 
PY es pe ee Oe EE oN 
Y (=) ox? ¥ oy? Gz" 
_3@@+y2?+2%) 3 _y 
——— > ao ae = Pe —— e 
Let us apply (3-14) to the case where the volume integration 


Fia. 3-1 


extends over a region like that indicated by the shaded part of 
the diagram in Fig. 3:1. This region is enclosed between the 
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surface abc and the surface of a sphere of small radius, #, having 
the origin for its centre. The surface integration is now extended 
over the surface abe and over the surface of the small sphere as 
well. 
At points on this latter surface 
OV. 2) 
on Or’ 
since the direction of the outward normal is exactly opposite 
to that of 7. Similarly 
1 1 
a; ) a G ae! 
On =—i(iséis:~*«é«éRRP 
Therefore the part of the surface integral of (3:14) extended 
over the small sphere may be expressed as 


_ OV | | ds 7 | | dS 
oll BR VSR 
where ap and V are average values of =— and V respectively 


or 


over the surface of the sphere. This part of the surface integral 
is therefore equal to 


— inRoe — 4nV, 
r 


oV - 
and since or and V are continuous it will approach the 
limit 
— 47 Vs 


as # approaches zero, if V, is the value of V at the origin. 
We have therefore 


1 
all 
i, 7 {2 BY () as — sar 
[[]ev7v aedyae = [fg - Ve ae: 
i 
or Vo= — ||| =. WV de dy de +e [fre 


1 
2 Nas. -. (315) 


In this formula the surface integral is extended over the 
outer surface abc of Fig. 3-1, and it is understood that the volume 
integral now means not merely the result of integrating over the 
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shaded volume, but the limit approached by this integral when 
R approaches the limit zero. 

Imagine the surface abc to be enlarged, so that the distance 
r of any point on it from the origin approaches infinity, or so that 


7 approaches zero; then it may happen that the surface integral 
also approaches zero in the limit. It is easily seen that this must 
happen when V diminishes in the same way as : at great dis- 


tances from the origin, that is to say, when the product 7V never 
exceeds some finite number, however great r may be. For 


(>) 
+¢™ and SE 


on on 


whereas the area of the surface is of the order of r?. In such a 
case (3°15) becomes 


yo = --(|% ae dydz . . .(anlG 


where the integration is extended over all space. 


are both of the order of magnitude of = 


§ 3-2. EXTENSIONS OF THE THEOREMS OF GAUSS AND GREEN 


If A, B and C are three vectors, the quantity 
C,A,B, a CAGE, a6 CA,B, 


is the X component of a vector, since 
C,B, + C,B, + C,B, = (CB) 
is a scalar or invariant quantity. Now A,B,, A,B, and A,B, 


are the XX, XY and XZ components of a tensor of the second 
rank and it follows that 

CP Ol + Cle 
is also the X component of a vector, if G is any vector and 
T.. etc. any tensor of the second rank. This will be understood 
when it is remembered that the components of tensors are 
defined mathematically by their transformation properties (see 
§§ 2:2, 2°3). We may similarly infer that 


ae aha mec was 


r fhe Le 

: = 

is the X component re a ret -—: 
= Ce 4 OL ve 


oy 
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CLE ee Ol 
eae On +° oy z 
are respectively the Y and Z components of the same vector. 
It is usual to extend the scope of the term divergence to include 
this vector. “a 


div T = (= CL ane li Cl. 4. OD 
Oz” A be 02 
oe 2 + oa (a2) 


The method employed im a, the hee of Gauss can be 
applied to “a the statement :— 


OD oe ee, Ol s 
if Ge + 2p +e 


Green’s theorem, and the formule deduced from it, naturally 
admit of a similar extension. We can, for example, deduce the 
equation 


—_- all poe tdudydze . . . (3°22) 


which corresponds to (3°16) and in which F',, means the value 
of F,, at the pointr = 0. The validity of this formula is subject 
of course to conditions strictly analogous to those which apply 
in the case of (3°16). 


§ 3:3. THEOREM oF STOKES 


It has been shown already (2°42) that 
div curl A 
is identically zero and therefore 


{| f aiv curl A dx dy dz =0, 


the integration being extended over any volume within which 
the vector A and its first derivatives are continuous. Now 
applying the theorem of Gauss we get 


{((curl A, dS)=0 . . . . (33) 
iH} 


the integration being now extended over the bounding surface 
(abed, Fig. 3:3). Imagine the surface abcd to be divided into 
3 
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two parts by the closed loop afyd. Equation (3°3) may be 
written 


{| (curl A, dS) + ives A, dS) =0 _., (3301). 


ab c 
Where ab indicates the part of the integral over the portion 
ab of the surface to the left of the loop afyéd and cd the part 
extended over the portion to the right of the loop. Now suppose 


liigeh, 393) Fic. 3-31 


the surface cd to be replaced by another surface ef with the 
same boundary line afyé. We shall have 


{| (curl A, dS) + No A, dS)=0 (3-302) 


ab f 
From (3:301) and (3°302) we have 
| | (curt Sis [{ curt A,dS), 


cd ef 
and therefore the value of the integral can only depend on the 
values of the vector A along the curve afyd which forms the 
boundary of the surface cd or ef. This suggests the problem 


of expressing [ {curt A,dS) in terms of what is given for 


points on the boundary afyd (Fig. 3-31) of the surface. Let us 
construct two sets of lines on the surface, each set containing 
an infinite number of lines. The first set, which we shall call 
the d lines, all begin at a common point (1 in Fig. 3-31) and 
all end at a common point (2 in Fig. 3-31). We shall suppose 
them to be sensibly parallel to one another in any small neigh- 
bourhood. The element of area between any two adjacent d 
lines may be called a d area. The second set of lines, which 
may be termed 6 lines, are so drawn as to divide the d areas 
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into infinitesimal parallelograms, the area of any one of which 
may be symbolized by dS. The increment of any quantity 
g@, aS we travel along a d line in the direction 1 to 2 (shown 
in Fig. 3-31 by an arrow), from one 6 line to the next, will be 
represented by dd. In the same way 6¢ will represent the 
increment of ¢ which occurs in travelling along a 6 line, in the 
direction indicated by the 
arrow, from one d line to the 
next. If the letter / be used for 
distances measured along any 
of these lines, an element of 
area dS will be equal to 
6l.dl.sin 0 (see Fig. 3-32). As 
usual we shall regard dS as a 
vector and write 
dS = [81, dl] Fria. 3-32 
We can visualize dS as a 

short displacement perpendicular to the surface of the element 
and directed away from the reader. We evidently have 


dS,, = dy dz — dz dy, 
dS, = dz du — 6x i} (3°31) 
dS, = dudy — dydz. 
In these equations 
51 = (dz, dy, 6z) ‘ 
dl = (dx, dy, pate (3°311) 


- Let the X co-ordinate of the point 1 (Fig. 3-32) be x; the 
X co-ordinate of the point 3 will be x + dz, and as we pass from 
3 to 4 we realize that the X co-ordinate of the point 4 must be 

a + daz + d(x + dz), 
or x+t+da+detddxe . . . . (3312) 
If we travel from the point 1 to the point 4 by way of the point 
2, we find the X co-ordinate of 2 to be x + 6x and that of 
4 to be 

x + dz + d(x + 62x), 
or ~+déatdua+dédu. . . . (3313) 
Both of the expressions (3°312) and (3°313) represent the X 
co-ordinate of the same point, and it follows that 


ddu=déa . . . . . (3314) 


This means that the operations 6 and d are interchangeable, 
at any rate when applied to the co-ordinates. 


The integral [| (curt A,dS) over a surface bounded by 
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the line afyéd may be treated as a sum of integrals, each ex- 
tended over a d area. A typical d area is shown in Fig. 3-33. 
The surface integral over it may 
be written 


7 | {{curl A],dS, + [curl A],dS, + 


[curl A],d8, }, 


in which the double symbol of 
integration has been dropped, 
since we are now dealing with 
the sum of a singly infinite set of 
elements extending over the d 
area from 1 to 2. Suppose the 
integrand to be written out in 
full, using the definition of curl in § 2-4 and equations (3°31). 
The a of the integral involving A, only is 


] 
Fie. 3°33 


if’ ae 5, (02 di ae me dy — oy de) |. 
1 


= { [ae + & y+ oe s8e\da — | Feay - Gide\ on |. 


Adding and subtracting 


bo 


0A 


An dx dx, 


FA Cee DD 


we get for this part of the integral 


B 
| ie 2b e+ “pitta —| ot Sey 4 sith | 
1 


0 


2 


= | [3A,dx — dA,6x]. 


1 
Now add to this result the integral 
2 
| d(A,6x) 
1 
which is equal to zero, since 6% vanishes at the points 1 and 2. 
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We have therefore for the part of the integral under investigation, 
Z 


| [5A ,dx + d(A,éx) — dA,6z] 


1 


I 


! 


[6A,da + A,déa], 


[sA,du + A,dde, 


6(A,dx). 


I 


Now this expression is the difference of two line integrals, namely 


the one distinguished by the letter Z being taken along the left- 
hand boundary of the d area and the other, marked R, along 
the right-hand boundary. The difference can be expressed as 
the line integral 


| Ade, 


taken right round the d area in a clockwise sense. 
When we take terms involving A, and A, into account we 


find the surface integral J | (curl A,dS) over the d area to 


be equivalent to the line integral | (A,dx + A,dy + Adz) taken 


round it. Otherwise expressed 
[|(curl A.as) = [ (Adi), 


dl being a vectorial element of length along the boundary of 
the d area. 


Finally the integral {| (curl A,dS), when extended over 
the whole surface, is equivalent to the sum of all the line 
integrals, | (A,dl), taken round all the d areas of which the 


surface is made up. This sum must be equal to the line integral 
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taken round the boundary afyd, since along every other line 
numerically equal integrals are extended in opposite senses. We 
thus arrive at the important result known as the theorem of 
Stokes, 


d (Adl) = | { (curt A,d8) . 4. (332) 


The line integral is extended, as the symbol ¢ is meant to 
indicate, round the boundary afyd of the surface over which 


the integral {J is extended. 


If we imagine a screw turning in the sense in which the 
line integral is taken round the boundary, the vectorial elements 
of area dS will be directed to the side towards which the screw 
is travelling. 


§4. FouRmer’s EXPANSION 


A very extensive class of functions can be represented, for 
a limited range of values of the independent variable, by the 
sum of a series of trigonometrical terms. If ¢ be the independent 
variable and /(¢) the function, we have 


f(f) =A, +Aicos d + A, cos 246 +Azcos3d+... 
+ B,sind+B,sin24+Bs;sin36 +... (4) 
The coefficients are defined by the equations, 


A, == | f(r) 60s ne dr, n=+1lto +a . (401) 


= “ | #@) sin nt dt 
where » may have all integral values from 1 to o. The sum 
of the series (4) will correctly represent the function f(¢), subject 
to a qualification given below, for all values of ¢ between — x 
and + 2. The expansion is due to Jean Baptiste Fourier and 
will be found in his Théorie Analytique de la Chaleur published 
in 1822. Its validity was established by Lejeune Dirichlet in 
1837 for all one-valued functions of the type which can be 
represented graphically. A discussion of the validity of Fourier’s 
expansion (4) is beyond the scope of this book ; but if we accept 


ee eee ee 
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the validity, it is easy to prove that the coefficients are those 
defined by (4°01). In evaluating any integral, such as 
+r 


| f(t) cos (nr)dz, 
we have simply to make use of the relations : 
+r 
| Cos” (7) dr — x, 


+r 
| cos (nt) sin (mt) dt = 0, | , nee .  . (4:02) 
i 


| cos (nt) cos (mt) dt =0, n~A™M, 
as 
| sin (vt) sin (mt) dt =0, n ~ m. 
In Fig. 4 the abscisse are the values of the independent 
variable, ¢, and the ordinates those of a function, f(¢), which 


Fic. 4 


may be given quite arbitrarily. Whether the function is periodic 
or not, the expansion will represent it correctly between — za 
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and + 2, with the possible exception of the pomts — 2 and 
+ zthemselves. Outside this range of values of the independent 
variable, it is evident that the arbitrarily given function f(¢) 
cannot in general be equivalent to the sum of the series (4), 
since the periodic character of the cosine and sine terms neces- 
sitates that the values of the function in the interval — z to 
+ z will be reproduced by the expansion in every further interval 
of 2x, e.g. from 2 to 3a, or from — 3x to —a. This is indi- 
cated in the figure by the broken lines. 

We notice that the sum of the series (4) may approach two 
different limiting values from the two sides of the points —z 
and + a, and it can be shown that the result obtained by sub- 
stituting — a or +2 for ¢ is the arithmetic mean of the two 
limiting values. If we wish to expand an arbitrary function 
w(x) in a series of cosine and sine terms which will be valid for 
any prescribed range of values of x, we can quite simply reduce 
the problem to the one we have discussed by introducing a 
variable 


? = 52, 


and we shall arrive at a result which is valid for values of z 
between — L and + JL. 

When the expressions (4:01) for the coefficients A and B 
are substituted in (4), Fouricr’s series takes the form 


f(?) = = [yee += cy [re cos nt cos nddr 
=m n=+1 —7 

=F y Sy (1 sin nr sin nddt, 

wt 
a nm=+1 —7 
1 tm 1 n=+a +7 
A | sac ues » eG cos n(t — d)dt. (4:03) 

Since = ec a 


cos % = cos (— 2) 
we may ie write (4:03) in the alternative form 
Q=—O +7 


f(¢) = z [ow ee = | fe z) cos n(x — $)dr (4-031) 


he—l —7 
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and on adding (4°03) and (4°031) we get 


me 7 n=+1to +o +7 
2f($) = =| Sede += S* | Sle) cos m(x — pyar 
and hence me eae 
j N=+0 +7 
H$)=5- D7 | fle) cos mie — pde. (4-04) 


If now in this formula we replace 
lip = 
& . 2 & 
and p by . 
where a is a positive constant, we shall have 
1 
a 4 OA een 
f(z) cos n(x — $)dt (< cos aly w)do - 
Write ~ = 4, and suppose a to be very large, approaching oo 
in the limit. Then = becomes dA and the summation, 2, with 
respect to » becomes an integration, ie with respect to A. 


Therefore, if we write F(c) for f (2) and F(w) for (4), and 


observe that the limits for o = at must be — o and +o, 
we arrive at the interesting result 
l +o +0 
F(y) = = | | F(c) cos A(o — y)dodA. . (4:05) 
which is known as Fourier’s Theorem. 
The derivation just given is not rigorous, but it shows the 


connexion between the theorem and Fourier’s expansion. It can 
be proved to be valid for arbitrary functions of the type that 
+0 


ean be exhibited graphically, provided the integral | F(c)do is 
convergent. The arbitrarily given function F(y) may have a 
finite number of discontinuities, i.e. there may be a finite number 
of values of y at each of which F(y) has two limiting values. 
For these values of y the integral in (4°05) gives the mean of 
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the two limiting values and in this respect is like Fourier’s 
expansion. 


§ 4-1. EXAMPLES OF FoURIER EXPANSIONS 


When f(¢) in (4) is equal to ¢, all the coefficients, A, vanish, 
since the value of the function merely changes in sign when 
the sign of ¢ is changed. Therefore 


f() =$ = DB, sin ng. 


By (4-01) 
+7 


B= = | rsin nr de, 
I 


This gives on integrating by parts, 
B,=- 2 cos NI, 
n 
and therefore 
¢@ = 2{sind —4sin2¢6+}sin36—+...} . (41) 

The sum of the series (4:1) approaches the limit 2 as ¢ 
approaches z from below, and the limit — a as ¢ approaches 
—z from above. On account of the periodicity of the terms 
it will also approach the limit — xz as ¢ approaches a from 


SO -P 


Fia. 4-1 


above. There are therefore two limiting values of the sum of 
the series at a and at every point ma where nm is odd. When 
however we substitute nz for ¢ the sum of the series is found 
to be zero, which is the arithmetic mean of — mand + a (Fig. 4:1). 
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If we wish to represent y(x) = x by a trigonometrical series 
in an arbitrarily given interval, e.g. 


= WG aH 

we may substitute ro for ¢ in (4°1) thus 

me GER en er Sk ae ) 

E = 2! sin — 5 Sin 2 a7 gD ae SP oo 
and so we get 

2D te A ae eR ee 
= — sin —- — — sin 2— + — ——+... 4. 
z = {sin F 5 Sin 2 + 5 sin 8 +. (4:11) 
S?) 
- 71 0 TT 
Fie. 4-11 
When 


S(¢) = ¢, Oz ¢2an, 
and i(¢) = —¢, —-7 2 G20, 


the function is an even one and the coefficients B vanish (Fig. 4:11). 
Therefore 


f(¢) =A. + SA, cos nd. 
1 
Equations (4°01) give us 


0 - 
bi = al —tdt + | acl, 
27 
—T 0 
or A,= 
and 


0 7 
A, =<{| —7tcosnrdr + | T COs nv del. 
—T 0 


Integrating by parts, we find 


2 
A, = nae ni — 1). 
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Therefore A, = Age ee 
and A,=-— i 
It 
4 
20S 
4 
A; = — a 
and so on. ee 
f(¢) == - rie d +5 = 008 3h “tie = cos 5f +. . | (4:12) 
The sums of the series 
ST) (4:1) and (4:12) are 
es equal when 0 < d< 2. 
“¢ p if 
F(¢) = — I, > <0 
J(o)=+1 2 
Fie. 4:12 
(Fig. 4:12) we find the expansion 
f($) == {sin te : en Gh : ain ee 1 (413) 
om a =) 
= 9’ 


(Fig. 4:13) we obtain 
(9) = {cos n ; cos 3¢ + : cos 5@¢—+.. + (4:14) 


Fig. 4-13 
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As a further example take the case, illustrated in Fig. 4:14, 
where 


f$)=—@+$), —22¢2z. 


The function is an odd one and hence the coefficients A are all 
zero, while 
gel sin n= 
seen oc of 
so that the appropriate expansion is 
4( ee ee 
f(¢) =" sin — 3; sin 36 + 7a Sin 5d — +. . + (4°15) 
As a concluding example we may take the function 
J(¢) = — sin 4, —x=5o<= 0, 
F(¢) = +sin 4, 0<¢87%, 
(see Fig. 4:15), for which we find the expansion 


_2 4(cos2¢ , cos 4 _ cos 6¢ ; 
ee) = — alone + a ee 4 (4-16) 


‘“Fia. 4-15 


In all the examples where points of discontinuity occur, e.g. at 
¢=0 in (4:13) and at ¢ = —5 and ¢ = +5 in (4:14), it 
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may be verified that at such points the sum of the series, which 
is of course a one-valued thing, is equal to the mean of the two 
limiting values of f(¢) at the point in question. 

We obtain interesting verifications of the formule given 
above when we substitute special numerical values for ¢. For 


example, if we substitute the value 5 for ¢ in (4°1) or in (4°13), 


or if we substitute the value 0 in (4°14) we get 


Tt J ee 
—~=]—- Sede Tia ar ee Se 
4 3° 5 77 


If we put ¢ = 0 in (4°12), or ¢ =< in (4°15) we obtain 


a0 1 1 1 
a Boa es en or 
Both of these formulee are well known, and can easily be arrived 
at in other ways. 

It is possible, and often convenient, to give the expansion 
(4) the form 


v=+@ 
fed= Dd ac? . | sete 
This is effected by the substitutions 

ind —ind 

cos nd = Cl 1 oaam , 

2 
, eind __ ping 
smn nd = 5; ae 


where 7 is the usual abbreviation for V — 1. The series (4:1), 
for example, when expressed in this way, becomes 


ha 1. 1. 
aaa 4 e? —e2¢ ae —e 36 = , 5 6 
" a 2 3 v 
+ 4e~? —— i ing +. 4 iss = + 
2 3 


§ 4:2. ORTHOGONAL FUNCTIONS 


The most important property of the trigonometrical functions 
in a Fourier series is that which finds its expression in equations 
(4°02). An aggregate of functions like cos nt and sin nt with 
this property is called a system of orthogonal functions, 
because of the analogy between the equations (4°02) and the 
equations (2°23) and (2:24) which give the relations between 
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the direction cosines of mutually perpendicular lines. The 
analogy becomes more obvious if we adopt the functions 
cos (nt) sin (nt) 
ae ane = 
Vn V1 


instead of cos (nt) and sin (nt), for then the non-vanishing 
integrals of (4°02) are 


+r 


eee erm 


When the non-vanishing integrals are thus modified so as to 
have the value unity, the orthogonal functions are said to be 


normed. For the interval — az to +2 the normed trigono- 
metrical orthogonal functions are 


cos (nd) sin (nd) 
———— and ——— 
V7 V1 
and to these we may add the constant = since 
7 


i = My By o 6 6 CO 


+r 


[tcl 


fooivig 


In terms of the normed functions, the Fourier expansion becomes 


f(¢) = a( : ) an Ce EDO et Ae as 


V 250 Vn Va 
sin ¢ sin 24 
el 2 = co ao 4-2 
oe Vas f Vin a oe 
the coefficients being given by 
Spar 
1 
A = | $00) se) 
= 
ne | fe) SO a n=1, 2,3... 0. 
Jt 
E 


3. = [i| Nar, 7) ce 
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Let us now introduce the notation, 


1 sin 
E, =~, H, an. =? 
() Wi (9) we 
__ cos ¢ E.(g) — S224) 
E.(¢) Me 3 3(P) ye ? 


? 


__ cos (2¢) __ sin (34) 
fi?) = ae Es(¢) we 


E,, (4) _ C08 a) Phen __ sin(m +1)¢ 
m = (2m+1) = 
The Fourier expansion now becomes 
He) = eB)... (424) 
and since the integral relations (4:02) now have the form 


tor 

| E,(x)E,(t)dt =1, n =m, 

ae =0, nem . . . (422) 
the coefficients c, are given by 

+r 

Ce | LOB, (ode, n=0,1,2...0o |) (Gaga 

Systems of orthogonal functions are of course not limited to 
trigonometrical functions. A system of orthogonal functions 
L.,(¢) by means of which an arbitrary function f(¢) can be 
expanded in the form (4°21) is called a complete system of 
orthogonal functions. 


CHAPTER III 
INTRODUCTION TO DYNAMICS 


§5. Forcze, Mass, Newron’s Laws 


HE notion of force has its origin in the feeling of muscular 
effort. Quantitative estimates based immediately on the 
feeling or sensation of effort are, however, too rough and 

uncertain to serve any purposes where precision and consistency 
are demanded. Consequently force, like all other physical 
quantities, is measured by devices which entirely eliminate any 
dependence on the intensity of a sensation. Typical of such 
devices is a spring (as in a spring balance, for example). 
Instead of the uncertain comparison of two weights by feeling 
how big are the muscular efforts exerted in supporting them, 
it is better to use the extensions they produce in a spring as 
measures of their weights. The procedure in measuring 
temperatures is quite analogous. Thesensationof warmth |” 
or hotness plays no part whatever in such measurements. 
Let us examine more closely the measurement of force by 
the extension ofaspring. To fix our ideas we may continue 
to keep the spring balance in mind. The upper end, A, | 
of the spring is attached to a support, which for our ‘Y 
purposes may be supposed to be rigidly fixed. A heavy Fie. 5 
body is suspended at the lower end, B. The extension 
can be represented completely by a vertical line (XY in Fig. 5) 
the length of which is made equal to it. The upward and 
downward directions in XY have equal claims on our atten- 
tion, and we shall say that a force is exerted in an upward 
direction on the body suspended at B, and that a force is 
exerted in a downward direction on the support at A. Both 
forces are measured by the extension, XY, of the spring and 
are therefore numerically equal to one another. This is the 
(so-called) law of action and reaction, which here emerges 
as a necessary consequence of the measuring device and associ- 
ated definitions. It is implied, in what has been said, that 
the unit force is the force associated with the unit exten- 
sion, and it follows that different units of length will, in 
4 39 
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general, have to be used with different springs. There is no 
difficulty in deciding when the extensions produced in a number 
of springs are all associated with the same force; but the fol- 
lowing circumstance has to be considered: though different 
springs may agree with one another approximately, or even very 
closely, when used to measure forces extending over a certain 
limited range, and though the intervals on the evenly-divided 
scales attached to them may have been chosen so that all the 
springs are in precise agreement in the case of one particular 
force (the adopted unit) ; they will nevertheless be found to dis- 
agree to some extent when measuring other forces. In fact, when 
springs are used in the way described, each measures forces 
according to a scale of its own. ‘There is a close parallel to this 
in the measurement of temperature by thermometers of different 
types. We find it necessary to define a force scale independent 
of the peculiarities of the particular measuring device—some- 
thing precisely similar is done in the measurement of temperature. 
We might do this by adjusting a number of weights so that they 
all produce the same extension in one particular spring, when 
hung from it separately. We should then be able to calibrate 
any spring by suspending the weights from it, one, two or more 
at atime. The following observational facts point out another 
way of defining a force scale (which will, in fact, amount to the 
same thing in the end): In the first place, if the point of sup- 
port, A, referred to above, be caused to ascend with a uniform 
speed, the extension of the spring (after the initial oscillations 
have been damped out) will not be altered. This means that no 
force is needed to maintain the constant velocity of the body at 
B. In the next place, if A ascends with a constant acceleration, 
the extension of the spring will be wncreased by a definite amount, 
proportional (approximately) to the acceleration. In other 
words, the upward acceleration of the body suspended at B is 
approximately proportional to the resultant force (as measured 
by the spring) to which the acceleration is due. In consequence 
of these facts it is possible, and many reasons make it desirable, 
to define the force scale by the statement 


F=oma ... . = =e 


where F is the resultant force, a is the acceleration, and m is a 
constant characteristic of the particular body, and called its 
mass. If we make m unity for some arbitrarily chosen body, 
we shall thereby fix the unit of force at the same time. It will 
in fact be the force which causes it to move with the unit ac- 
celeration. In the case of bodies made entirely of the same 
material, e.g. brass, the mass is found to be very nearly propor- 


—_— 


— ————— 
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tional to the volume. This is the justification of the rather 
imperfect definition of the mass of a body as the quantity of 
material in it. 

Representing the Bee of the body by v, equation (5) may 
be written 


dv 
P= m—, 
a 
r= — 
or pane 
or finally a 5 at ow ete le as" OO) 
where My ee - « «+ (6°0TT) 


is called the momentum of the hee, Equation (5°01) 
embodies in a single statement Newton’s first and second laws 
of motion; the law of action and reaction being Newton’s 
third law. In applying these laws generally, we must regard 
the body as very small in its dimensions, i.e. as a particle, in 
order to avoid the difficulty which would appear if the velocities 
or accelerations of its parts differed from one another; and in 
dealing with classical dynamics we shall assume, as Newton 
appears to have done, that the mutual forces, exerted by two 
particles on one another, are directed along the straight line 
joining them. 

The unit of mass adopted for scientific purposes is the Sram, 
i.e. the mass of a cubic centimetre of water at the temperature 
of its maximum density; the unit of length is the centimetre, 
and the unit of time the mean solar second. With these funda- 
mental units, the unit of force fixed by (5) or (5°01),i.e. the force 
causing the unit rate of change of momentum, is called the dyne. 

It is an experimental fact of great importance for the science 
of physics that unsupported bodies at the same place, i.e. bodies 
which have been projected and are falling freely, have the same 
downward acceleration. This is usually represented by the letter 
g, and is equal to 980-6 cm. sec. in latitude 45°, and varies from 
978 cm. sec.-? at the equator to 983-4 cm. sec.-? at the poles. 
By “freely falling ’ body is to be understood of course one which 
is not subject to the resistance of the air or any other sort of 
interference. There is therefore a downward force acting on the 
body, equal to mg. This is its weight. At the same place, 
therefore, the weights of bodies are proportional to their masses ; 
but whereas the mass of a body is a constant characteristic of it,1 
and independent of its geographical position, its weight will vary 


1This statement will be modified when the theory of relativity is 
described. 
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with the latitude in consequence of the variation of g. The 
acceleration, g, is the weight or gravitational force per unit mass 
and we shall term it shortly the intensity of gravity. This is, 
for several reasons, preferable to the ambiguous term ‘ accelera- 
tion due to gravity ’. 


§ 5:1. Work AND ENERGY 


The scalar product (Fdl), or F,dx + F,dy + Pdz, where 

F = (F,, F,, F,) is any force and dl = (dz, dy, dz) is a small 
displacement of its point of application, is called the work done 
by the force during the displacement dl. And when the point 
of application of the force travels from any point A along some 
path ABC to another point C (Fig. 5-1), 

és € the work done may be represented by 


| (Fal). 


ABC 
D It may happen (and this is a very 


important case) that the work done is 

A independent of the path. Starting 

Fic. 5-1 from some fixed point A, the work done 

will depend only on the position of C. 

If we represent the work by W, we have W = function (w,y,2), 

where 2, y, 2 are the co-ordinates of C. And if we take some 

neighbouring point C’ with co-ordinates (w + dz, y + dy, z + dz) 
the work done will be W + dW, where 


ow ow ew 
d ee aperied barra e e Ys 
W ne da + ay + = dz (5-1) 
so that 
Fen me 7 ee 
Cx cy o% 


We may therefore say that, when the work done is indepen- 
dent of the path, the force is the gradient of a scalar quantity. 
Conversely, when the force is the gradient of a scalar quantity 
at all points in a certain region, the work done between two 
points A and C in the region is independent of the path, since 
the curl of a gradient is zero (§ 2-4) and therefore 


|| (curtF, ds) 
and consequently, by the theorem of Stokes, the integral 
. (Fdl) 
taken round any closed loop ABCDA in the region will be zero. 


§ 5-1] INTRODUCTION TO DYNAMICS 43 


If the work done depends on the path, then the integral 
g (Fdl) round a elosed loop such as ABCDA will, in general, 
differ from zero; and since 


(Fal) a [| (curl F, dS), 


we see that curl F cannot be everywhere zero. Therefore F 
cannot be represented by a gradient everywhere. When dW 
is expressed by formula (5:1) it is called a complete or perfect 
differential. 

If we adopt the centimetre, gram and second as funda- 
mental units for length, mass and time respectively, the unit of 
work derived from them is termed the dyne-centimetre, or 
more usually the erg. It is the work done by a force of one 
dyne when the point where it is applied moves one centimetre 
in the direction of the force. 

Let us consider the motion of a particle under the influence 
of a force F = (f,, F,, F,). By equation (5) (Newton’s second 
law) we have 


ae 

Ae a vie 
d? 

m—s =F, (5-11) 
Oe 

Tig i 


wv and i respectively we get 


da dx ea a) & dx 


Multiplying these equations by Z 


dt de® & di\\di rate 
mee ey d?y md i i |= py 
dt dit 5 dt\\d ap 
a 
dt dt® = 2 dt\\dt “dt 
and, on adding, we have 
d m,, dx dy dz 
ee | = Ft ea Pa 
where v is the velocity of the particle. Therefore 


=v? — at — | ade + F,dy + F,dz) 


or Sve — Sve = | Fdl). Coe eee (512) 
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In this equation v and v, mean the velocities of the particle at the 
end and at the beginning of the path over which the integration 
is extended. 

When the force is the gradient of a scalar W the integral on 
the right of (5°12) has the form 


oW oW oW 
\ ee + ae -- ae f| 
= W aaa Wo, 
and therefore equation (5°12) becomes 


mv? Dor 


W 5 


—W,. . . . (aim 


2 
If we replace W by — V and use the letter 7' for a we have 


T+V=T,+V, . . «(alee 


The quantity 7 + V remains constant. This quantity is called 
the energy of the particle, 7’ being its kinetic energy, a function 
of its mass and velocity, and V the potential energy, a function 
of its position. Equation (5:122) affirms that the energy of 
the particle remains constant. 

The conception of energy will be developed more fully in 
subsequent chapters; for the present we are concerned only 
with the two kinds of energy which have just been described, 
and it will be noted that energy is measured in terms of the same 
unit as work. We shall normally regard the centimetre, gram, 
and second as our fundamental units—the question as to whether 
three fundamental units will suffice may be deferred till later— 
but itis obvious that the foregoing formulae (5:11) et seq. are quite 
independent of the particular choice we make of fundamental 
units. 


§ 5:2. CENTRE oF Mass 


Imagine a number of particles, the masses of which are 


M1, M2, Ms,... m,, and their co-ordinates (21, ¥1, 21), (a; Ya, 22); 
(Xs, Ys, 23), - - - (5 Y,, 2,) respectively. The centre of mass 
(x, y, 2) of the system of particles is defined by 
Ni — eae 
My = Lmy, . . « =) eee 
ee ice 
where ee 


the summation being extended over all the particles of the 
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system. Let /, be the sum of all the X components of the forces 
exerted on the particles of the system; we shall have 


dx, 

2m, = les 

and two corresponding equations for F, and F,; or by (5:2) 

ade 

mip te 
d2 

ee =F, (5:21) 
ie 

ue = 


Therefore the motion of the centre of mass is the same as it 
would be if all the masses were concentrated in it and all the 
forces applied there. In equations (5:21) we may regard F 
as the resultant of all the forces of external origin, since by 
Newton’s third law, those of internal origin will annul one another. 
An important case is that in which the system is free from 
external forces. In this case we can infer from (5-21) that the 
centre of mass will move with a constant velocity—which may 
of course be zero. It is immaterial whether the particles con- 
stitute a rigid body or not. 


§ 5-3. Patu of PROJECTILE 


Let a particle of mass m be projected from the origin of rect- 
angular co-ordinates with a given initial velocity, and suppose 
the X axis directed vertically upwards. If g is the intensity of 
gravity, i.e. if g is the weight of the unit mass, the equations 
of motion of the particle are: 


m= = Oye, alee een Ono 


The two latter equations (5°3) give us 

y = ab + B 1» 

2 .Cet 1 Bey. es ean 
where a1, Bi, G2, Bz, are constants. If we eliminate ¢ from (5:31) 
we get the equation 


EES pe ai + Bs 
1 
or O12 = ay +oap,—aB, . . . . (5311) 
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which is the equation of a vertical plane. The path of the 
particle therefore lies in a vertical plane, and it is convenient to 
place our axes of co-ordinates so that this vertical plane is the 
XY plane, and the Z co-ordinate of the particle is permanently 
equal to zero. The equations of motion are now 


i 
he =a 
dey 
= 
Therefore nie 
Cm een ied nc 5 (ci 


If we eliminate ¢ from these equations we obtain the equation 
of the trajectory of the particle, 


son 2 —— 
o= —4gt— FP +4(2—\ eB. (8°32) 


The constants m and g, which appear already in the differential 
equations (5°3) before any steps have been taken to integrate 
them, we shall term inherent constants. Such constants are 
characteristic of the system to which they belong and are not in 
any way at our disposal. It is otherwise with the constants of 
integration A, B,aand f. If the particle is projected from the 
origin at the time ¢ = 0 with a velocity V and in a direction making 
an angle 6 with the horizontal axis, Y, we have from (5°312) 


IE sl), 
B = 0, 
and since 
da 
_—=—gitA 
At gi + A, 
dy 
hime 
therefore V sin 6 = A, 


Substituting in (5°32), we have 
ye V sin 6 


ee ee 
% = — 297% cost 6 * Vcos 04 
or 2x.V? cos? 06 = — gy? +2V?sin 0.cosO.y . (5°321) 
Jf in (5°321) we put x = 0, we find 
y = 0 
V? sin 26 
or a 


g 


§ 5:4] INTRODUCTION TO DYNAMICS 47 


the latter of these values of y representing the horizontal distance 
travelled by the projectile between two instants when it is in 
mic plane x= 0. 


§ 5-4, Motion oF A PARTICLE UNDER THE INFLUENCE OF A 
CENTRAL ATTRACTING OR REPELLING FoRCE 


Let the point, towards or away from which the force on the 
particle is directed, be the origin, O, of rectangular axes of co- 
ordinates, and let 

r = (a, y, 2) 
be the displacement of the particle from the origin. Let the 
absolute value of the force be F. We 
have for the equations of motion, 


ada, 
(5-4) 


die rr S x 
since F is directed along the radius Fie. 5-4 
vector r. Multiply the first two of 
these equations by y and 2 respectively and subtract. We 
thus obtain 


d?y a4 
ir aT ame 
or me (at) — m= (ye) = 0 
dt\ dt dt\" dt 
Consequently 
panel — ™ uy Q 
i ar 
where 2, is a constant. 
Similarly 
We = ae SO ~ & = foattoeaaiy 
dt di i. 
mde — allt — 
dt i 
Evidently 2,, 2,, Q, are the components of a vector. In fact 
Gt — on ev | ee (5-411) 


(§ 2:1) where v is the velocity of the particle. The constant 
2 is called the angular momentum of the particle. Since 
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the vector product [rv] has the absolute value rv sin 0 (Fig. 5-41), 
it must be equal to twice the area swept out per unit time by the 
radius vector r. For if in Fig. 5:41 the points 1 and 2 represent 
two neighbouring positions of the particle dl apart, the corre- 
sponding area swept out by the radius vector is 4.r sin 6.dl, 
and dividing by dt, the time taken by the particle to travel dl, 
we see that the area swept out per unit time is in fact ir sin Ov. 
The angle swept out by the radius 
ye > vector while the particle travels the 
distance dl is 
dl sin 0 
r ? 
and consequently the angular velocity 
of the particle is 


x 


Vv sin 6 
ta 
We may therefore write 
Q=mr?.w . (5:412) 
We may summarize as follows:—When a particle moves 
under the influence ofa force directed towards or away from 
a fixed point its angular momentum remains constant. 
Since 9 is equal to the vector product of r and v multiplied 
by the invariant factor m, it must be at right angles to the 
directions r and v (see § 2-1). ‘Therefore the scalar product 
(Qr) is equal to zero, that is 


Qe7+tBWytQaz=0 . . . . (5:42) 


This is the equation of a plane passing through the origin, i.e. 
through the attracting centre. 


Sy 


Fic. 5-41 


§ 5-43. AncautaR MomENTUM OF A SYSTEM OF PARTICLES FREE 
FROM EXTERNAL FORCES 


We may write the equations of motion of any one of the 
particles, which we shall distinguish by the subscript, s, in the 
usual way : 


2 
aa. 


8 =< nF os 
dy 

ey = Ls 
d= 

mM, 


ap) 
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By a procedure similar to that used to deduce equations (5°41) 


we get: 
d(_ dz, dy,) ~~ 
mers Ug arp as yt 8% ee sy? 
d( dx, dz.) __ ' 
mar eee = | —— Pid iho, <- ip thre . (5 43) 
d(_ dy, dt.) 
man at a teat Si hs 
which may be expressed more briefly in the following form : 
d 
ait =f ee (5-431) 


The vector product [r,F,] is called the moment of the force F, 
with respect to the origin. If we add all the equations (5:431) 
for the whole system of particles, we have 

d 


EQ, =Z[rF] . . . . . (5:432) 


the summation being a vectorial one; i.e. 
x22, = (22. 22, 22a); 


>[r,¥,] oad (= Gees ~— ago) 2 (2 FP , _ x,F.), 2 (UP yy, . Yel.) 


Equation (5:432) states that the rate of increase of the result- 
ant angular momentum about the origin is equal to the 
resultant of the moments of the forces with respect to the 
origin. Now there are by hypothesis no forces of external 
origin, and if we suppose that the mutual action between any 
two particles is directed along the straight line joining them, the 
right-hand side of (5°432) can be shown to be zero. For the 
moment of a force is numerically equal to the product of its 
absolute value and the perpendicular distance from the origin 
to its line of action. Therefore the resultant of the moments 
due to the mutual action of any two particles on one another 
must vanish, since the forces are equal and opposite and the 
perpendicular distance mentioned above is the same for both. 
We conclude therefore that the resultant angular mo- 
mentum of a system of particles remains constant in 
magnitude and direction provided the only forces are 
those due to the mutual action of the particles on one 
another and that the force exerted by any particle on 
another is directed aiong the straight line joining them. 
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§ 5:5. PLANETARY MoTIon 


We shall now study the motion of a particle under the influ- 
ence of a central force varying inversely as the square of the 
distance of the particle from a fixed point, which we shall take 
as the origin of a system of rectangular co-ordinates. Since, 
as we have already proved (§ 5-4), the particle moves in a plane, 
we shall place our co-ordinates so that this plane is the XY 
plane. The Z co-ordinate of the particle will remain constant 
and equal to zero. We now introduce polar co-ordinates, r and 6, 
defined by 

Ci 7 COS U- 
Op = PNG, 
The kinetic energy of the particle is easily calculated. Since 
if dl is an element of the path of the particle, 
ale = dz? dy 
= (dr.cos 9 — r sin 0.d0)? + (dr.sin 6 + r cos 0.d6)? 
Sai tebe 
Therefore the kinetic energy 


tm mG = = dm mT) + amr) . « (Say 


We may eliminate the angular velocity, a by making use of 


dd 
2 = mr G) oe ee (5501) 
The kinetic energy may thus be ae in the form 


4m(¢ a) + 


The central force is expressed by 
B 
rc 
where B is a constant, positive or negative, according as it is 


a repulsion or attraction. 
The X component of the force will therefore be 


or ee eel =) 


Therefore = plus a constant, is the potential energy of the 
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particle (see § 5-1). It is convenient to fix the arbitrary constant 
in such a way as to make the potential energy zero when the 
particle is infinitely distant from the centre of force. Repre- 
senting the sum of the kinetic and potential energies by H, we have 


dr\ ? QQ? B 
1 ——_ —— —— . 
ym(=) tog ti=E . . . (651) 


In this equation 2 and # are constants of integration (§§ 5-1 and 
5:4). ‘To get the equation of the path or orbit of the particle 
we eliminate dt in (5°51) by means of the equation of angular 
momentum (5°501) which may be expressed in the form, 


mr? 
= 48 


Equation (5°51) now becomes 


O2 ary Oe a 
2mr4 7) sce a = He 
We now introduce a new variable wu defined by 
I 
pe a ae (5°512) 
Parthat dpoe oD ss CORE 
u 
Substituting in equation (5°511) we get 
dun » , 2mB mE J 
7a) $a? + ou = (5-514) 


Differentiating this equation with respect to 0 and dividing out 


the common factor gilt we obtain 


dé 
du mB 
do? +> u=-— Q? . ° ° e (5 52) 
The general solution of (5°52) is 
B 
We — Gr t+ Roos (Q@—n) . . . (5:53) 


where #& and 7 are constants of integration. This equation may 
be expressed in the form: 


Q2 
_ _mB 
 1+ecos(6—7) ~ 
where ¢ and 7 are constants of integration. The latter evidently 
depends on the fixed direction, that of the x axis, from which 


r 


. (5531) 
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the angle 9 is measured and it is convenient to choose our system 
of reference so that 7 = 0. There is no loss of generality in taking 
e to be positive only, since the effect of changing the sign of é 
is just the same as that of rotating the fixed direction, from 
which 6 is measured, through the angle z. Equation (5°531) 
represents a conic section; hyperbola, parabola or ellipse. If 
the central force is one of repulsion, B is positive and therefcre 
the numerator of (5531) is negative; and since only positive 
values of r have a physical significance, it follows that the de- 
nominator must also be negative. This is only possible when ¢ 
is greater than unity. The orbit of the particle is therefore one 
branch of a hyperbola (represented by the full line in Fig. 5-5). 


Fig. 5:5 


The centre of force is the focus O. It will be seen that the path 
of the particle goes round the other focus, O’. The asymptotes 
make angles 0) with the axis of reference (the X axis) determined 
by the equation 


il 
COS = are 


If the central force is one of attraction (B negative), the 
numerator of (5°531) is now positive and consequently the de- 
nominator must be positive too, in order to furnish physically 
significant values of r. It is obvious that ¢ is not now restricted 
to values greater than unity; but if it should be greater than 
unity, we have again a hyperbola (Fig. 5-51) and the same relation, 


1 
cos), = ==, 
E 


for the directions of its asymptotes as in the case illustrated in 
Fig. 5-5. In the present case, it will be observed, the orbit goes 
round the focus O, the centre of force. When ¢ = 1, the path of 
the particle becomes a parabola, the attracting centre being in 
the focus. 
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The case where ¢ is less than unity is of special interest. The 
orbit is now elliptic, the centre of force being in one of the foci. 
If a and 6} are the semi major and minor axes respectively of the 
ellipse, we have 


Sa ‘ : ; 5 (5°532) 


The force exerted on one another by two gravitating particles is 
GMm 


72 


(5-533) 


where Jf and m are the masses of the particles, r the distance 
between them and G' is the constant of gravitation. If the ratio 


ay is negligibly small compared with unity, the centre of mass 


of the pair of particles practically coincides with the particle 


Fia. 5-51 


and if we use axes of co-ordinates with the origin in the centre 
of mass we shall have the centre of attraction fixed in the origin. 


. B 
The force exerted on ™ is = where 
r 


B=-—GMm .. . . (5534) 
by (5°533). It follows from (5°532) that 
ie Ge . 
Gift a C2 


We have seen (§ 5-4) that 2 is equal to the product of m and twice 
the area swept out by the radius vector in the unit time. There- 


ine 2 = 2m | . . es (8536) 
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if t is the period of a complete revolution. From (5-535) and 
(5°536) we get 
a? Gat 
v2 Ag? 

Johannes Kepler (1571-1630) inferred from the observational 
data accumulated by Tycho Brahé (1546-1601) that the planets 
travel round the sun in elliptic orbits, the sun being in one focus 
of the ellipse, and that the radii vectores sweep out equal areas 
in equal times. These inferences, known as Kepler’s first and 
second laws, were published in 1609. 

Equation 5-54 expresses Kepler’s third law, namely that the 
cubes of the major axes of different planetary orbits are propor- 
tional to the squares of the corresponding periods of revolution. 
This was published by him a few years later. 

A rather important proposition connected with elliptic motion 
under the inverse square law of force is the following :—The energy 
of the particle m is completely determined by the length of the 
major axes of the ellipse. The energy equation (5:51) reduces to 


(5-54) 


Q2 B 
Qmr2 si rT Hi; 
B 22 
Oe ss eee — . 
or 7 i’ ~~ ImB 0 . « » —SSeoem 


when the planetary body, electron or whatever it may be, is just 
at one or other end of the major axis, since in this case - = 0. 
If the corresponding values of the radius vector are 7, and 7£z, 
we have of course 


+7, = 20; 
but from (5°55) we have 
B 
T,+%, = iD 
and therefore 
B 
Le » 4 & oe os GES 


which proves the proposition. 

We have so far supposed the attracting (or repelling) centre 
to be fixed in space, or at all events fixed relatively to the axes 
of co-ordinates. We have now to amend equation (5°51) so 
that it will apply more generally to two mutually attracting 
or repelling bodies, not subject to other forces. Let M and m 
be their masses and # and ¢ their respective distances from their 
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common centre of mass in which we suppose the origin to be 
placed. The energy equation now ease 


(ya) (a2) 
ae esa 


Since 7 and F are the distances of the masses m and I respect- 
ively from the centre of mass, 


rm = RM, 
or liso 
M +r 


and therefore (5°56) becomes 


ima) +3) “Ga) 


Long? bd gay? a) B = 
+ (4mrt +42 at) (o "Fl aah 


Therefore 

bm pS 65a 

ne a+a)(F " + 3mr?(1 + 0\(5 ) Y Firsc ey ( ) 
This equation would be identical with (5°51) if in the latter m 
were replaced by m’ =m(1 +o) and B by B’ = a so 
that the problem of the motion of the particle m is reduced to 


the one we have already solved. In particular we find for the 
energy of the system 


where a is the semi-major axis of the ellipse in which the particle 
m is moving. 
An instructive example of a central force is that represented 


Dy 2 — + es where B and C are constants. The potential energy 


is Bieiously 

15) te 

7 TB 
if we adopt, as usual, the value zero for the arbitrary constant 
involved. The energy ae is Now 


nT i) +t etyaB. . . 657 


272 
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and differs from (5°51) only in the expression for the potential 
energy. The same method as that which was used in the case 
of the inverse square law leads to 


du\ * mC’ 2 2mE 
(BY + (1+ Ba)ut + Bee =A. 6571) 


instead of (5°514), and to 
mB 
tit aa) = TS... 658) 
instead of (5°52). 
We shall restrict our attention to the case where 1 + ie 


is positive and not zero. The general solution of (5°58) a 
then be expressed in the form 


wa yg + Roos {4/1 + 30 — 9} (5°59) 


where R and 7 are constants of integration. We may write 
this equation in the form 


=e 
C= oe (S°5 9m 
eee is 20 — | 


where both « and of 1 1 +3 — C| may, without loss of generality, 


be taken to be positive. It Sah be seen that (5:°591) resembles 
the equation of a conic. This resemblance is made more obvious 
still if we write it in the following way: 
_— +m 
ee .. (5592) 
1+ecos {9 —7’}? — 


nf =0[1—- J 1+ 28] ap 


The essential difference between the orbit represented by (5°531) 
and that represented by (5:592) lies in the fact that whereas in 
the former 7 is a constant the corresponding quantity 7’ in the 
latter is continuously 0 or decreasing during the motion, 


where 


according as Ni, eee ae is less than or greater than unity. 


If we give the axes of co-ordinates a suitably adjusted motion 
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of rotation about the Z axis we may keep 7’ constant and evidently 
the orbit referred to such moving axes will be a conic section. 
We may say therefore that the orbit is a conic section the major 
axis of which is in rotation, in the plane of the motion, in the 
same direction as that in which the particle is moving, or in 


the opposite one, according as i 1 + ame 


O is less than or 


greater than unity. 


§ 6. GENERALIZED CO-ORDINATES 


The » independent numerical data, q1, ¢2, ds; - » + Q,; Which 
are necessary for the complete specification of the configuration 
of a dynamical system, are called its Seneralized co-ordinates, 
and the system is said to have n degrees of freedom. Such co- 
ordinates may be chosen 
In various ways; for ex- 
ample in the case of a 
single particle they may be 
its rectangular or polar co- 
ordinates. <A rigid body, 
free to move in any way, 
will require six co-ordin- 
ates ; but only three if a | 


single point in the body O 
is fixed. Associated with 
each qg is a generalized 


velocity = and a gene- 
ralized momentum usually represented by the letter p. A 
rigid body, the only possible motion of which is a rotation 
about a fixed axis, has only one g, which may conveniently be 
the angle between a fixed plane of reference, OA in Fig. 6, 
and another plane, OB, fixed in the body, the intersection of 
the planes coinciding with O, the axis of rotation, which in the 
figure is perpendicular to the plane of the paper. The kinetic 
energy of any particle of mass m in the body is 


dmv? = yma) \ 


where r is the perpendicular distance of the particle from the 
axis, O, and ¢ is the angle between 7 and OA. If the body 


is rigid 
a a 
dt dt 


nee 


Fic. 6 
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and the kinetic energy of the particle is 


dq 
i 2 
Lanr ( Z)- 
2 
Since (F) has the same value for all particles in the body, 
the total kinetic energy will be 


2 
T= 4(2mr2)(52) .. aS 


The quantity 2’mr? is called the moment of inertia of the 
body with respect to the axis in question, and it occupies in 
formula (6) the same position as that of the mass in the ex- 
pression 4mv? for the kinetic energy of a particle. 


The generalized momentum corresponding to a is defined by 


dg 
amr, - 6 « « 2 | (GEOR 
p= amr (6°01) 
This definition is in accord with the use of the term angular 
momentum in § 5-4 (see equation 5°412). If the axis of rotation 
of a rigid body pass through the origin and if zw, y and 2 are 
the co-ordinates of any particle of mass m, in the body, the 
components of the angular momentum of the body will be 

/ dz aN 


Py = Em( — on) 


p, = Xn at — oF) . .. (6011) 
see equations oak 
Equations (5:432) also will apply to a rigid body and may 
be expressed in the form 


di 

Ap, 

oPu — S(2F, — «F,), 

Ps — Zink, —yF,) . . . . (02 


In these equations we may, just as in § 5-43, regard the forces 
as of external origin, since the forces of internal origin con- 
tribute nothing to X(yF, — zF,), ete. The right-hand members 
of (6:02) are the components of the applied torque or couple. 
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The parallelism between equations (6°02) and those for the 
motion of a particle should be noticed. ‘The former state that 
Rate of Increase of Angular Momentum = Applied Couple, 
and the latter that 

Rate of Increase of Momentum = Applied Force. 


§ 6-1. Work anp ENERGY 


Let dq = (dq,, dq,, dq,) be a small rotation of the body 
about an axis through the origin. We may represent dq by a 
straight line from the origin, of length dq and drawn in the 
direction in which an ordinary screw would travel with such a 
rotation. If dl = (dz, dy, dz) is the consequent displacement 
of a particle, the distance of which from the origin is r = (q, y, z). 
We have, numerically, 


dl =r sin 0 dq, 
where 6 is the angle between the directions of dq and r; and 
when we study the directions we find 
al dq, rl]. 2 = o sees: 
The work done during the displacement dl is equal to the scalar 
product of F, the force acting on the particle, and dl the dis- 
placement. Therefore the work is 
(dl F) = ([dq r]F). 
Reference to equation (2°14) will show that this is equal to 
([r F} dq). 
In a rigid body dq is the same for all particles, therefore the work 
done by all the forces acting on the body will be given by 
(dq 2 [r F)), 
and the rate at which work is done will be equal to 


e& a(r F)). 


This must be equal to the rate of increase of the kinetic energy 
of the body, so that we have 


dT (dq : 
ap = (Ge Zee Fl) eee (611) 


In the summation we need only take account of forces of ex- 
ternal origin since the contribution to 2[r F] of the mutual 
forces exerted by the particles of the body on one another is 
zero. Once more there is a close parallelism with a correspond- 
ing result in particle dynamics. Equation (6°11) states that 
the rate of increase of the kinetic energy is equal to the scalar 
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product of angular velocity and applied couple. The rate of 
increase of the kinetic energy of a particle is equal to the scalar 
product of its velocity and the force acting on it. 


§ 6-2. Moments AND PRopucts OF INERTIA 


If I, and I, represent respectively the moments of inertia 
of a rigid body with respect to any axis, O, and an axis C, through 
the centre of mass of the body 
dl and parallel to O, 
I, =Mh? +I, . (6°2) 
M being the mass of the body 
and f the perpendicular dis- 
tance between the two axes. 
To prove this it is convenient 
to place the co-ordinate axes 
so that the axes O and C are 
in the XZ plane and perpen- 
dicular to the X axis (Fig. 6-2). 
Fic. 6-2 | The contribution of any par- 
ticle m to I, is 
mr® = mh? -- ms* — 2mhs cos ¢ 
or mr? = mh* + ms? + 2hm(«% — x), 
where w is the X co-ordinate of the particle and 2 is the X 
co-ordinate of the centre of mass. Summing over all the particles 
in the body we get 
I, = Mh? + I, + 2h{Smae — Mx}, 
and, by the definition of centre of mass, 
MM eye ieee 
therefore equation (6°2) follows. 


The radius of gyration of a body with respect to any axis 
is defined to be the positive square root of the quotient of the 
moment of inertia of the body with respect to that axis by 


the mass of the body: 
k= wf a 
M 


1 =MWie rrr 

Unless the contrary is expressly stated, or clearly implied by 

the context, we shall associate the radius of gyration with axes 
through the centre of mass of the body. 

Let a, B and y be the direction cosines of an axis through 


so that 
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the centre of mass, which we shall suppose is at the origin of 
rectangular co-ordinates. The contribution of any particle of 
mass m to the moment of inertia, I apy, With respect to the axis 
(a, B, y) is mr? sin? 0, where r = (x, y, 2) specifies the position 
of the particle and 0 is the angle between the directions of r 
and of (a, B, y). Since r*sin?@ is the square of the vector 
product of the vector r and the unit vector (a, f, y), 


mr* sin® 6 = m{(yy — 2B)” + (za — awy)® + (xB — ya)?}. 
Therefore . 
ee 2n(y? + 27) +- Bdm(x? 4-27) + y*Bm(a? + y?) 
— 2Bydmyz — 2ayLmaz — 2apA may, 
Ig, = Aa? + BB* + Cy? + 2DBy + 2hay + 2FaB . (6°22) 
The coefficients 
A= dm(y? + 27), 
15S POO Ges a) 
and C — 2m (x? -- y*) 
are, clearly, the moments of inertia of the body with respect 
to the X, Y and Z axes respectively. The remaining coefficients 


—D = dLmyz, 
— H = Xmxz 
and — F = dmxy 


are known as products of inertia. 
Consider the surface 


eee? 4 OC? + 2Dne 4+ 2HEC + 2Fign = UM. . (6°23) 
where M is the mass of the body and é, 7 and € are X, Y and Z 
co-ordinates. Let o be the length of a radius vector from the 
origin to a point (é7¢) on the surface, so that 


02 = &% + n? + 6% 

We have for a radius vector in the direction (afy) 
a = €/o, B = 7/0; y = C/o, 

and therefore, dividing both sides of (6°23) by 0?, 


Aa? + BB? + Cy? + 2DBy + 2Hay + 2Fap = > 


or Ley =Me =", 
Q 
so that 
aed 
Q 


This means that the length of any radius vector of the surface 
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(6:23) is equal to the reciprocal of the radius of gyration of the 
body with respect to an axis in that direction. 

The equation (6°23) must be that of an ellipsoid, since in 
any direction whatever o will have a finite positive value. It 
is called the momental ellipsoid or ellipsoid of inertia. A 
suitable rotation of the axes about the origin will reduce the 
equation to 

Ag? + By?+Cl27=M . . . (6:235) 
where A, B and C have not necessarily the same values as in 
(6:23). A, Band C (6:235) are called the principal moments 
of inertia of the body and the corresponding Xx, Y and Z - 
directions are called the principal axes of inertia. 


In equation (6°235) let us replace €, 7 and ¢ by sae =a 


and ae respectively, so that we get the equation 


&'2 me C/2 a l 
fe “Ga i 
E22 Ee 
or rae “sae Pee (6°24) 


in which k,, k, and kz are the radii of gyration about the prin- 
cipal axes of inertia. The surface (6°24) is called the ellipsoid 
of gyration. Any point (é’, 7’, ¢’) on it corresponds to a 
point (€, 7, ¢€) on the momental ellipsoid, where 


Ue, 

5 Sp 2 

ie 
= al e Pe a 6 a e (6°241) 

M,, 

=50. 


The length of the perpendicular, P, from the origin to the 
tangent plane at (&’ 7’ ¢’) is, by a well-known rule, 


a 
= M 
(gre y'? Pe ; 
Ai? BT OF 


[2 es a = = by . . (6:241) 
ee 

and it is easily seen that its direction cosines are the same as 

those of the radius vector o from the origin to the point (é 7 ¢) 


or 
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on the momental ellipsoid. It follows that the length of the 
perpendicular from the origin to a tangent plane of the ellipsoid 
of gyration is equal to the radius of gyration of the body about 
an axis coincident with the perpendicular. 


§ 6-3. THe MomentaL TENSOR 


Equation (6°22) may be written in the form: 


Ga + Fp + Hy} + B{fa + BB -+ Dy} 
+ y{Ha + DB + Cy} == De oe Oey 
The right-hand member of (6°3) is an invariant, since it is the 
moment of inertia of the body with respect to a specified axis 
in it and must therefore be independent of the system of 
reference chosen. This suggests that the set of quantities 


AFE 
F BD 
EDO... + «(6305 


are the components of a tensor of the second rank. It can 
easily be proved that this is the case (see § 2:3). It is called 
the momental tensor and is more appropriately represented 
in the following way: 

Ye Voy 
te iy 
re ernie (ios) 
If we make a corresponding change of notation for the direction 


cosines (afy), equation (6°3), becomes: 
I,= TO Vo + ay Dory + Oy na } 

SP eo Ones Ae hy Uae Ie Ch We 

+ a, {dy tig + Oy ty + O,%,} +. ~ (6°303) 
The moment of inertia J, is therefore to be regarded as the scalar 
product of two vectors, namely the vector (a, a, a,) and the 
vector, the components of which are represented by the ex- 
pressions in brackets in (6°303). 


§ 6-4. Kinetic ENERGY oF A Ricip Bopy 
If the motion of the body is a rotation about an axis a, the 


angular velocity being w = ue its kinetic energy is 7 = iJ,w? 


dt 
and since w, = wa,, 0, = wa,, 0, = wa,, we obtain from (6°303) 
T= ZO {Ox Vy Dy toy + Dy tae } 


a5 HO, {o,, ya le WO, uy a , Vy} 


+. ZO, {Dy Ug ie Oy they aie WO, a v . = (6-4) 
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If the axes of co-ordinates coincide with the principal axes of 
inertia, this becomes 

T= 11074, 0,7 ty PO. tae 
or, if we revert to the notation of (6°235) for the principal 
moments of ae 


= i{Aow,? + Bo,? +Co,27} . . . (6°41) 
‘Ifin (6°4) we represent the angular velocity w by “4 ap We have 
a at dq, | 
4 d dq, 
where Px = itt + ina! + ina 
. dq, dq dq, 
Py Vyas + ay ina! a inet 
eT 3 i) dq, 


are the components of the angular momentum. In fact the 
X component of the angular momentum is 


dz fy 
Pe Emu “at |’ 
and = wg — Wk, 
dz_ 
Ay aed 


(see equation (6:1) for example); therefore 
= im{o,y* — wo,~y — 042 + w,27} 
== UggDy —K VgyOy + UageDye 

It will be observed that F 


ep 
ane AT 
; dq, 
where Tx = WO, = dt’ etc. e e a e (6:42) 


Any motion of a rigid body can be regarded as a motion of 
translation, in which all the particles of the body receive equal 
and parallel displacements, on which is superposed a rotation 
about a suitably chosen axis. Let r be the distance of any 
particle of mass m from a point, P, on the axis of rotation. 
A rotation dq will give it a displacement [dqr]. The total 
displacement of the particle will be the vector sum of [dq r] 
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and the displacement of P. Let the co-ordinates of the particle 
be w, y and z and those of P be 2, y, and z,; then 


PS OK By VS Uy B= Bae 


and 
du = dx, + {dq,(z — 20) —dgq,(y —Yyo)} . (6°43) 
Therefore 
Ua Uae Mace ales (6°435) 
Where v is the velocity of the particle, v, the velocity of P and 
d d 
Vy = He = Ey —yo) . . (6436) 


The kinetic energy of the particle is 
dmv? = im(v,? + v,? + 9,7) 
= FMV o™ + AMV? + M(VoVig + Voy + Vor2)s 
and the kinetic energy of the body, 
T= Ty D1 + AM(VaWig + VoyViy + Vo) ~ (6°44) 
In this equation 
T (a iM Oe 
ee == 4Io a 
M is the mass of the body and J is its moment of inertia with 
respect to the axis of rotation. 
If the point P is the centre of mass of the body, 
AMV oxY 1 ap Voy ty a Vow 12) = 0, 
since, as reference to (6°436) will show, it consists of terms, 
each of which contains one or other of the factors 
LM(zZ — 2), AmM(y — Yo), ete., 
all of which vanish if (> y, Zo) is the centre of mass. We thus 
arrive at the important result, 
T=4Mv2?+hlIw? . . . . (6°45) 
where V, is the velocity of the centre of mass and w is the angular 
velocity relative to the centre of mass. 


§ 6-5. THE PENDULUM 


The pendulum is usually a rigid body mounted so that it 
can turn freely about a fixed horizontal axis, O, (Fig. 6-5), 
which we may suppose to be the Z axis of rectangular co- 
ordinates. The position of the pendulum is determined by the 
vector 

A = (G2 Wy %); 
where ¢, = 4, =0 and g, =q is the angle between the plane 
XZ and the plane, OC, containing the centre of mass and the 
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axis of rotation. The positive direction of q is indicated in 
the figure by an arrow. The equations (6°02), when applied 
to this case reduce to 


a a, — oil 
2 
{= 
or a3 Zale 


if the Y axis is directed vertically downwards, since the im- 
pressed forces on the body 
are due to gravity only. The 

MW X force Ff, on any particle is 


equal to mg, therefore 


g 
PNG i = gLnx = igi 


or 
a6 ' 
= Las = Mgh sin 6, 
where 6 is the angle between 
OC and the vertical and h/ is 
the distance of the centre of 
ay. Fie. 6-5 mass from the axis of rota- 
tion. It is convenient to 
write the equation in the form: 

ae Moh ; 

a + sind = 0 . ; ; F (6:5) 


If we multiply by = and integrate, we get 


d6\2 Mgh 
1 ers = A a bs 01 
(=) T cos 0 = K (6°501) 
where K is a constant of integration. If K exceeds =e yl the 


2 
kinetic energy, 4J (=) can never sink to zero, and the body 


will keep on rotating in the same sense round the axis with a 
periodically varying angular velocity. The case of interest to 
us is that in which K is less than oa There will then be a 


value 0, of 6 between 0 and a for which = is zero and 
_ Mgh 


= COS Cy LK, 


§ 6:5] INTRODUCTION TO DYNAMICS 67 
and consequently 


2 
i(s) = Eon (cos @ — cos 8,), 


*\dt 9! igs 
de\? Magh,. 
or a) = =) (sin? e, — sin? e), 
0 0 
where eco a 


The time required by the pendulum to travel from the position 
6 =0 to an extreme position 0 = + @, or from 6= +4, to 
eo eee 


== (08 
{ae = Re 
Mgh IY sin? &, — Vv sin? e¢, — sin? e| e| 


and therefore the complete Feral of oscillation is 


raa,/ I 
Magh 


| a i 55 
To evaluate the integral we introduce a new variable, ¢, defined 


: V/sin? e, — sin? ¢ | 


by sin ¢ = « sin 9, 
where k = sin é). On substituting in (6°51) we get 
wr /2 
- i | dp 
ip ae! ee 
«era Oe 


The elliptic integral in (6°511) is now expanded by means of 
the binomial theorem, thus, 


a/2 w/2 
dp | 2 2 4 4 
eas 1p\1 + 4x? sin b+5 a sint 
Iola 
p EB cae 6 . +f 


This can be integrated term by term, by using the well-known 
reduction formula 


a /2 7/2 
| sin?" ddd = == : | sine dd. 
0 0 


We get, finally, 


aaa [|i (Lie J+ (S40 my + (Grae y + (652) 
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When the amplitude, 6), is small, i.e. when « is small, the 


period, 
amin [a - . » « (O52 


is independent of the amplitude. This result might have been 
reached much more shortly by replacing sin @ in (6°5) by 6 
when 0 is small. The equation then becomes 


d?9  Mgh 06 
de’ of 
or, if we write w? for the positive quantity a 
d?6 gy 
73 ae - « « « (Graze 
The general solution of this equation can be put in the form 
6 =Acos(w@t—¢d) . . . . (6°523) 


where A and ¢ are arbitrary constants. Since 0 will repeat its 
values every time wi — ¢ increases by 22; we must have 


{a(t + t) — 6} — (wt — >) = 2a 


OT = «Tt, 
or pam eee 
a) 
eee, ee Mgh 
This is identical with (6°521) when w is replaced by all 


The type of motion defined by (6°522) is called simple 
harmonic motion. It has the important property that the 
period is independent of the amplitude. 

By making use of (6°2) we may give to (6°521) the form 


ry = 2n,/ 3 


In the ideal simple pendulum, & = 0, h is the distance, usually 
represented by /, from the point of support to the bob, and 
therefore, for small oscillations 


SP | 
g 


If +, represents the still better approximation obtained by 
ignoring quantities of the order of x4 and higher powers of x, 
we have from (6°52) 


2 
he ro 1 ae <): 


(6°525) 
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; seg 
or since «x = sin me 


v4 — ro( 1 ~- 4. sin? 3) 


an aed +e Gee 


since the difference between the squares of sin + and — a is of the 


order of x* 
Cycloidal Pendulum. We have seen that the period of 
the type of pendulum we have been studying is a function of 
the amplitude. It was shown by Huygens (Horologium Oscil- 
latorium) that the motion of a 
particle, constrained to travel © 
along a certain cycloid, is strictly 
isochronous, i.e. the period is inde- 
pendent of the amplitude. The 
equations of motion of a particle, 
P, constrained to travel along a 
curve in a vertical plane, the 
XY plane in Fig. 6-51, are 


x 


da 
aga — Se 
muy — Fie. 6-51 


where Q, and Q, are the components of the constraining force. 
If s is the distance travelled by the particle along the curve, 
measured from some arbitrarily chosen point, O’, the vector 
ds = (dz, dy) is perpendicular to the vector Q. Therefore 


Q,da -- ash =0 .. . . (6531) 
Multiply the equations (6°53) by § — ~ and a respectively and add, 


dx d*x dy d®y _ 
di de * "di de et Qua ua One 


Be 
a aA (3 a) + ty bien 


by equation (6°531), and therefore 


al G Nac 
2 di ai) | De ae 
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if ¢ is the angle between dy and ds. Dividing through by ma 
we have 
2 
= =gcose . . . . . (6°54) 


The motion of the particle will be simple harmonic (see the 
definition 6°522), and its period consequently independent of 
the amplitude, if 

COS 6 — — aS) a) ee (6-541) 
where a is any positive constant. Equation (6°54) then becomes 


ds 


and the period of the motion is seen to be 
_ 2a 
Vaal 
If 7 be the length of the simple pendulum, the small oscillations 
of which have the same period, 


Tt 


— 


bat ec 


and (6°541) may be written as 


cos @ = — = to. eee (69542) 


This is the equation of the required curve. On differentiating 
it we get 

ds =I sin ede 
and therefore dx =lsin? « de, 

dy =Isin ¢ cos ¢ de. 


Consequently dx =+(I — cos 0)dé, 
dy eu sin 0 dé ; 
4 
where 0 = 2e. On integrating we have 


(0 — sin 6) + A, 


Ca 


= cos@+B .. . « (G75tay 


Bln Bl 


Let O’, from which s is measured, coincide with the origin. 
O, so that « = 0 when y = 0; and suppose that the particle, 
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P, is moving vertically downwards when in this position, i.e. 
e=0=0 when x=0 and y=0. For this position of the 
particle, therefore, equations (6°543) become 


0=0+4, 
L 
RS oy 


and on substituting in (6°543) we have the familiar equations 
of the cycloid 

x = R(O — sin 6), 

y=R(l—cos0) . . . . =. (6:55) 


in which & has been written for J, 
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CHAPTER IV 


DYNAMICS OF A RIGID BODY FIXED AT 
ONE POINT 


§ 7. EuLEeR’s DyNAmicaL EQUATIONS 


ET P be any vector and P,, P, and P, its components 
referred to rectangular axes of co-ordinates. Let 
P,’, P,' and P,’ be the components of the same vector 
referred to a second set of rectangular co-ordinates, the origin, 
O’, of which coincides with O, the origin of the first system. 
Therefore, by (2°22) 
Ps a Gey le Gal, =P sit, 
dP. d t , t 
and a = Geis -b Oeil, -b Asil,'} . : (7) 


We shall suppose the first set of co-ordinates to be fixed and the 
second set to be in motion about their common origin. The 
cosines G11, G21, etc., are then variable and (7) becomes 
ap, * tie ae d te : 
GE WC Ca 

A 7p 0.31 


"rf pf JA (7-001) 


Now 41, G2, and az; are the nee in X’, Y’, Z' of a point 
on the X axis at the unit distance from the origin, and therefore 


as “23 and ees are the components of the velocity of this 


= 


point relatively to the moving axes. Therefore if ,’, w,’ and 
w, are the components of the angular velocity of the fixed 
co-ordinates relatively to the moving co-ordinates, 


dai aoe , , — 

em O, 23, — W, 21 = W021 — W,Os1; 
Ades ay ’ , = 

i OO, 111 — Wy Ag = WyA31 — W011) 
dds, me ' = 

i, Wy G21 — W, Ay, = WyA11 — WyGo1, 


ee 
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where w, = —@,, ®, = —o, and w, = —@,', so that o,, 
w, and w, are the components of the angular velocity of the 
moving axes X’, X’, Z' relatively to the fixed axes X, X, Z. 


If we now substitute these expressions for ae etc., in 
equations (7:001) we get, 
dP, aP,' dP,’ dP! 
eee an a 
+ P,!(@21 — 481) + P,'(@,431 — 0,211) 
PJ (@yG11 — 091) . (7°002) 


At an instant when the fixed and moving axes are coincident, 
Oy = 1, Q23 = O31, = 0 


and equation (7°002) becomes 


oP dP o  FB 
Fann aay + Po, — P,'o, 
to which we may add 
dP, _ aP,/ 
—_¥ = P' 0, —P, < eon OL 


dt dt ' 

It is very easy to be misled by these equations, and we shall 
therefore inquire carefully about their significance before applying 
them. In arriving at the transformation (2°22) we represented 
the vector concerned (in the present case P) by a straight line 
drawn from the origin in the direction of the vector, and having 
a length numerically equal to it. Therefore P,, P, and P, are 
the co-ordinates of the end point of the line. Equations (7:01) 
apply at the instant when the two co-ordinate systems coincide. 
Hence P, = f,', Py = P,, P, =P. Suppose now that P 
is the angular velocity of a rigid body with one point fixed in 
the common origin of the co-ordinate systems. Clearly the 
components of the angular velocity of the body have the same 
values in both systems of co-ordinates when they happen to 
coincide. It is important to note this and so avoid the error of 
confusing the angular velocity referred to the moving axes with the 
angular velocity relative to the moving axes. In fact, if the 
moving axes were fixed in the rigid body, its angular velocity 
would be (,, w,, w,) in both systems of co-ordinates; but 
obviously zero relative to the moving axes ; and we note too that 
the rate of change of w is the same whether referred to the fixed 
or the moving axes, as is immediately evident on substituting 
w for P in (7°01). 
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Let us now suppose the moving axes to be fixed in a rigid 
body and to coincide with its principal axes of inertia through 
the fixed point of the body (the common origin of both systems 
of co-ordinates) and let us further suppose P = (P,, P,, P,) to 
dP, aP, dP, 

dt’ dt’ dt 
becomes the torque or couple applied to the body. In what 
follows we shall denote this by (2, M, NV). At an instant when 
the axes are coincident 


be the angular momentum of the body. Then 


Je Je. == Alm, 
P, =. P! — 1500. 
P. = P! = 10a, 


where A, B and C are the principal moments of inertia of the body. 
Clearly 


dP,’ dw, 
ae = nie 
dP! _ flv, 
dp ake 
dP,’ do, 
rdieeie 


On making these substitutions in equations (7:01) we obtain 


fe af + (C — B)w,o,, 


M = a + (A — C)o,0,, 


vad 4 


(B — A)o - + « (708) 
When the applied aa ane these equations become 
7 = (B — Clo,w,; 
Bate = (0 — A)oyoy 
i =(4—B)o,o, . . . (7-021) 


The equations (7°02) and (7°021) are the well known dynamical 
equations of Euler. 

On multiplying (7:02) by w,, w,, and w, respectively and 
adding, we get 


© (340, + $Bo,? + 1Co,2) = Lo, + Mo, +No, (7-03) 
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which states that the rate of increase of the kinetic energy of 
the body is equal to the rate at which the applied couple does 
work, a result we expect on other grounds (equation 6°11). 

When the couple applied to the body is zero, i.e. when 
L=WM=WN =0, we find, by multiplying equations (7-021) 
by Aw,, Bo, and Cw, respectively and adding 


| LB Ato,? + $B, + 40%0:2} = 0, 


or A’o,? + Bn 2 + C!a — OF .  . 2 (7:04) 
where 2? is a constant. This equation is also to be anticipated 
on other grounds, since it expresses the constancy of the angular 
momentum (§ 6). 
A particular solution of equations (7°021) is 

Wy = O, =0; @, =o, a constant. 
This represents a rotation with constant angular velocity about 
a principal axis of inertia. Suppose the body to be rotating in 
this way and then slightly disturbed, so that it acquires very small 
angular velocities w, and w, about the other principal axes of 
inertia. How will it behave if it is now left to itself? Since 
wo, and w, are small (i.e. by comparison with w,), we shall ignore 
the product w,w,. Euler’s equations now become 


ae a (OG “Toe 2) no SRO 
do, 
— + (A —C)o,.o, = 0 


Differentiating the former of these with respect to the time, and 
- 
eliminating 7 we obtain 
d?w, , (7 —B)(C — A), 
dt? AB 
By differentiating the second of the equations (7°05) in a similar 


way we obtain 
do, , (B—C)(A — Py 


.O, =O . (7:051) 


FTE AB O,=0 . (7°052) 
The constant 
(CoD (Ce Ay 
AB oy 


in both of these equations is positive if the moment of inertia C 
is either greater than A and B or smaller than A and B. In such 
a case 

wo, = R cos (at — >) 

ow, = S cos 2 —yp) . . .  (7:053) 
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where Ff and S are small real constants, ¢ and y are constants, and 


i= Ri a oy . . (7054) 


We see therefore that the motion of rotation is stable since 
o, and w, never exceed in absolute value the small constants 
R and 8. 

It should be noticed that &, S, ¢ and y are not all independent. 
The reason for this is that equations (7:051) and (7°052), in the 
solutions of which they occur, are more general than the equa- 
tions (7°05) with which we are really concerned, since they 
are obtained from the latter by differentiation. If we abbre- 
viate by writing 

p =al — 4, 
q =at — y, 
and substitute the solutions (7-053) in equations (7:05), we get 
snp  (C — B)Sa, 


cOSg aAR  ° 
sing (A —C)Ro, ; 
cosp = =aBS | (Ne 


and therefore 
sin p sin q _ 
COS p COS g 
in consequence of (7°054). 


— |, 


It follows that p and q differ by an odd multiple of = and 


the solutions (7:°053) may consequently be put in the form 
wo, = cos (at — 4), 
o, =S sin (at —¢d) . . . (7:056) 
the first of the equations (7:055) now becomes 
i (C — B)Sao 


Aa 
whence we get 
A(C — A) 
= hh a eee 057 
. eee (Ce 


If we represent the angular velocity w by a straight line 
drawn from the origin, equal in length to o, and in such a direc- 
tion that the co-ordinates of its end points are w,, w, and a, 

= W,) respectively, we see that it describes a small cone in 
the body. The end point travels along the small ellipse with 
semi-axes & and SN. 
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The form of equations (7°021) suggests that their general 
solution can be expressed in terms of elliptic functions. Con- 
sider the integral 


db 
peg, |) eee, ly 

| V1 — k? sin? 6’  —— 
which belongs to the class of integrals called elliptic integrals. 
The upper limit, 0, is termed the amplitude of § and may be 
denoted by am &. Therefore 

sin 9 = sin am 6, 
or, in the usual notation 
Sn @ == Cis. 
Similarly cos 0 = cosam & = cn &. 
The function V1 — k? sin? 6| is usually called AQ, 
Gg = Oia — Oe, 

The three functions, sné, cné and dné are called elliptic func- 
tions. The differential quotient of sné with respect to & is 

dsn& dsin0 dé 


— 


dé do d& 


= cos 0.V1 — &? sin? |, 
Similarly 
a = —snédné, 
Fe = den gone . . « (7°06) 


These equations suggest, as a solution of (7:021), 

O, = @, sn (at — A), 

Wy = W, cn (at — >), 

O, =O dn(at—¢d) . . . . (7:07) 
where @ 1, 2, ®o, a and ¢ are constants, which, as we shall see, 
are not all independent. Substituting in (7:021), we find 


ao, = A WoW o 

aw a _ OW 1M 

ane | B ivo 
9 aka, = A -_ aa o 6 . (7°071) 
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Therefore 


W,2 (C— A)A’ 
(A — B)A w,? ; 
“FT (C=Be of a) 
antl ae a Se 


Of the six constants, w,, W2, @o, k, a and ¢ therefore, three can be 
expressed in terms of the remaining three. These latter may be 
chosen arbitrarily and the solution (7:07) is therefore the general 
one. Let us select w,, w) and ¢ as the arbitrary constants and 
consider the case where w, and w, are very small compared with 
@,). The parameter k? will be a small quantity of the second 
order, by the second equation (7:072). We shall therefore ignore 
it. We thus get 
E=0 

in the equations defining the elliptic functions. Therefore 

Sh = sin Gg — sin = 

cn € = cos 8 = cos é, 

ne 
and the solution (7:07) reduces, as of course it should, to that 
already found for this special case (equations 7°056 and 7:057). 


§ 7-1. GEOMETRICAL EXPOSITION 


We have in (7:07) the solution of the problem of the motion 
of a rigid body, one point in which is fixed, for the special case 
where the forces acting on the body have no resultant moment 
about the fixed point. A very instructive picture of the motion 
is provided by the geometrical method of Poinsot (Théorie 
nouvelle de la rotation des corps, 1851). The results we have 
already obtained indicate that the instantaneous axis of rotation 
wanders about in the rigid body and therefore sweeps out in it 
a cone (s, Fig. 7-1), having its apex at the fixed point, O. The 
positions of this axis 7 the body at successive instants of time are 
represented by Oa, Ob, Oc, Od, Oe, etc. The lengths of these 
lines may conveniently be made equal, or proportional, to the 
corresponding values of w at these instants. During the time 
required by the axis of rotation to travel from Oa to Ob the point 
6 will travel in space to some point 8. That is to say, the line 
Ob in the body will occupy the position Of at the instant when 
it coincides with the axis of rotation. In a succeeding interval 
the axis of rotation will have reached Oc, (in the body) which 
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will now have a position Oy in space, and so forth. The lines, 
Oa, Of, Oy, 06, Os, etc., sweep out a cone, o, which is fixed in 
space. ‘The motion of the body 
is consequently such as would 
result if a certain cone, s, fixed 
rigidly in the body, were to roll, 
with an appropriate angular 
velocity, on another cone, o, 
fixed in space. The cone, s, will 
cut the momental ellipsoid (which 
may likewise be described as 
fixed in the body, or rigidly 
attached to it) in a closed curve, 
as will be shown. This curve 
Poinsot called the polhode 
(m6Ao¢, axis; 6666, path). Its 
equations can be found in the O 

following way: Using (x, y, 2) Fie. 7-1 

in place of (¢, 7, ¢) in the equa- 

tion (6°235), of the momental ellipsoid, we have for the com- 
ponents of the angular velocity, w, 


(69) @ @ 
O, = —%, WO, = o 5 Te (7-1) 


e@ meaning, as in § 6:2, the radius vector from O to (a, y, 2). 
The perpendicular, p, from O to the tangent plane at (x, y, 2) is 
p =o cos 0, 
if @ is the angle between p and p. Therefore p is the scalar 
product, (e N), of p and a unit vector N in the direction p. 

Consequently 
p= xa + yB + 2y, 
if a, B and y are the components of N, or the direction cosines of p. 
The equation of the tangent plane at (x, y, z) is 
Axé + Byn + C26 = UM, 
if (€, 7, €) is any point on it. Therefore 
le 
Vat? - By? + 0% 
= By 
V A%y? + Bey? + C223 
= Cz 
V/ A%x® -- By? + 0%? 
M 


B 


Me 


ee 7-11 
s a/ Army? £5 By? ce Oz?! ( ) 
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But by combining (7°04) and (7:1), we find that 


22 2, ,2 2,2 _ S2°p? 
Ay? + Bry? + C%z =a (7°12) 
Therefore p= on 2, ae cee (7°121) 
Similarly, by combining (6°41) and (7:1) we obtain 
— op?” 
Ax? + By? + Cz? = 213 . . « (ihe 
or m=oT® | |. (7-131) 
w 
It follows that @ is a constant, namely 
— Ve oo es C7 
e M 
and consequently 
ne er See. (7133) 


It is therefore constant and its direction cosines (7°11) are the 
same as those of the angular momentum 92. Consequently, it is 
invariable in length and direction, and the tangent plane remains 
fixed in space during the motion of the body. 

The last of the equations (7°11) gives us 


Ay? + By? + C22? = ss . « « (fea 


This equation holds for any point (x, y, 2) where the axis of rota- 
tion cuts the ellipsoid of inertia and it, together with the equation 
of the ellipsoid, 

Av? + By? t+tCe?=M. . . . (715) 
determines the polhode. 

lf we multiply (7°14) by p? and (7°15) by M and subtract, 
we get 
(p?A? — MA)u? + (p?B? — MB)y? + (p?C? — MC)z2 =0 (7-16) 
which is the equation of the polhode cone s. 

The curve traced out on the fixed tangent plane by the 
instantaneous axis of rotation was called by Poinsot the her- 
polhode (from égozew, to crawl, like a serpent). The corre- 
sponding herpolhode cone is the cone oa, fixed in space, on 
which the polhode cone rolls. We have now a very clear 
picture of the motion, especiallyif we remember (7°132) that the 
angular velocity about the instantaneous axis is proportional to 
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e, the radius vector of the momental ellipsoid which coincides 
with the axis. The cone, s, fixed relatively to the ellipsoid rolls 
on the cone, o, in such a way that the ellipsoid is in contact with 
a fixed plane, the velocity of rotation at any instant being 
proportional to the distance, 0, from the fixed point, O, to the 
point of contact with the fixed plane. 

The semi-axes of the ellipsoid of inertia are 


ma JH 
AV NB’ NG 


Suppose, 
A>B>Z, 
shen 7 eae ne wa 
In one extreme case 
UE 
Pa A 


and the equation of the polhode cone s (7:16) becomes 

(B? — AB)y? + (C? — AC)z? = 0. 
Since both terms on the left of this equation have the same sign, 
the only real points on it are the points y = z = 0, and the cone 


reduces to a straight line, or, strictly speaking, to two imaginary 
planes intersecting in a real line, the X axis. There is a similar 


state of affairs if p? has the other extreme value 2 If however 


2 en 
Pp = B ? 
the equation of the cone becomes 
(A? — AB)x? + (C2 — CB)z? = 0. 


In this equation A? — AB is positive and C? — CB is negative. 
It therefore represents two real planes intersecting in the Y axis. 
Instead of combining equations (7:14) and (7°15) to get the 
equation of a cone, let us eliminate 72. We thus obtain 
M2 
(B2 — AB)y? + (C? — AC)2? = rn AM . (7:18) 
Reference to (7:17) will show that the right-hand member of 
this equation is negative or, in the extreme case, zero, and since 
this is true likewise of the coefficients of y? and z?, we conclude 
that the projections of the polhodes on the YZ plane are ellipses. 


Bo BUS 
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The ratio of the semi-axes of any of the ellipses is 


= . (7181) 
G(A — OJ 


Similarly, we can show that the projections of the polhodes 
on the XY plane are the ellipses, 
me 


(A* — AC\x* + (BY — BOly? ==, — MC . (7-182) 


and ratio of the semi-axes being in this case 
ji EE - oe... (7183) 
B(C — B) 
This result should be compared with (7:057). 
The projections on the XZ plane are the hyperbolas 


(A* — AB)a? + (0? — OB)s* => — MB (7-184) 
§ 7-2. EuLEeR’s ANGULAR CO-ORDINATES 


We shall continue to use a system of axes, X’, Y’, Z’, fixed 
in the body, and coincident with its principal axes of inertia. 


H 


Fig. 7:2 


Let X, Y, Z, be another set of axes fixed in space, the Z axis being 
directed vertically upwards, and the two sets of axes having a 
common origin, O, in the fixed point of the body. Let the angle 
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between Z and Z’ be denoted by 0. The X’Y’ plane intersects 
the XY plane in the line, OH, (Fig. 7-2). The angle between 
OH and OX is denoted by y, and that between OX’ and OH 
by ¢. The positive directions are indicated in the figure by 
arrows. The position of the body, at any instant, is completely 
determined by the values of these three angles, called Euler’s 
angles. 

The Eulerian angles are illustrated by the method of mounting 
an ordinary gyroscope (Fig. 7-21). There is a fixed ring, ABC. 
Within this is a second ring abe pivoted A 
at A and B so that it can turn about 
the vertical axis, AB. The axis AB 
corresponds to OZ (Fig. 7:2). Within 
the ring, abc, is still another ring, afy, 
pivoted at a and b, so that it can turn 
about the horizontal axis,ab. This axis 
corresponds to OH (Fig. 7:2). The 
gyroscopic wheel, itself, is pivoted at a 
and f in the innermost ring, so that it 


can spin about an axis, af, perpen- B 
dicular to ab. The axis, af, corresponds Fic. 7-21 
to OZ’. 


Let us now express the components, @,, , and q,,1 of the 


angular velocity of the body, in terms of ae : and = It is 


clear that w, and w, do not depend on 2 and we must therefore 


have 
0, = = cos (ZX’) + +2 cos (H7X’), 
O, = 2 cos (ZY’) + z oes (ELV 
Obviously w, is not identical with i since ¢ is an angle measured 
from the moving line OH. To get w, we have to add to = the 
angular = multiplied by cos (4Z’), therefore 
ae a8 ® cos (221). 


1 Note that wz, wy, wz have the same meaning as in Euler’s equations. 
They are the components of the angular velocity referred to axes X’, 
Y’, Z’ fixed in the body. 
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The direction cosines in these equations are easily seen to have 
the values set out in the table: 


x’ y’ zi 
Z sin@ sing | sin@cos¢ | cos #0 
i cos — sin ¢ 0 


For example, cos (ZX’) is X’ co-ordinate of a point on Z the 
unit distance from O. The distance from O of the projection 
of this point on the X’Y’ plane is sin 6 and the angle between 
this projection and OX’ is obviously the complement of ¢. 
Hence we get the projection on OX’ by a further multiplication 


by sin ¢. 
We therefore arrive at the following relationships : — 
Wn =F sin 0 sin ¢ + © cos 4, 
Wy =F sin 0 cos — sin 4, 
o, = 2 cos 6 +2. rere 


§ 7-3. Toe Top anD GYROSCOPE 


We shall now apply Euler’s equations to the problem of the 
symmetrical top (or gyroscope) supposing the peg of the top 
(or the fixed point in the gyroscope) to be fixed in the origin. 
If the Z’ axis is the axis of symmetry of the top, and if the distance 
of the centre of mass from O is h, the couple exerted has always 
the direction OH, and is equal to mgh sin 0, m being the mass 
of the top. We must substitute for £2, M and N in Euler’s 
equations the components of this couple along the directions 
X’, Y’ and Z’. The table of cosines (§ 7:2) gives us 


LL = mgh sin 0 cos ¢, 
= —mgh sin 0 sin ¢, 
A = ()) 
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On substituting these values for L, Mf and N in Euler’s equations, 
(7°02), we have 


mgh sin 0 cos 6 = as a8 (C — B)o,o,, 


— mgh sin 6 sind = sf + (A — C)o,o,, 


0 = oe Minne (RES 


If we replace w,, w, and w, in 7: 3) by the Eulerian expres- 
sions (7:2) we obtain three differential equations the solution of 
which gives the character of the motion of the top. Instead of 
proceeding in this way it is simpler to make use of the energy 
equation, and obtain two further equations by equating the 
angular momenta about the Z and Z’ axes to constants. This we 
are at liberty to do, since the applied couple is in the direction OH, 
that is to say, in a direction perpendicular to Z and to J’, so that 
its component in either of these directions is zero. 

We obtain the energy equation by multiplying equations 
(7°3) by w,, w,, and w, respectively and adding. In this way 
we get 


£ do, + 4Bo,* + 4Cw,?} = mgh sin O(a, cos 6 — w, sin ¢). 


If now we write A = B, on account of the symmetry, and sub- 
stitute for w, and w, their Eulerian values (7:2), we have 


diy 9 OS 1 do 
ait sim 0( +(F 7) "| + 40m," = min sin 0. WP 


in which we have replaced w,? by w,?, which is a constant by 
the third of the equations (7°3). Thus on integrating we arrive 
at the result 


dyw\ ? WEN 2mgh 
2 = = e 
sin 0(sP) ++ (Gi) = cos@0 . (7:31) 


A 

where a is a constant of integration. This is the energy equation. 

The table of direction cosines (§ 7-2) gives for the angular 
momentum in the Z direction, 

Aw, sin # sin ¢ + Bw, sin 0 cos ¢ + Cw, cos 6, 

or Asin 6(o , sin g + a, COs ¢) ) + Cw cos 0. 
On replacing w, i w, in the usual way by the expressions in 
(7:2), we get for the angular momentum about the Z axis, 


A sin o( sin 0 a) + Co, cos 6 = a constant, 
or fh pe 


dt _ 
where a@ is a constant of integration. 


COS Cee o2) 
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For the third equation we have 
Co, =a constant, 
or by (7:2); 
dy | dp) _ 
C08 6 a -L 4 =a constant, 
or finally 
cos Ly ee - « » » eer 


The three equations, 7°31, 7°32 and 7°33 completely describe 
the behaviour of the ordinary top, when its peg is prevented from 
wandering about, or the motion of any rigid body with axial 
symmetry (gyroscope), when one point on the axis is fixed in 
space. By eliminating a from (7°31) and (7°32) we arrive at 
the equation 


] Ca, = 2mgh ‘ 
arb — TZ 0s 0} +(F 7) = =a A cos 0 (7:34) 
We can simplify this and the remaining equations by the follow- 
ing abbreviations : 


p= ae b= ee “@ =cos0 . . (7:345) 
and consequently 
. pdb du 
— sin oon = ae (7°346) 


We have therefore, when we substitute in (7°34), 


(SY = (a = Bud = 8) = (@ = du)® (738) 


an equation which may be expressed in the integrated form 
lace 

lo ——————————— 

} Va = Buy(l = w?) — (w= bu)? 


if c is the value of u at the instant t = 0. 
Equations (7°32) and (7°33) take the respective forms, 


(7-351) 


dp a —bu : 

a al rrr 
db _ p(a — bu) 7.37 
dt _ va Se ; ; ; ‘ ( 2 ) 


The integral (7°351) belongs to the class of elliptic integrals, 
and therefore , or cos 0, is an elliptic function of the time and 
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consequently oscillates periodically between a fixed upper limit 
Mo, and a fixed lower limit uw, Otherwise expressed, the angle, 
0, between the axis of symmetry and the vertical, will change in 
a periodic fashion between a smallest value 0, and a greatest 
value @,. This motion of the axis is called nutation. The motion 
dy 
dt 
(Fig. 7-2), is called precession. 

We can easily learn the general character of the motion from 
equations (7°35), (7°36) and (7°37) without making explicit 


2 
use of the properties of elliptic functions. If we denote (FF ) 


expressed by —-, that is to say, the motion of the axis, OH 


by f(u), equation (7°35) becomes 
flu) = (a — Bu)(L — uw?) — (a — bu)? 
Since f is a positive constant, 
= 00 ) me oop 


f(t wo) =+ 0, 


sie 1) =— (@ 4 b)}7, 
mea a aD): 


Therefore f(— 1) and f(+ 1) are necessarily negative (or zero), 


2 
and the general character of the function f(x) (= (=) ) 


is that illustrated by Fig. 7-3. Only positive values of f(u) and 
values of ~ between — 1 and +1 can have any significance in 
the motion of the top. The significant points in the diagrams 
(Fig. 7-3) are therefore those in the shaded areas of a, b and ce. 
During the motion mu varies backwards and forwards between 
fixed upper and lower limits, uw, and yz, respectively and associated 
with this is a corresponding variation of the angle, 0. At the 


and further 


same time the precessional velocity, a will also vary periodically 


with the same period as mu (see equation (7°36)). If we restrict 
our attention to the case where a and b are positive, we have 
the following possibilities : (1) if 6 is small enough, ie. if the top 


is not spinning fast (see (7°345)), = will remain positive (7°36) ; 


(2) if the top is spinning very fast (b large enough) = may change 


sien during the nutational motion between 6, and 0). This will 
happen when yz is equal to A special case, (3), is that in 


7 
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a 


which fy) = 5 This is the case when the top is set spinning 
; se do dy 
and released in such a way that initially aa 0 and Te 


Fic. 7-3 


The three cases considered are illustrated by (a), (b) and (c) 
respectively in Fig. 7-31, which exhibits the curve traced out by 
the centre of mass on the sphere with centre, O, and radius h. 


Oo Go 
6, 6, 
(a) (c) 


Fic. 7:31 


The figure illustrates the possibilities in the case of the ordinary 
top, for which wu is always positive. 

It is instructive to consider the case where the top is not 
spinning and where the angular momentum about the vertical 
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axis, Z, is zero, so that w, and a are both zero, (7°345) and 
(7°32). We have then the equation 


d 
fu) = (GP) = a = Buy = 2) 
or if we substitute cos @ for yu, 


a) = (a — B cos 9). 


dt 
As B = 22 we may express the equation in the form 


1G; 7) + Mi cos 0 = 


This equation is seen to be identical ie (6°501), since A 
and £ have the same meaning, and the difference in sign is 
merely due to the fact that 0 in the one equation is the 
supplement of # in the other. The motion is that of the pendu- 


lum. We find, just as in § 6:5, two sub-cases. If 5 exceeds 

mgh 

A 3 

tinuously round a fixed horizontal axis, but with a periodically 

varying velocity. ‘This is the case illustrated by (c) in Fig. 7-3, 
2 

since (sf) = f(u) vanishes at the points uw = + landy = —1 


and nowhere else between these limits. On the other hand, if 
a< PB, f(u) again vanishes at + 1 and — 1, (7:35) since a and 


6 are both zero, but also at a point, u = - between these limits. 


1.6. if a exceeds £, 2 never vanishes and body rotates con- 


This corresponds to the ordinary pendulum motion and is illus- 
trated in (b), Fig. 7-3. The significant values of « extend from 


— 1 (when the pendulum is vertical) to ef 


Another interesting special case is that for which the interval 
fof, Within which f() is positive is contracted to a point, so that 
the curve for f(~) touches the uw axis as in Fig. 7:3 (d). ‘Therefore 
f is constant during the motion and consequently so is a : 
The axis of the top or gyroscope sweeps out a circular cone in 
space with a constant angular velocity. Let us consider the case 
where yw is zero and the axis of symmetry therefore horizontal. 


We see (7°36) that “ isequal to theconstanta. It is an instruc- 


tive exercise to determine a by means of equations (7°01). In 
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these equations we must remember that (@,, w,, w,) represents 

the angular velocity of the moving axes and not necessarily that 

of the gyroscope. Suppose the X’ directed vertically upwards, 

Fig. 7-32, and fixed, while the axis of symmetry of the top or 

gyroscope coincides with the Z’ axis. We have therefore for 
(w,, @,, @,) of equations (7°01) 


O, = a, 
ow, = 0, 
o, =0 


Let P,’, P,'and P,’ be the components 
of angular momentum relative to 
these axes. Then 


P,' = 0, 
Fig. 7:32 D. = 0, 
Ee = Cao, 
where w, has the same meaning as before. We have further 
dP 
——# = 0, 
dt 
aP, 
—4 = — moh 
di eg h, 
dP 
—_# — (0) 
dt 


since these quantities represent the rate of change of angular 
momentum with respect to the fixed axes, which are momentarily 
coincident with the moving ones. The equations 


(7°01) are then satisfied if da. 
a Bx 4A 
— mgh = — Cagt, 
or pe aD ay} C Wo 
Cao 
We can of course arrive at this result ina much 
simpler way. Let OA (Fig. 7:33) represent the O 


angular momentum Cm, at any instant. The Fic. 7:33 
applied couple will produce in a short interval dé 

a change of momentum dQ, at right angles to OA, as shown in 
the figure. The angle dy swept out during dt will therefore be 


or Oh. __ dy 
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But in the present case = is constant and equal to mgh, therefore 


dy — mgh 
Ag =fg = — 
as we have already found. 


§ 7-4. THE PRECESSION OF THE EQUINOXES 


The earth behaves like a top. The attraction of the sun is 
exerted along a line which does not pass through the centre of 
mass of the earth except at the equinoxes. It thus gives rise to 
a couple tending to tilt the earth’s axis about its centre of mass 
and make it more nearly vertical. The state of affairs is very 
similar to that we have just been studying. The centre of mass 
of the earth corresponds to the fixed point, O, the peg of top. 
Consequently the earth’s axis exhibits a motion of nutation and 
precession. The line in which the equator cuts the ecliptic 
corresponds to the OH in Fig. 7:2. The points where it cuts the 
celestial sphere are called the equinoctial points, from the 
circumstance that day and night are equal in length when the 
sun passes through them. In consequence of the precession 
the equinoctial points travel slowly round the heavens in the 
plane of the ecliptic in a retrograde direction, a whole revolution 
requiring a period of 25,800 years. Associated with this is a 
corresponding motion of the celestial poles which in the same 
period describe circles of 23° 27’ in diameter round the poles of 
the ecliptic. 
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CHAPTER V 
PRINCIPLES OF DYNAMICS 


§ 8. PRINCIPLE OF VIRTUAL DISPLACEMENTS 


N order that a particle may be in equilibrium, the resultant 
of all the forces acting on it must necessarily be zero. If 
F=(f,, £,, £,) be the resultant force, 


ee 
This condition may be stated in the following alternative way : 
(F 61) = 7,67 + f,joy + Foz =0 . . (8) 
where 61 = (dz, dy, 62) is an arbitrary small displacement of the 
particle, i.e. any small displacement we like to choose. For sup- 


pose we assign to dy and 6z the value zero, and to dx a value 
different from zero. Equation (8) then becomes 
if, OL 0. 

and hence #,, = 0. Similarly the statement (8) requires F, 
and F, to be zero. 

Consider any number of particles, which we may distinguish 
by the subscripts 1, 2, 3, ...s, ..., and let the respective 
forces acting on them be F,, F,, F;,...F Further, imagine 


Bae 
the particles to suffer the arbitrary small displacements, 


(0%, OY 1, 021), (0X2, Os, O2s), . . . (0X,, OY,, 02.) 2 een 
the condition for the equilibrium of the system of particles is 
2 (F,,0%, te OU: =e F,62,) =0 : (8-01) 


the summation being extended over all the particles of the 
system. The arbitrary small displacement (dx, dy, 6z) is called 
a virtual displacement and the statement (8) or (8°01) is called 
the principle of virtual displacements or the principle of 
virtual work. 

The utility of the principle becomes evident when we apply 
it to cases where the particles are subject to constraints. Asan 
illustration consider the case of a single particle so constrained 
that it cannot leave some given surface. There will in general 
be some force, F’ = (f,', F,’, £,/), normal to the surface, and 

92 
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of such a magnitude that it prevents the particle from leaving it. 
Let us write equation (8) in the form 
(Ff, + F,')éx + (Ff, + F,)oy + F, + £,')dz = 0, 
where F = (f,, F,, F,) represents the part of the force on the 
particle not due to the constraint. We shall call it the impressed 
force. Of course the principle of virtual displacements requires 
that 
Pot, =F, + Ff, =f,4+ Ff, =9; 
but this is not the most important, nor the most interesting 
inference from the equation. If we subject the virtual dis- 
placement 61 = (6x, dy, dz) to the condition that it has to be 
along the surface, we have, since F’ is normal to the surface, 
(F’Sl) = F,/6x + F,'dy + £62 =0 

and consequently 

Feet Foyt féz=0 . . . (8:02) 
In this statement of the principle all reference to the force F’ 
due to the constraint is eliminated ; but in applying it we have to 
remember that the virtual displacement is no longer arbitrary, 
and we cannot infer therefore that Ff, = Ff, =f, =0. Indeed, 
this would in general be untrue. Let the equation of the surface, 
to which any motion of the particle is confined, be 


om, ¥, 2) — 0 2 9. 2 S05) 
The virtual displacement is therefore subject to the condition 
aay -- sy +. 52 — Oe (8:031) 


Let us eliminate one “of the eee: of 81, e.g., dz, with the 
help of (8:02). We can do this most conveniently by multi- 
plying (8°031) by a factor, A, so chosen that 


ee ie =o .... (8-082) 
and subtracting the ae from (8: au This gives 
(F, = fh =) by A. (a= nyt =e i —0. (8-033) 


The components dy and 6z of the ae displacement can be 
chosen arbitrarily, since whatever small values we assign to them 
we can always so adjust 6x as to satisfy (8°031), the condition 
to which the displacement has to conform. Hence we infer 


P,-#®=0 ... . (8-034) 
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In order therefore that the particle may be in equilibrium the 
impressed force, F = (f,, F,, F,) must satisfy the equations 
(8-032) and (8°034), or, what amounts to the same thing, 


By Fy _ #, 
Tiriecsereeee o) 08E) 
ou oy Oz 


Consider next the case where a particle is constrained to keep 
to a curve. Suppose the latter to be the intersection of two 


surfaces, . 
d (x, Yy; 2) = 0, 
wy (%,y,2)=0 «~ | « 3 See 


The virtual displacement, 61 = (dx, dy, 6z) has consequently to 
satisfy the conditions 


Obs 1 Ps, 1 Ps, — 


Ops, 1 Ps, 1 Vs, — : 
ee mt) tee =U ae (8041) 


and we infer that 


F,- Nene A > 4 ew SSCS 


ip Oe ap 


op Op | — 9 8-051 
By, 3 = (8-051) 
Op oy 

The principle of virtual displacements may be illustrated 
by the following examples :— 

Let the particle be confined to a spherical surface, but other- 
wise perfectly free, and suppose the force impressed on it to be 
directed vertically downwards. It might, for instance, be its 
weight. Let the origin of co-ordinates be at the centre of the 
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sphere and the X axis have the direction of the force. Equation 
(8:031) becomes 
xox + yoy + 262 = 0, 

and for (8:032) and (8°034) we have 

ste — VA, 

Ff, = sy, 

AZ, 

Now since f, = Ff, = 0, 


and as Ff’, is not zero, A cannot vanish, and therefore 
y=2=0. 

Consequently « = + ror — r, where r is the radius of the sphere, 

or the possible positions of equilibrium are the uppermost and 

lowermost points on the sphere.! 

An instructive example is that of a rigid body which can 
turn freely about a fixed axis, which we shall take to be the 
Z axis of rectangular co-ordinates. The conditions for equili- 
brium are expressed by equations (8°01), the forces, F, being the 
impressed forces: not those due to constraints, together with 
the equations describing the constraints. These latter are, for 
every particle, s, 


O20, 
0x, a YO, 
OY, = uO, 


where 6¢ is the same for all the particles in the body. Equation 
(8:01) therefore becomes 


6b (XP, x Boy) =, 
Now 0o¢ is arbitrary, hence 
2(2,F, a Ue) =U, 


This means that the sum of the moments of all the impressed 
forces with respect to the Z axis is zero, a result we have already 
obtained by a different method (§ 6-1). 


§ 8-1. PRINCIPLE OF D’ALEMBERT 


The principle of virtual displacements is a statical one. It 
provides a means of investigating the conditions necessary for 


1 Alternatively, the equations (8°035) become Pe = By 


Ff: 
= — and as 
x y 2 
F, = Fz = Oit follows that y = z = 0. 
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the equilibrium of a dynamical system. Its scope can be extended, 
however, by a device due to d’Alembert (Traité de Dynamique, 
1743), so as to furnish a wider principle which constitutes a basis 
for the general investigation of the behaviour of dynamical 
systems. 

Let F = (f,, Ff, £,) be the resultant force exerted on a 
particle of mass m, then 


da 

a — f, | (bh 
d*y 

ai — f, == 1(); 
dz 
ea 

Mae A 0 


We may express these equations in the single statement 


dx 

mo — F,) x + (mo =F, \oy + (me — Fix = 0 (8-1) 
if (6a, dy, 62) is an arbitrary small displacement, since this necessi- 
tates the vanishing of the coefficients of 6x, dy and 6z. Now 
(8-1) can be extended to apply to a system of particles, subject 
: to constraints, in the rem e way : 


=| (m,- it — Py) 
te “slat — Fé! =0 . . (Sim 


If the system should be subject to constraints, F, will signify 
the force wmpressed on the particle, s, and will not include the 
force or forces due to the constraints, and the virtual displace- 
ments (dx,, dy, 62,) are not all arbitrary, but subject to the 
equations defining the constraints. 

Equation (8:11), with the interpretation just given, expresses 
the principle of d’Alembert. 

A simple illustration of the principle is furnished by the 
example of the rigid body in § 8. The procedure here differs 


only in the substitution of mont — f',, for the F,, of § 8, and 


corresponding expressions for F’,, and F’,,, We thus get 


d*y, dat 
apB{2,(m, dhe =e Fy) — Ys 5 df2 a Fs) = 0, 


mae BH 
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and therefore, on account of the arbitrariness of 6¢, 


» 
z {,( m,— 


Fa) — meget — Fa) = 


which is the same thing as 
le dy, = _ 
sam eed! — Uist) = BePoy — YoF a) 
(see § 6), 


§ 8-2. GENERALIZED CO-ORDINATES 


We shall now introduce the generalized co-ordinates of § 6. 
The rectangular co-ordinates of any particle, s, of a system may 
be expressed in terms of the generalized co-ordinates, g, in the 
form 


Xs =f; (V1, Pars-- Qn)» 

Ys = Ys (V1 Var + + In)» 

&s =h, (91, Yar--- In) 
in which f,, g, and h, are given functions of the q’s and the 
inherent constants of the dynamical system. We have in 
consequence 


G 
ca sot gy + 


2 
+ shad, fate pea 2 


and similar equations for dy, wa dz,. It is convenient to use 
the symbol «x, itself to represent the functional dependence 
of the co-ordinate, x,, on the qg’s. We therefore obtain 


Ox Ox Oa 
ad = ae oe, ea mes 
vs 001 dq. aia a at +- aq, tae 
a= ole os OY. 
oe, eo 02, : 
ig= ie dq, + ids + ae: Tigges . (82) 


The symbol ‘d’ will be ase for increments which occur 
during the actual motion of the system, or during any motion 
we may tentatively ascribe to the system in the process of dis- 
covering the character of the actual motion. The symbol ‘6’ 
will be used for virtual displacements and the increments depend- 
ing on them. The components, 6x1, dy1, 621; O6%2, dY2, 6223 

. of the virtual displacements of the particles of the system 
are not in general all arbitrary, as they may be subject to certain 
constraints. On the other hand the components, 6q,, dds, .. . 
6g,, Of a virtual displacement of the system are obviously quite 
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arbitrary, since the generalized co-ordinates are in fact so chosen 
as to be mdependent of one another. They thus satisfy the 
conditions imposed by the constraints, as it were, automatically. 

If we replace the d’s in (8:2) by 0’s we get a corresponding 
set of equations for the virtual displacement (6xz,, dy,, 6z,) of a 
particle in terms of the associated 6q’s. 

The velocity of the particle, s, is given, in terms of the gener- 
alized velocities, by 


(2 meen Cure Cine ; 
dt Te oe are e (8-21) 
aly dye and, 


where g means 7 There are similar equations for 7 


—s, In these equations it will be observed that each differential 


quotient, ey . . . is expressed as a function of the q’s and 


constants inherent in the system (§ 5°3). 
DD, OW), OR. 
dt’ dt’ dt 
by m,, the mass of the particle, we obtain twice its kinetic energy. 
Therefore if 7’ represents the kinetic energy of the system 


2T = QO 119191 ae Q 129192 Bek coos ie 0 n919n 
=r Q 01921 =. Q 224 242 = tenet Q ond Gn 


By squaring respectively, adding and multiplying 


+... 
ag Qn1Vnd 1 7 apnea ® a QinIndn . (8-22) 
in which Q,2, for example, means 
0%, OX Oy, OY, , O02 Oz 
= Dm,i 2 28 aoe ee ee Ss | iS ae 
Ou Plat ae + oat one * Brag * 7D 


Each Q is therefore expressed as a function of the q’s and the 
inherent constants and it will be noticed that Q., = Qs,. 
It is convenient to abbreviate (8°22) by writing it in the form 


Dale = Q.89.4s ° ° ° ° (8°222) 


in which the summation is indicated by the duplication or repe- 
tition of each of the subscripts a and £, and not by the symbol 221. 


We see that (8°22) can be written in the form 


27 = 91g, + Pode tt. s- Did, - « «© (S22ae 
or briefly ZR ID) 
where Po — Qa191 ae Q.242 a ras ane ai Qandn : . (8°24) 


or Pe = Qaade e 
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The quantity p, is the Seneralized momentum correspond- 
ing to the co-ordinate q,. Differentiating 27’ partially with 
respect to g,, we get (see § 6-4), 


ar 
Dee eo SEY 


If, for instance, we take i , we might carry out the differentia- 
2 
tion firstly along the second row of (8°22), thus obtaining 
Qo a QooGa + Qesfs = bo 0 ola Q onGns 


and then along the second vertical column, obtaining 


Qiedi + Qaeda ale Q 04's aa cae On2Fn 


The two expressions are equal to one another (since Q,, = Qz,) 
and together make 2p,. Therefore 


in agreement with (8-241). 

It is important to note that (8°22) expresses 27’ as a function 
of the q’s, qs and the inherent constants of the system. It is a 
quadratic function of the ¢’s. In (8°24) each p is also expressed 
as a function of the q’s, ¢’s and the inherent constants. It is a 
linear function of the q’s. 

From (8°24) we derive the equations 


G1 = Riaypit Rasps +... + Rigda, 
G2 = RosD1 + ReoePs +... + Ron Pns 


Ge = LP + Ri2Pe -- oe -[- i, n e . (8:25) 
in which the £,, are functions of the g’s and inherent constants, 
and Rg = R,,. If we use the symbol |Q| for the determinant 


O11, OT, ce Qin 


Cre Bim oO 8 0 2n ; 
Qui Qnes Pea Quan 
and the symbol |Q|., for the determinant which is formed by 


omitting the row, a, and the column, f, each of these sub-deter- 
minants or minors having its sign so adjusted that, for example 


[Ol = Qeil@or + Qoel@las t+... + Qo dQ on (8251) 


fen Rg = We oe. (8252) 
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Substituting the expressions (8°25) for ¢, in (8°23), we get 


2 Rii91P1 + BypPiPe t+... + RiP Pq 
ati RaiP oP oF Po 2PoPe Sy Lobtok Ban? Pn 
nig By yPnP1 aa Ly 2PnP 2 aig Ot ne Bie PnPn (8-26) 


Which expresses 27’ as a function of the q’s, the p’s and the 
inherent constants. 
From equation (8°26) we get 


Ol 
Op, = Raia + Rye Pe +... + Randy 
or i) MRS oe | (8°27) 


by a process similar to that used to derive (8°241). 
The work done, during a small displacement of a system, is 


2 (Pdi, =I5 F dy, ai F.dz,) ) 


and therefore, when we substitute for the dz,, dy,, dz, the expres- 
sions in (8:2), we get 


bidg: + odd, +... + bndQn, 
or 500 ja. ey Be (8°28) 
in which it is easily seen that 
Ox oy Oz 
ae SS aes weds was 8- 81 
ba = EF! + Payglt + Fast (8-281) 


We may term 4,, ¢2, etc. the Seneralized forces corresponding 
to the co-ordinates qi, qo, etc. 


§ 8-3. PRINCIPLE OF ENERGY 


The use of the term ‘energy’ is of comparatively recent 
origin; but the conception of energy began to emerge as far 
back as the time of Huygens (1629-1695). In § 5-1 we deduced 
from Newton’s laws that the increase of the kinetic energy, 
imv*, of a particle is equal to the work done by.the force or forces 
acting on it (5°12). In any mechanical system whatever the 
work done by the forces of the system is equal to the corre- 
sponding increase of its kinetic energy. This is the principle of 
energy in the form (principle of vis viva) which is of peculiar 
importance in mechanics, i.e. in connexion with problems in 
which we are concerned only with movements of material masses 
under the influence of forces, explicitly given, or due to con- 
straints or analogous causes. 
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The further development of the conception of energy is linked 
up with discoveries in different directions. In many mechanical 
problems, some of which we have already dealt with, the work 
done by the forces can be equated to the decrement of a certain 
quantity, V (§ 5:1), a function of the co-ordinates of the system, 
or a function, we may say, of its configuration. Since this is 
equal to the increment of the kinetic energy, 7, a function of 
the state of motion of the system and its configuration, the 
sum 7’ + V remains unaltered. The work is done at the expense 
of V and results in an equal increase of 7’. Then the consistent 
failure of all attempts to devise a machine (perpetuum mobile) 
capable of doing work gratis, and the success, on the other hand, 
in devising machines capable of doing work by the consumption 
of coal, gas or oil, gradually produced the conviction that work 
can be done only at some expense; that whenever work is done, 
something is necessarily consumed. This something is called 
energy, and we conventionally adopt the amount of work done 
as a measure of the energy consumed. This does not mean that 
the energy of a body or a system is merely its capacity for doing 
work. ‘There is some reason to believe that energy has a more 
substantial character, more perseity than is suggested by ‘ capacity 
for doing work’. 

Finally the experimental work of a long line of investigators, 
Count Rumford, Davy, Colding, Hirn and above all, Joule, 
established that when heat! is generated by doing work, as for 
example in overcoming friction, and alternatively when work is 
done, as in the case of the steam engine, at the expense of heat, 
the quantity of heat (generated or consumed as the case may be) 
is proportional to the work done; the factor of proportionality 
(mechanical equivalent of heat) being the same, whether work is 
done at the expense of heat or heat produced in consequence of 
work done. ‘This suggested that the heat in a body should be 
identified with the kinetic energy (or kinetic and potential 
energy) of the particles (molecules) of which it is constituted, and 
gave rise to the modern Principle of Conservation of Energy, 
according to which the energy in the world remains invariable 
in quantity. The constancy of 7 + V in certain mechanical 
systems is merely a special case therefore of the wider energy 
principle, and in the middle period of last century, and still later, 
it was generally held that, not only heat, but all other forms of 
energy were either kinetic energy or potential energy in the sense 
in which these terms are used in mechanics. 

Lhe principle of conservation of energy is in excellent accord 
with the view, which until quite recent times was universally 

1Teat measured by the use of mercury thermometers. See § 15°5. 
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held, that physical and chemical phenomena are au fond 
mechanical phenomena ; and almost till the closing years of the 
century physical theories were held to be satisfactory or other- 
wise, just in proportion to the degree of success with which they 
furnished a mechanical picture of the Newtonian type. 


§ 8.4. Equations oF HAMILTON AND LAGRANGE 


Tf a function 


V= VQ dae + + Qn) + + « (84) 
exist, such that 
ea 
La gy) 
oV 
ie a a ee (8-401) 
OV 
Pn at aq, 
where ¢,, ¢2, . . . ¢, are the generalized forces (8°28), the work 
done by them, during a small displacement of the system, will be 
oV OV OV 
— _—dq, —~dq,...—x~dq, . 8-402 
0g Q1 Od: Y2 On q ( ) 
oV 
or -- ap ls 


This must be equal to the corresponding increase of the kinetic 
energy, 7’. Therefore 


OM — fda, ~ . « «5 (Sees 
and in consequence of (8°4) ‘ 
dT = —dV 
or di? +V)=0; 


so that the mechanical energy, 7’ + V, remains constant. Such 
a system is said to be conservative. This is the exceptional 
case. In general 7’+ V varies. This may happen in conse- 
quence of a complementary variation of the 7 + V of some other 
system, or it may be associated with the development of heat, 
as when there are frictional forces, or with variations of other 
forms of energy. 

Instead of confining our attention to conservative systems, 
let us suppose that there is a potential energy function, V, such 
that the generalized forces are given by (8°401); but that V 
has the form 

| V =Vi(qi, Gz, -. +, bt) +. 2 See 
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Equation (8°41) will still hold, but since 


OV OV 
dV = aq =P apt, 
we have 
iT +V)= dt 
dil +V) ov : 
or = jee (8°421) 


As the time does not appear explicitly in the expression for 
T, whether we take (8°22) or (8:26), we get from (8-421) 


d(7+V) a7+V) 

dt —s at 
When 7 is expressed as a function of the generalized mo- 
menta (8°26) we shall represent 7' + V by the symbol #, so that 


Hf does not merely denote the energy, 7’ + V, but it is also a 
functional symbol. Since V does not contain the p’s it is clear that 


on _ am 


(8-422) 


= (8423) 
CP, Oa 
and therefore by (8:27) 
_ aH 
Go ae OD. 
or dg, 0H} | | | || (8-43) 
dt Op. 


It is essential that we should bear in mind that the partial 


differential quotient = T being expressed as a function of the 


p’s and q’s, is quite different from ir obtained from 7 expressed 
as a function of the q’s and q’s. In fact, the former differentiation 
is subjected to the condition that the p’s and the remainder of 
the q’s are kept constant, while the latter is subjected to the 
condition that the q’s and the remainder of the q’s are kept 
constant. To avoid confusion let us write 


ol'(p, gq) _ DT 

og Dq’ 

and oL'(G, 4) = on! 
eg og 
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We may express a small change 67' in the kinetic energy of a 
system in the following different ways :— 


267 = 9,84. + 4.0P. . - - . (by 823) 
ot on 
at joa ore 
DT DT 
= — 2 . «(8°44 
6T Dp.’ TH Phas (8°44) 


Subtracting the last of these from the first, and replacing i 


Dp, 
by ¢, (8°27), we get 
ST = 7,64. —V 6g, « . . tea 
a a Daa ad 
and the second equation (8-44) may be expressed in the form 
AP wage, =e 5. (8442) 


since p, = 7 Hence by comparison of (8441) and (8-442) 


JD oT 
ae 8°45 
Dae oT (8°45) 
Adding — to both sides of this equation, we obtain 
: DT+V)_ _ar—V) 
Dd, Od. 
which we may put in the form 
oH oL 
00. Sa ae Od. e e ° . . (8 451) 


where L = T — J is also a functional symbol indicating that T 
is expressed as a function of the qg’s and q’s. On the left of this 
equation D/Dq, has been replaced by 0/0q,, since the functional 
symbol H already indicates that the 7’ in it is a function of the 
qs and p’s. 

From (8°41) we have 


dT , oVdq, _ 
ae ae oq, on 0, 
therefore 
af dp, | DT +V) dq. _ 


ere = a 
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and replacing by 1 (8°27), we obtain 


dit ‘ 0q,/ dé 
and consequently also 


Ee OH\ dq, __ 


di 0q,/ dt 
(See 8-451). 
This suggests, though it does not prove, the equations 
dp, , 0H | ; 
di + ares 0 (8°46) 
YO, | ; 
and a OF a aac ee (8°461) 


Their validity will be established in § 8-6. The equations 8-46 
together with (8°43) are known as Hamilton’s canonical 
equations. The equations (8-461) are the equations of 
Lagrange and are usually written in the form 

d (=) _ Ob 


ai i aa eae () ‘ 
di\ a, aE (8°462) 


We may write them in this way, because V does not contain the 


gs and therefore 
o(T' — V) 


SS == BS Se SS So 


The function LZ is called the Lagrangian Function. 


§ 8:5. ILLUSTRATIONS. CYCLIC CO-ORDINATES 


As a first illustration we may take the case of the compound 
pendulum § 6-5. Here we have one qg, which is, conveniently, 
the angle 6, Fig. 6-5. 

The energy equation is (6°501) 


(Ss) —Mghcos0=E . . . (85) 


and system is conservative. The corresponding p is 
of ,do 


p= apa le (8-501) 
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2 
Therefore li oS — Mgh cos 6 
and the canonical equations are 
dp _ oe (p? 
a ee HOT Mgh cos 0), 
d0 0 /p? 
pgp es SS S| 
dim op \ OF Tgh cos 0) 
whence we obtain 
sate Rt 
pe 
and therefore 
jf = — Mgh sin 6 
dt? , 


in agreement with (6°5). 
The Lagrangian function for the pendulum is 


L = 416? + Mgh cos 6, 
and consequently the ae equation is 


: sp lo" + Mgh cos 0} —, ° 4102 + Mgh cos 0} = 0, 
whence + Mgh sin 0 =0 
as before. 


It will be noticed that when there are n degrees of freedom 
there are 2n canonical equations of the first order while there are 
n Lagrangian equations of the second order. 

The case of the pendulum is merely illustrative. It is clear 
that nothing is gained by the equations of Hamilton or Lagrange 
in cases like this. Having set up the energy equation, it can only 
be described as a retrograde step to differentiate it. It is when 
we come to systems with more than one degree of freedom that 
the merits of the methods of Hamilton and Lagrange begin to 
appear. 

Let us turn to the case, § 5:5, of a particle moving under 


the influence of a central force a We get (see 5°51) for the 
Hamiltonian function 


fe Pe” B 
a ll Imr2 ' 7 


(8°51) 


one of the q’s is the radial distance, 7, and the other is the angle, 0. 
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In this case Hamilton’s pauetous become 

d 0 B 

ap, _ fe ae Po" el =) 


dt ~~ Or\2m | Qmr2' + 
ape alge. 0 Pp, Po 
GE a5 oar Imr? as =), 


dr 0 (ee ab Po" +2) 
di op,\2m — 2mr? 


do = 0 fle Po” =) 


dt Op 2m  2mr?— + 
On carrying out the partial differentiations we get 


dp, _ Po" B 
dt) mrs * 7? 

ES 

dt : 
dr», 
dtm’ 

dO De 

dt mr? 


From these four first order equations we may derive the following 
two second order equations : 


a7 5 ps" GB 
TE ane 
rier = ot tice. gall MA Seeey 


This example illustrates two points: (i) The two equations 
we have obtained are sufficient, since the object may be said to 
be to express 7 and 6 as functions of the time. We have already 
one equation, the energy equation, at the very outset, and 
therefore we do not need both the equations (8°52) which we 
have derived. Instead of employing for the final solution of 
the dynamical problem the equations (8°52), it is preferable to 
use the energy equation and one of them. The reason for this 
is that the energy equation has already advanced one step in 
the series of integrations marking the way to the final goal, 
the accompanying constant of integration being in fact the most 
important of all, namely the energy. (ii) Whenever one or 
more of the co-ordinates do not appear explicitly in the function 
H, as for example @ in the problem of the motion of a particle 
under a central force, the corresponding momentum is constant. 
Such co-ordinates are termed cyclic co-ordinates. 
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The sanity function derived from (5: ae 


tainG) tina) -F 


or L = dint? + dr? — = 
Therefore 
= mr, 
= = 
a mr6 
ah = 
eee = NY r6? Bape ry 
or 
ol 
a 
and consequently 
dr -_ 62 5 
Mes = mr —, 


d 2 _ 
ay er 6) =0, 


in agreement with (8°52). 
For another illustration we may turn to the problem of the 
spinning top. The energy equation (see § 7:3) gives us 
4A {sin? 0.9? + 62} 
+ £C{@ + cos Op}? + Mghcos6 =H . . (8-53) 
from which we find 
py = A sin? 6.p + C(d + cos 6.) cos 8, 


Pe = 
Ps = 06 + cos 0.p}. 
Hence 
_ (Py — cos 08 Oy)? oe ees 531 
and 


L = 4A(sin? 6.9? + 62) + 40(¢ + cos 0.9)? — Mgh cos 0 (8:532) 
Whether we employ the equations of Hamilton or those of 
Lagrange, we find 
py = constant, 
ps = constant, 
and these, together with the energy equation (8°53) are equiv- 
alent to (7:31), (7°32) and (7:33) which we have found already. 
The preceding examples illustrate conservative systems, in 


§ 8:6] PRINCIPLES OF DYNAMICS 109 


which the potential energy, V, does not contain the time. The 
following example furnishes a simple illustration of a non- 
conservative Hamiltonian system. A particle of mass m is 
constrained to keep to a straight line, and subject to a restoring 
force proportional to its displacement from a fixed point, O, 
plus a force which is a simple harmonic function of the time. 
Its equation of motion will be 
2 
mt — — pa + & cos wt 
where mw, R and w are constants. In this case 


2 
T = img =F 


m 
and vy — 5a — gk cos wt 
since V is defined to fulfil the condition 
f OV 
Cree = = —.. 
oq 


The Hamiltonian function is therefore 
2 
ge eee 
= + 54 qk cos at, 
and the Lagrangian function, 


L = im@ — a + gk cos wt. 


§ 8-6. PRINCIPLES oF ACTION 


If we have to deal with a system of not more than two 
degrees of freedom we may repre- 
sent its configuration and be- /* 
haviour graphically, by rectan- 
gular axes of co-ordinates using 
lengths measured from the origin 
along two of the axes to repre- 
sent the values of the g’s and a 
length measured along the re- 
maining axis to represent the 
corresponding time (Fig. 8-6). O ve 
The motion of the system will Fic. 8-6 
be completely represented by a 
line such as (1, 2) in the diagram. We shall use the methods 
and the language which are appropriate for this graphical repre- 
sentation for systems of any number of degrees of freedom. 

The principle of d’Alembert (8°11), if applied to the type 
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of dynamical system dealt with in §§ 8-4 and 8:5, will take 
the form 
8 d? Ys 8 Miss. wall i 

m( Ga, + Shy, + ais) +528 0. . (86) 
In this equation the summations are walt cot indicated by 
the repetitions of s and a. The s summation extends over all 
the particles of the system. The dz,, dy, ... dq, ... repre- 
sent virtual displacements. Our purpose is to investigate the 
actual motion of the system (represented by the path (1, 2) 
in Fig. 8-6) by studying its relation to motions represented by 
neighbouring paths (such as that shown in the figure by a broken 
line). These lines are comparable with the d lines of Fig. 3-31 
in the proof of the theorem of Stokes, and we may conveniently 
suppose them to be drawn on a surface. It is helpful to regard 
the virtual displacements, 6¢,, as given by the intersections of 
this surface by a family of surfaces, 


TQ: Ge. -- 9 () =C. 2 2 eG 
These are quite arbitrarily chosen surfaces on account of the 
arbitrariness of the virtual displacements, 6q¢,. If we pick out 
one of them by giving the constant C' any value A, a neighbouring 
surface will be one for which 

C=A+dA. 

The lines of intersection of this family of surfaces with the 
surface on which the d lines lie we shall naturally call 6 lines, 
as in § 3-3. The symbol 6 will therefore represent an increment 
incurred in passing along a 6 line from the d line representing 
the actual motion to the neighbouring d line; while the symbol 
d will represent an increment incurred in passing along a d line 
from a surface C = A to a neighbouring surface C = A+ dA, 
i.e. from one 8 line to the next. 

We shall now make use of a device, already employed in 
previous investigations, namely that embodied in the formula 
db _d(ab) _, da 

Jie dt 
Substituting for a and b respectively, 


we get 
mots d(_ dz, did ; 
ma, =F qio| mits © Ge). (S-61Nm 
and similar expressions for 


<I s5y, and m ane «e862, 


dy 
ne dt? 5 dt? 
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Equation (8°6) thus becomes 


7” motu, ae mot S0y, + mrt 62 | 
2 {moo lO) + mat S(O.) + mF * 5 (02,)| 
a =o == tl) 
r, (§ 8:2), 
Gwedaah — {m2 Tox.) + mabe Toy.) + mG (62)! 
a =O. —0 (8612) 


We have seen (3°314) that ddz = ddz, etc., and we may show 
in a similar ye that ddt = ddt; but wt does not follow, for 


example, that £ (6x) = 6(F). We have in fact (Fig. 8-61) 


; (#) = a ie) + 6x) dx 
di Cero) di c+ bac+d (e+ 0x) 
dx _ dt dou — dx dat 
a) = dt dt + dt dot ’ EES. 
dx déx da ddt 
Oy rar 
and similar formule for 
d d 
(32) and (=). Fic. 8-61 


is the aid of (8°62) we may now express (8°612) in the form 


“p.b43} = (na f) +m myes( ee) De ee ty 
— Gat) +sCat) + Cat) Jar + age =? 


or “ {0.646} — 67 — gpl + ae =n), 


Cir cO, 
and therefore (§ 8-4) 
© tw.bas yes eine 67 = ey = 
and by (8°421) 
dH 


d ot 
FpPOdes ay oT care mee + 6V — ao = 0. 
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d dH dot 

=< (Lot — = aS 
Now (dt) Ai Ot + i 3 
therefore we find 


d dst dot 
=; {pebd. — Bot} — oT — 27 + 8V + H = 0, 


or = (Wi _ Fét} — 627 — B) — 27 — By =o 


If we multiply this equation by dt and integrate between the 
limits 1 and 2 we obtain 


2; 2; 
7,64, — Hot| — | (dt0(27 — E) + (21 — B)sdt} = 0, 
1 a 
or finally 
2 2 
fen, eG | | (Or _—Eyli=0. . (8-63) 


1 1 

In this equation the variations symbolized by 6 are subject 
to no conditions, except that they are small. 

Let us give our attention in the first place to conservative 
systems, i.e. systems for which d# =0. Since the variations 
in (8-63) are arbitrary we may subject them to the condition 
6H =a constant. We then have 

2 2 2 2 


0,69, — Eét | — | 20ae A. op dt+2E | D0, 
1 1 
2 Bs 
or ,5q,| + OE (t, —t:) =6 |2vae _ (8631) 


1 il 
If we suppose the two paths to join at the lower limit 1 but 
not at the upper limit 2, we get, on dropping the index 2, 


no) = Ga = | oTdt. . . (8-632) 


1 
or, if we use the symbol A for the integral on the right, 
20d. t(t—t, 6H =dA . . . (8633) 
The function A is one of those to which the term action is 
applied and (8°633) indicates that it may be expressed as a 
function of the q’s and #, and therefore 
0A 


(8°634) 
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If the system is strictly periodic and the range of integration, 
2 


| , extends exactly over the period, t, of the system, 


1 
tT=t,— fy, 


2 
the terms | p,6q, | must vanish, and we find 
(t. —¢,)6H = 6A, 
or if we denote this particular value of A by the letter J, 


toh = 6J 
a SE =a} (8-635) 


In the next place let us suppose the two paths to be co- 
2 

terminous in space (not necessarily in time) so that | p,6q, | =9, 
1 


since the terminal déq’s vanish. Then if the variations are 
subjected to the condition 64 =0 we find 


fe 
6 |2rav =o (8636) 
1 


for systems for which dH =0, i.e. for conservative systems. 
This is the principle of least action in its original form. It 
was first given in 1747 by de Maupertuis, a Frenchman, who 
was, for a time, president of the Royal Prussian Academy during 
the reign of Frederick the Great. He claimed for his principle 
a foundation in the attributes of the Deity. ‘Notre principe 

. est une suite nécessaire de l'emploi le plus sage de cette 
puissance,’ i.e. ‘la puissance du Createur,’ and the principle has 
turned out to be not unworthy of the claim made for it. A 
better name for it would be ‘principle of stationary action’, 

2 


since the action | 27 dt is not in all cases a minimum. 


1 
If in (8°63) we suppose the two paths to be co-terminous in 
space and time, i.e. the terminal variations 6g, and dt are all 


zero, we get 
2 


6 | (20 — Bydé = 0 


1 
2 

or 6 | (T— Vad =0 ee. (864) 
1 
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This form (the most important one) of the principle of action 
is known as Hamilton’s principle. The function 


=| (P—Vyat 4... (865) 


is called Hamilton’s principal function, while the function 
A (8°633) is called Hamilton’s characteristic function. 

If we take the two paths to be co-terminous (in space and 
time) at the lower limit only we get from (8°63), dropping the 
upper index, 2, 


9,09, ~Hdt=6S. . . . . (8°66) 
and therefore S is a function of the q’s and the time and 
os os 
re re (8-661) 


We may use Hamilton’s principle (8°64) to establish the 
canonical equations and the equations of Lagrange. If we 
express E as a function e the p’s, g’s and ¢ it becomes 


[er - H)d 
1 
2; 


or 6 | (0.9. — H)dt = 0. 


Since the variations 6 are perfectly arbitrary, it is permissible 
to subject them to the condition 6 =0. With this condition 
(8°62) becomes 


dq\ _ dog 
dt/ dt 

a é¢-= lag . 2 2 mSteReE 
di 


We therefore find 


2 
: : 0H 0H 
| (2.84. =f GaOPa — 5p, Pe 3 sO) =0. : (8 67) 


I 
But we have proved, (8°43), that 


therefore (8°67) becomes 


2 

OH 
| (Padi = rita at aon 0, 
1 
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2 
d oH 

or | (2.5 ite aa Feta et =e 0, 

1 
by (8°662). 

Teeter 
2 _ off _ 
Fi © (P84) — 940 5, a = 0. 


Now the Preoral 
2 4 ; 
| 5 @=04.)dt =| p.dde| = 0, 
1 
1 
since the paths intersect at 1 and 2, therefore 


2 
r dian 02 \ 
| daa( ae = at 0. 
1 
As the oq, are arbitrary this result requires that 
Apa 0H 
‘di ° aq, 


These are the canonical equations of Hamilton. Those of 
Lagrange follow immediately, since 


of ~—s a, 
nn oe 
There is a certain function H(p,, g,, t) which is equal to 
T+ V or to #, i.e. 
H(p.i, Ia t) -H=0 . . .  . (8:675) 
and if we substitute for H and the ’s the expressions in (8°661) 
we get Hamilton’s partial Ge eee equation 


os 
Ss 0. . . . (868 
H( 5 de +5 =a (8°68) 
When £ is constant = a say, the ee becomes 


a(S ? da) ass a, 


as H does not contain the time explicitly ; or, since 
oS ~ 
Oda 


a al 2. (8681) 
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§ 8:7. JACOBI'’s THEOREM. 


Hamilton’s principal function, S, defined by (8°65), is a 
function of the co-ordinates, g, and the time; and it satisfies 
the partial differential equation (8°68). A converse proposition 
naturally suggests itself. Having set up the energy equation 
(8-675), appropriate to a dynamical problem, and derived the 
partial differential equation by replacing each p, by the corre- 


sponding = and H by — cs ; let us suppose an integral S to 


ot 

os 
og 
identical with the corresponding generalized momenta of the 
dynamical system ? This amounts to asking if it is a matter 
of indifference whether we use for S a solution of (8°68) or the 
function (8°65). 

We shall prove that this is the case provided we use a solu- 
tion which is a complete integral of (8°68). This is an integral 
containing as many arbitrary constants as there are independent 
variables. It must be distinguished from a singular integral, 
which is a relation between the variables involving no arbitrary 
constant, and moreover is not a particular case of the complete 
integral; and from a general integral which involves arbitrary 
functions and therefore altogether transcends the other integrals 
in its generality. 

The complete integral of (8°68) will have n + 1 arbitrary 
constants, if we suppose there are 7 co-ordinates, g. We shall 
represent them by aj, Gs, G3 .-- Q, Gri One of them, 
which we shall take to be a,,,, is merely additive. If S be 
a complete integral, we shall prove that the equations 


a 


have been found. Will the differential quotients, 7, = —, be 


a 


ne 

Oa, I> Ody ae I> 

oS os 

0a, oe, Bo, Og. ae Te, 

Pe a eee (B) 

os os 

0a, = Ba» 04, —= Tn, (8°7) 
constitute a solution of the associated dynamical problem, if 
Bi, Bo... B, are arbitrary constants, and if we identify 7, 


Je, ... 2, With the generalized momenta, 1, Po, .. » Dp 


§ 8-7] PRINCIPLES OF DYNAMICS 117 


respectively. Since fi, Bs, ... 6, are constants, we have from 
the equations A (8-7) 


dt a(s-) = 9 - 
ten) ° 
d (oS 
di\ da 28) oe 
and consequently 
oS | 88 dy, O88 da, 4 O88 dy 
0a ,0t 004044 dt 00404» dt ; 00409, dt ; 
028 eS di OS dds oS dq, _ 
Bae, dt 0a,0q2 dt dasea, ¢ dp = 
028 528 fe “2r8 dds 028 dn 
ial ee a 71 
Sma oc, di ° ta,0¢, d@ | °° * dagg, a 6° 7) 


From the partial differential equation (8°68), which, by hypo- 
thesis, S satisfies, we get on differentiating with respect to a, 


028 oa 0S oH as 


Magee Ml 70S dag, | (0S \ dads 
ic.) Ge.) 
Og: Od 2 
oH 0s 
0 »( OS \ 00109, 
Fn 
or, remembering equations (8-7 B), 
a Gass oS oH oS oH a oS oH 
ice) 00,0g, 0%, Ca,0g,0n,  §  § °° *‘0a,09,, on, 
to which we may add similar equations derived by differentiating 
with respect to ds, d3, ... a, namely 
mc 2 a o28 oH 028 mn oS oH 
~ Oa,ot Ga se my east Oj I calcame 
028 + ae ang oH 228 oH 
0a,,0t 00,041 O00 1 00,092 On» 
sea la - (8-711) 
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: dq, dds In 
If now the equations (8°71) are solved for i? di? 
and (8°711) for a ae ee: —- we see at once that 
O07, Ot, OT, 
dq _ 0H 
dt C1. 
dq, 0H ; 
dt eye (8°712) 
dg, __ Of 
OF ain 


In order to complete the proof of the theorem, we have still 
to show that | 


Um, oH 
dt Ogi 
da, 0H 
Hea an . (8-713) 
Ey eee 
dt = @, 
By (8-7 B) we have 
ares 
dt dteq. 
therefore 
Wey OAS eS dq. oS dds a oS dq, 
dt tq, + 0qidg, dt = dqndq, dt «= CC, dt 


or, using (8°712), 
dz, ow Gre CL ie e68 (eld 
dt = Gt0q, © 0q10q1 Om, ~~ 0q20q3 Om, 
a8 oH 
On the other hand we get by differentiating (8°68) partially 


with respect to q,, and remembering that the partial differentia- 
tion of H with respect to q, is not merely what we represent 


as = in which the ’s, i.e. the — are treated as independent 
1 


(8°714) 
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variables but takes account of the g’s contained in the 8 
028 oH 08 oH 0° 
0g 10t a(#) dq10q1 a( #2) 5) 09109 » 
a iy! ao = aH 
8) =) aq.oq, | oq, 
OGn 
Hence by (8°7 B), 
028 oH 028 oH 028 
Oq,0t 07,0q¢,09, On, 09,0q. 
3 
OH 08 oH _ (8°715) 


Or, 09109, O91 
On comparing (8°714) and (8°715) we find 
dz, OH 


dt ogy 
and we can establish the validity of the remaining equations 
(8°713) in a similar way. The theorem thus proved was first 
given by Jacobi (Vorlesungen &. Dynamik, No. XX). 
We have seen (8°65) that 


8 =| (T — V)dt = | (QT — Eydt. 


Therefore 
gad = | Edt 
by (8°633). 
If # is constant (conservative system) 
S42 — 2 x time Wee) 
os oS 0A 
and ie a EH, an a age 


Let us take the constant a, (8°7 A) to be #; then Hamilton’s 
differential equation (8°68) becomes 


0A 
He, 1.) = 21 ey) 
From (8°72) we get 
oS _ 0A i 
Cay a 0a, 
0A 
or a a t, by (8°7 B) 
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and therefore Jacobi’s theorem when applied to (8°73) takes 
the form 


oA aA 

rae Bin 

vy 2d _ 

Oa 1 Os 29 

=. i. . Se 

0A 0A 

Ba, Pw a he - s » (Seay 


A being a complete integral of (8°73) and the a’s being identical 
with the corresponding generalized momenta. 
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CHAPTER VI 
WAVE PROPAGATION 


§9. Waves witH UnvaRyine AMPLITUDE 


SIMPLE example of wave motion can be exhibited on a 
A long cord stretched between two fixed points. If one end 

of the cord be given a sudden jerk and then left fixed 
the resulting deformation will travel along it towards the other 
end. Such a deformation is propagated without change of shape, 
to a first approximation at any rate, and with a constant velocity. 
Suppose the undisturbed cord to coincide with the X axis, and 
the disturbance to be travelling in that direction. Let » (Fig. 9) 
represent the ordinates, or displacements, which constitute the 


ad =) 
Of Ze a7 acy x 
Fia. 9 


deformation, and which we shall suppose are all in the same 
plane. The shape of the disturbance may be represented by 


yy —— | (ye ee ee Cea) 
where the abscissa, ¢, corresponding to the ordinate y, is measured 
from a point, 0’, which travels with the disturbance, and where, 
for convenience, we are taking its positive direction to be opposite 
to that of the X axis, since the successive displacements, y, 
will then reach an observer at some fixed point on the X axis 
in the order of increasing values of €. The function f is quite 
arbitrary, depending on the initial disturbance. If x be used 
to represent the distance, measured in the X direction, of the 
ordinate y from some fixed origin, 0, 
x = (00’) — é, 
and if we measure the time from the instant when 0’ coincides with 
0, so that (00’) = ut, u being the velocity of propagation, then 
&é=ut—x 
and p=Hf(uti—a) . . . . . (9°01) 
121 
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A special and very important case of (9°01) is that in which f 

is a simple harmonic function; for example 
w=Acosa(ub—av) . . . (9°011) 

where A and aware constants. If we define another constant w by 


w = au, 
we may give (9:011) the form 
y = A cos ol 1 = =) 2. (9-012) 
so that at a fixed point on the cord 
yw = Acos (wt —const.). . . (9:013) 
The period of vibration, t, will be 
27 
— 
@ 


since the values of wy will be repeated if ¢ is increased by any 
integral multiple of ae 
At a gwen time Ate values of y at various points, a, will be 
expressed by 
y = A cos (const. = ~*) (9014) 


and it will be seen that the values of y repeat themselves over 
intervals, A, where 


_ 27u 
 % 
The distance, , is called the wave length. We see that 
eee. 


and we may express (9012) in the form 
t x 
wy = A cos 2 = 5) 


or w = A cos 2n( 5 = ) 


A is called the amplitude, and the argument of the cosine is 
called the phase. It is clear that we may add any constant 
to the phase, since it would merely amount to the same thing 
as a change in the zero from which # or ¢ is measured. 

It is an essential feature of wave equations that the dependent 
variable, y, is a function of more than one independent variable. 
In the example just given there are two such variables, x and t. 
If we wish to eliminate the particular function, f, in (9°01) for 


(9-02) 
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example, we shall have to differentiate with respect to these 
independent variables, and so we shall obtain a partial differential 
equation, which, since it does not contain the particular function, 
f, will include every kind of disturbance travelling along the 
cord with a constant velocity u, and without change of shape. 
We shall use the abbreviations 


c= ae ae d*f(E) pn 
Ti = and = ee 


rie 
Differentiating (9-01) partially with respect to ¢ and x, we get 
uf’, 
and oy — f’ 
Therefore 
Oy oY 
ot ~ "Bee ee) 


For a given value of the constant u this equation will not include 
among its solutions any representing a propagation in the nega- 
tive direction of X. To get a differential equation which includes 
both directions of propagation we may either multiply (9°03) 
by the conjugate equation 


op ev 
ape oe Oo. e 4) & 2 (9:0aap 
thus obtaining 
Oy\? 2 OV\? : 
2) = u1( 2) oe we oe Oe G90 
or we may form the second differential quotients, 
O2y pales oft 
Of2. a uf > 
Oy own 
Om2 a ? 
which give the equation 
Ory 20 5 
diana, ie goto oe 05 


This latter is in fact the equation we arrive at on applying 
the principles of mechanics to the motion of a stretched cord, 
provided we restrict our attention to small displacements. Let 
the stretching force be # and the mass of the cord per unit 
length be m and consider a short element of the cord (ab) 
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(Fig. 9:01) of length J. At the end a there will be a force with 
a downward component equal to 


op 
Py 
If the slope = is small we may take this downward component 
to be 
oy 
Ox 


At the other end, 6, of the element there will be a force the 
upward component of ee 18 


a (ek au 


and consequently the Ree in an upward direction of the 
resultant force on the element will be 
O*y 
Js 
on™ 


Fie. 9-01 


This must be equal to the mass of the element multiplied by its 
vertical acceleration, namely 
ee 
oR 
and on equating the two expressions we get 
ay Fy 9-051 
ob? mon? © © 7 
This equation becomes identical with (9°05) if 


wet ee ee (9:052) 


and (9:01) is one of its solutions. We learn therefore that a 
transverse wave is propagated along the cord with the velocity 


given by (9°:052), provided the slope, a is everywhere small. 
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It is instructive to study the transverse motions of a stretched 
cord in some detail. Confining our attention to motions in one 
plane, we may represent the arbitrarily given initial configuration 


by Y= Yo = f(z), 

and the initial velocities at different points on the cord by 
Op _ (op) _ 

—= (st = Gaye 


If the ends of the cord be fixed and if the distance between them 
be L, the functions f(z) and F(a) will both be zero for « =0 


and « = L, and moreover y and CY will be zero at all times 


Ot 
at the points 7 =0 andz=JL. We are given then 
Po = J (2) 
Oy\ 
(2) =F) See eee (9°06) 


when 4 = 0 


= ‘lsh all values of ¢ 
or when «7 = LD. 


and consequently a = 0 
We shall term the equations (9:06) the boundary conditions. 
Whatever form of solution we adopt, it must not only satisfy 
the differential equation (9:05) or (9°051), but must also conform 
to the boundary conditions. Such a solution is the following : 
Eé=ez¢z+ut 
pale + ul) +4fle—at) +5 | Pe ME . (9-07) 
” f=2—ut 
It satisfies the differential equation, because it is a sum of 
functions of « + wi and « — ué each of which separately satisfies 
it, and it is a property of linear differential equations, i.e. 
equations in which powers of the differential quotients higher 
than the first, or products of the differential quotients, are 
absent, that the sum of two or more solutions is itself a solution 
of such an equation. It also satisfies the boundary conditions, 
since if we give ¢ the value zero the limits of the integral in 
(9:07) become equal to one another and it therefore vanishes, 
while the rest of the expression becomes 


Po = 3f(u) + 3f(%) = f(a). 


At the same time 
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To show this let us put the integral in the form 
é=r+ut 


| Pag = Rew + wl) — Ble — wi), 
where Ff has Snes 
ee = F(é) 
We easily find that 
Oe EP (we + ut) — Se — at) 
+ feet « ema 
or 


YM ep(e + ut) — fe —wl)} + HPO tu) + Fe — up} 
= F(x) when ¢ = 0. 
The solution (9:07) is usually ascribed to d’Alembert. His 


contribution to the subject however consisted in showing that 
any solution of (9°05) must be contained in the expression 


yp = fu + ut) + p(% — ut), 
(Mémoires de Vacadémie de Berlin, 1747). It was actually Euler 
who first gave the solution in the form (9°07). 


Fia. 9-02 


As a simple illustration of the application of d’Alembert’s 
solution (or Euler’s solution) let us take the case of a long cord 
in which displacements are produced at some instant, which 
we may take to be zero, over a short or limited part of the cord 
(a b c, Fig. 9:02). And let us further suppose that at this 
instant the velocities are zero. We have therefore 


Po = f(x) 
where f describes the shape of the curve a 6 ¢ (Fig. 9-02) and 


oy\ = 
ot = (2) 0. 


Therefore f(z) differs from zero for values of x between a and c 
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(Fig. 9-02) and is zero for all other values of w, while F(x) is 
zero for all values of x Equation (9°07) now becomes 
yp = 4f(e + ut) + Fife — wt) 

which shows that the deformation a 6 c splits up into two 
portions, a’ b’ c’ and a” b” c”, differing from the initial 
deformation in having their corresponding ordinates half the 
original height. These are propagated in opposite directions 
with the velocity w. 

In using d’Alembert’s solution (9°07) we are confronted with 
the difficulty that while f(x) and F(x) are defined for values 
of x between 0 and JZ, nothing seems to be laid down for the 
behaviour of these functions outside the range of values 0 to L. 
Yet we need to know how they behave for any real value of the 
independent variable, since in (9:07) the values of the indepen- 
dent variable in the function, f, are x + ut and x — ut and 


they also range between these limits in the integral | Peas. 


The answer to the question thus raised is contained in the last 
of the conditions (9:06); but we shall defer it until we have 
studied an entirely different solution of the differential equation 
(9°05), and the problem of the vibrating cord, given in 1753 
by Daniel Bernoulli. 

Bernoulli’s method consists in finding particular solutions of 
the differential equation, each of which is a product of a function 
of x only and a function of ¢ only. Thus 


ea X,T,, 
Pa = Gl as 
vs = X5Th . . «wee (9°08) 
YY; = Gels 


where X, is a function of x, only and 7, is a function of ¢ only. 

Substituting any one of these in the differential equation we have 
xy UP, pep d?2X, 

OVP * da’ 

and on dividing by the product 4,7, 


T, dt® ~~ X, dat ~ 
To satisfy this equation we must equate both sides to the same 
constant. Therefore 
OCR ae ie 
ee die = 
u? d2X, 
Ket 


= ™ 5, 
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where m, is any constant. For a reason which will become 
obvious as we proceed, we chose solutions for which m, is real 
and negative. We shall therefore write 


pa Ie 2 
Ne) QO, 


where w, is real. Consequently we find 
7’, = A, cos wt + B, sin a,t 


7) - Ww 
and At = M, cos = 4 Ny cin — 7 
u U 


A,, B,, M, and N, are constants of integration and we may 
without any loss of generality take w, to be positive. A solution 
of (9°05) is therefore 


wy, = (A, cos w,t + B, sin og) M, COs ae -+ NV, sin i) (9°081) 


and we can make it satisfy the last of the conditions (9-06), 
namely y = 0 at all times when x = 0 or « = ZL, if we make 
M, =9 and — = = s being a positive integer. Equation 
(9°081) thus becomes 


wy, = (A, cos w,t -+ B, sin w,¢) sin ste .  . (9°082) 


in which A,V, and B,N, (of 9:081) have been denoted by A, 
and B,. In consequence of the property of linear differential 
equations, which has been described above in connexion with 
d’Alembert’s solution, 


yp = 2%, 
or x(A, cos w,t + B, sin ,t) sin <a . 4. (9:09) 
is also a solution of the differential equation and it satisfies the 


conditions at the ends of the cord. We shall suppose the sum- 
mation to extend over all positive integral values of s. 


Since 
TU 
ie ie 
© ye ff 
IN wv 


we have for the corresponding period, 7,( = = : 


t= ae | + 
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and for the frequency = 

neh fF 

SOE om’ 


so that Bernoulli’s solution represents the state of motion of 
the cord as a superposition of simple harmonic vibrations, the 
frequencies of which are integral multiples of a fundamental 
frequency 
ay! ip 
QIN m’ 

Tt is an interesting historical fact, with which Bernoulli was 
doubtless acquainted, that Dr. Brook Taylor (Methodus Incre- 
mentorum, 1715) found that a stretched cord could vibrate 
according to the law 


_ @ 
y = A cos wi sin —# 
u 


= A cos £ isin x 
LN m Lo 


where s is any positive integer. Bernoulli was led to the more 
general expression (9°09) by the physical observation that the 
fundamental note and its harmonics may be heard simultaneously 
when a cord is vibrating. 

The problem of determining the coefficients A, and B, so 
as to satisfy the initial conditions was not solved till the year 
1807 when Fourier showed how an arbitrary function may be 
expanded as a sum of cosine and sine terms. If in (9:09) we 
make ¢ = 0 we have 


f(a) = ZA, sin = a, 


and we can determine the coefficients A, by the methods of 
§ 4, since f(z) is given between the limits x =0 and «x = L. 
Similarly if we differentiate y partially with respect to ¢ we obtain 


Y= 5( — 0,A,sin of + 0B, cos of) sin Se, 
and on making ¢ = 0, 

9 ew 
( = P(e) = Xo,B, sin“ o, 


from which Fourier’s method enables us to determine the w,B, 
and hence the coefficients B, themselves. 

The difficulty which appeared in connexion with d’Alembert’s 
solution does not arise at all in the Bernoulli-Fourier solution 
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of the problem. If in the Fourier expansions we substitute 
values of x outside the limits 0 to JL, we find 


f(x) = —f(—*), 
filh-—2«)=-f(h+2),. . . . (9:091) 
F(x) = — F( — 2), 


F(L—«)=—F(L+2). 
This meer that in pe oe solution we should adopt 


pL — = p(L + 2), 
@ +), aa — (28) oo... (92092) 
(2)... = _ (# Lie 


If we do this and imagine the cord extended (Fig. 9-03) both 
ways beyond the points 0 and ZL to — LZ and 22, it is obvious 
that the points 0 and LZ on the cord must remain undisplaced 
and the motion of the part between 0 and ZL will be precisely 
the same as if these two points had been fixed. 

As an illustration suppose 


JRC) ater C= 2 a2 
f(x) = «(L — 2), Fac, 


where «¢ is a small positive constant (see Fig. 9:03), and assume 
the initial velocities to be zero, ie. F(x) = 0. 


Fic. 9-03 


The UI OE: Fourier expansion (see § 4-1) is easily found 
to be 


4eL 7 2 3nt ee eee or 
f(x) a, sin-& ~ ag in = — + = sn —.. J 
Therefore A,= aed 
wt 
A, =0, 
A 4eL 
3 
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and so on. The coefficients B, are all zero, and we have 


@, 7 
ah 
Ws 37 
Boe 
@s; OF, 
Tn ee 

therefore 

= = {e0s mY sina —~ a cos gt sin ce 
72 DL L 32 L DL 
A az00s ot sin =: a ae + . (91092) 


and the motion is a superposition of simple harmonic vibrations 
the frequencies of which are odd multiples of the fundamental 


frequency = a = The absence of even multiples is due of 


course to the special choice of initial conditions. 


§ 9-1. WaAvES WITH VARYING AMPLITUDE 


The type of wave represented by equation (9°01), which 
we may term a one-dimensional wave, since there is only 
one spacial independent variable involved in its description, is 
propagated without change in shape or magnitude. We shall 
now study two other types of one-dimensional wave. These 
are also propagated without change in shape; but they become 
more and more reduced in magnitude the further they travel. 
If the values of y at a given position, x, are plotted against the 
time, the shape of the graph is the same for all positions, z, 
but the bigger wz is, the smaller is the biggest of the ordinates yp. 
The first of these is represented by 


yp = =flut — 2) Sone we (91) 


If we slightly extend the use of the term amplitude, we may 
say that the amplitude of this wave is inversely proportional 
to the distance it has travelled from the origin, y= 0. Writing 
the equation in the form 


cy = f(ut — x), 
and referring to (9°01) and (9°05), we see that the correspond- 
ing partial differential equation is 


(vp) _ 28%(ey) 


—_ 
—_— 


ot? ox? i 
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This is equivalent to 


Oy) ees C Ow 
oh = we (p + ab ; 


at? 
Ce ey AO OG ; 
Pe ae = WS t+ a) -.. (9°102) 


The other type is one in which the amplitude varies exponen- 
tially. It is represented by the equation 


ypae@fu—z) . . . woe 
where a is a positive constant. On differentiating we get 


eae =a'y + 2ae—™ fl + e-™ f”" 
eq? 
and on eliminating f’ and f” by means of 
1 ow ae 
wu ot a f ’ 
1 0?y ee 
and i a! sry ’ 
we find for the corresponding differential equation 
Deg) es 2a cw , 1 dy 
bat eae, a (Ne 


This type of differential equation will be encountered in studying 
the propagation of an electrical disturbance along a cable. 


§ 9-2. PLANE AND SPHERICAL WAVES 


The equation (9°01) will also describe a wave propagated in 
the direction X in a medium, if xz, y and z are the rectangular 
co-ordinates of a point in the medium. Such a wave is called 
a plane wave since y has the same value at all points in any 
plane x = const. We can easily modify the equation so that 
it will represent a plane wave travelling in any direction in the 
medium. For this purpose we introduce new axes of co-ordinates 
X’, Y’, Z’ with the same origin as X, Y, Z (§ 2:2), so that 

w = ff{ut — (la’ + my’ +nz’)} 2.  .) (9°2) 
where lJ, m and 7 are the cosines of the angles between the direc- 
tion of propagation, X, and the axes xX’, Y’, Z’ respectively. 
A plane 

la’ + my’ + nz’ = const., 
at all points in which y has the same value at a given time is 
called a wave front. In general we shall use N to represent 
the direction of propagation, or a normal to the wave front, 
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and we may drop the dashes in (9:2). We can eliminate the 
particular function, f, by means of 


C2 ea: 
bs meek 
12f?? opr Oe oft 
— Lf”, mf ? Z 2 nef ? 
and so obtain 
Cty of OW ~ eal 
ieee 0x2 T a3 aT Fe Oz? 
oy 
or cae o wack «2. (92% 
can Cee 
since 2+t+m?+n?% =1. 


This last equation is of course much more general than the 
primitive (9:2) from which it has been derived. The following 
important example will illustrate this. We may suppose y to 
be a quantity which is determined by r the distance from the 
origin, so that y = function (7). We then have 


oy __ Op or 
Ox or Ox 
and since ye me yb yt +z? 
we have apo = 27, 
ox 
or 86 
therefore ee 
On OF 
Op op ae 
and consequently a aR 


Differentiating again with respect to x we get 
o'y x? dp | lop a? oy 
0x2 2 Or? or Or or? Or 


2 
and there are similar expressions for a and ea is Adding all 
three equations we find 
_ Oy , 2 oy 
2 Salis 
VD Vian 


Consequently (9°21) becomes 
oPy = ule +22 ee. (922) 
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and reference to (9°102) and the equations immediately preced- 
ing it, shows that a solution of (9°22) is 


yp =—flut — 1) . ee (9:221) 


This represents a spherical wave propagated with the velocity 
u and having an amplitude inversely proportional to the distance 
from the origin. 

Except in the case of the transverse wave along a cord we 
have left the character of the dependent variable, y, undefined. 
It may be a scalar or a vector quantity. In the latter case we 
have three similar equations associated with the three axes 
X, Y, Z respectively. Under this heading we may usefully 
study a more general type of equation which we shall meet 
when investigating the propagation of electromagnetic disturb- 
ances, and of the strain produced in an elastic medium. This 
equation has the form 


T¥e — AVty, + BL (divip) . . . (9:23) 


ot? 
and there are of course two others similarly related to the Y 
and Z axes. 
If div p = 0 
we may, provided £B is not infinite in such a case, satisfy the 
equations (9°23) by 

py = fiut — (la + my + nz)}, 
1, m and n being constants and wu being equal to VA |; so that 


Yu = af, 
Yy = Bf, 
Y, = yf, 


where a, 8 and y, which are the cosines of the angles between 
the direction of ) and those of the X, Y and Z axes respectively, 
are also constants. We easily find that 


div) = — (al + Pm + yn)’; 
and in order that this may vanish, without involving the simul- 
taneous vanishing of f’, it is necessary that 
al + Bm + yn = 0, 

i.e. the scalar product of the vectors (a, B, y) and (1, m, n) must 
be zero. This means that the two vectors, one in the direction 
of w and the other in the direction, NV, along which the wave 
travels, are at right angles to one another. Such a wave is 
called a transverse wave. Waves in which the displacements 
are in the line of propagation are known as longitudinal waves. 
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Turning to the case where div \ is different from zero, let 
us differentiate the equations (9°23) with respect to x, y, and z 
respectively and add. We thus get 


CU) = ay? (div p) + BY? (div ) 


or, if we write 


D = div y, 
02D iS 
aaa =(A+B)V°D . . . . (924) 


so that the scalar quantity, D, is propagated with the velocity 
a7 Ae = B|. Consider now any point on the wave front at some 
instant, and for convenience imagine the axes placed so that 
the point is on or near the X axis, and so that the direction of 
propagation is that of the X axis. We may consider any suffi- 
ciently restricted part of the wave front in this neighbourhood 
to be plane, therefore (see the beginning of § 9-2) differential 
quotients of the components of with respect to y and z are 


Vn, 


Oa’ 
or to a if n represents distances measured along the direction 


zero in such a neighbourhood and D or div \ reduces to 


of propagation. 

In (9-24) therefore we are concerned only with displacements 
in the direction of propagation and the equation represents a 
longitudinal wave. 

When we differentiate the first of the equations (9°23) with 
respect to y and subtract the result from that due to differen- 
tiating the second one ae respect to 2, we get 


ee = - st) =A OY, ss se), 
oy 


ot? Ox | (Oy 
a Os AVNo,) . . . . (9:25) 
ot? : 


if we represent curl p by c. And we have, of course, two 
further equations containing o, and o,. 

Once again let us imagine the axes moved so that some 
arbitrarily selected point on a wave front is travelling along the 
X axis at a given instant. Then in its neighbourhood differential 


quotients of the components of with respect to y and 2 must 
Oy Oz 
ang and 7 


not occur in o = curl. The equations (9°25) involve there- 
10 


be zero, and we are left with 


only, since a cloes 
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fore only displacements in directions perpendicular to that of 
propagation and the equation represents a transverse wave 


travelling with the velocity VA |. 


§ 9-3. PHase VELOCITY AND GRouP VELOCITY 


The differential equations in the foregoing paragraphs, e.g. 
(9°21) and (9°23), represent wave propagations having the 
characteristic feature that the velocity of propagation is inde- 
pendent of the form of the disturbance or deformation which is 
being propagated. The velocity of a small transverse disturb- 
ance produced in a stretched cord, for instance, in no way 
depends on the function f(§ 9) which describes its shape. Con- 
sider now a simple harmonic wave such as that represented by 
(9:02) which travels with the velocity wu = A/t. It may happen 
that when t is given some other value t’ the velocity wu’ = 1'/t’ 
differs from A/t. This is the case with light waves in material 
media. There is no unique velocity of propagation for a luminous 
disturbance. A question both of practical and theoretical im- 
portance is the propagation of a group of superposed simple 
harmonic waves having a narrow range of periods extending 
from zt to t + At and a corresponding range of wave lengths 
from Ato A+ AA. Let us first consider two superposed waves 
of the same amplitude. The resultant disturbance may be 
expressed thus 


wy = A cos 2a( ~ = 5) -++ A cos 2a(— = 7) - « (a 


where we have written t’ for t + Az and 2’ for A + Ad. This 
is equivalent to 


wy = 2A cos 2a\4(= =)! -- 5 -5 | COs 27 


iG +B) -1G-+ 24} 


If now t’ — t( = At) and 4’ — A( = AA) are both very small, 
then 
Is 


w = 2A cos ants A=) a 1A(3)| COs 2a a ;| . (9:301) 


or wy = A’ cos 2a — i} 


where A SOA con ant A(z) = a(z)} . (9-302) 
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If we plot the values of y at some given instant against x we 
shall get a curve like that in Fig. 9-3. 

We shall refer to the full line as the wave outline. A crest, 
a, of the wave outline will travel in the X direction with the 
horizontal velocity wu = A/t, since it is a point where the phase 
retains the same value, and therefore 


or i o 


The velocity wu = 1/zt is called the phase velocity. It should 
be noted that the crest, a, will become a trough of the wave 
outline if it passes the point c where the variable amplitude 


Fig. 9:3 


A’ (9302) changes sign. In fact the point, a, will in general 
travel along the curve represented by the broken line. On the 
other hand a point, 6, on a crest of the broken line will travel 


with the velocity 
] 
a(;) 
=e ot oe ee ey Oran 


a yl 

a(;) 
because it is a point where the amplitude A’ remains unchanged 
and for which therefore 


tee(a(2}e~ a(3))} <0 


or A(=)at - A(j) ae. 


This velocity is called the group velocity. 

We may obviously regard the group velocity as the velocity 
of propagation of a maximum amplitude and it is clear that, 
if we have not merely two but any number of simple harmonic 


7] 
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waves superposed on one another they will have a definite group 
Al/t 
oy. 


velocity provided the extreme range of periods At is 


small. 
§ 9-4. DyNAMICS AND GEOMETRICAL OPTICS 


Hamilton’s principal function, S, (8°65) plays a part in 
dynamics like that of the phase in wave propagation. The 
resemblance between the roles of the two functions—we might 
almost say their identity—has been so fruitful and suggestive 
in the recent development of quantum dynamics, that it will 
be well to study it briefly here. 

Lo begin with we have 


C= | (27 — E)dt, 
or S = | (Puja — Bat 


and consequently = | (p,dq, — Edt). 


The simplest case is that in which there is only one degree of 
freedom and where the potential energy is constant, e.g. a single 
particle not under the influence of forces, or a body rotating 
about a fixed axis with no impressed couple acting on it; so 
that the energy may be regarded as a function of p only, and 
during the motion p will remain constant. In such a case 

or S = pu — Hi, 

if, for the present purpose, we use x instead of q for the positional 
co-ordinate. On the other hand the phase, in the case of a plane 
sinusoidal wave (see 9°02), may be put in the form 


§ = 20(5 ~-), 


so that we may think of S, or rather, the product of S and a 
constant of suitable dimensions, as the phase in a plane sinusoidal 


wave travelling in the X direction, thus - 
KS = ¢, 
or cS = 2n( 5 —- “), 
bE 
and therefore cp =z, 
ch = ae 
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where « is a Gonstant of suitable dimensions. It is usual to 


represent a by h, so that 
K 


Tae 
ie wie Re 
h 
f= = (9-4) 
x t 
SSS) 
The phase velocity of the wave will evidently be 
E 
Uu=— 9-41 
5 (9-41) 


In classical dynamics there is nothing which enables us to 
assign a determinate value to «x or h, and moreover the energy, 
E, involves an arbitrary constant so that wu is an arbitrary velocity. 

Consider now a small change A# in FE and the corresponding 
small change Ap in p. Suppose them to be produced by a 
force, /, in the case of the particle, or a couple, Ff, in the case 
of the rotating body, acting for a short interval of time At, 
during which it travels (or rotates) the distance (or angle) Aw. 
Then we have 


a, 
Ap = FAL, 
and consequently a At 
At Ap 
ee pao A=... . ES 
Ap 


This result (9°42) is obviously a special case of the more general 
equations (8°43) given above. It thus appears that the velocity, 
v, of the particle is identical with the Sroup velocity of the 
corresponding ‘mechanical wave’. Unlike the phase velocity 
this is something quite definite. 

The analogy between classical dynamics and wave propagation 
extends stillfurther. There is a complete correspondence between 
the principle of least action of Maupertuis (8-636) and Fermat’s 
principle in optics. This will be fully explained later. It will 
suffice at this stage to say that Fermat’s principle is the basis 
of geometrical optics, i.e. of optical phenomena in which the 
wave length of the light is very short in comparison with the 
dimensions of the optical apparatus, apertures, lenses, etc. In 
these phenomena the absolute value of the wave length is not 
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of importance, a circumstance which corresponds to the fact, 
pointed out above, that classical dynamics does not contain 
anything that enables us to assign a value to the constant h. 

Now classical dynamics becomes inadequate when applied 
to very small systems (electrons, atoms, etc.) and the analogy 
between it and geometrical optics suggested to Schroedinger 
that this inadequacy may be of the same kind as that of the 
principles of geometrical optics when the dimensions of the 
apparatus or apertures are very small. We shall refer to this 
assumption as Schroedinger’s Principle and leave a more 
complete study of its consequences till a later stage. 

It will be recollected that the phase velocity, 


— 


3 


P 
of the ‘ mechanical wave’ of classical dynamics is indeterminate 
on account of the presence in # of an arbitrary constant. Let 
us briefly study the consequences of the relativistic hypothesis 
that the energy of a particle is proportional to its mass, i.e. 


H=me . . . sg ees 


where c is a universal constant with the dimensions of a velocity. 
We shall have from (9°42) 


A(me?) 
i j 
A(mv) 
therefore v= ee 
Am.v +Av.m 


or 


v2 
Am A() 
iio yr ’ 
(eee: 
ay 4 
and hence m( 1 = 3) = constant. 


This constant is obviously equal to the mass of the particle when 
its velocity is zero, and if we denote it by m, we have 


p2\ -# 
m = mo( 1 = i) Lee (944) 
for the law of variation of mass with velocity. 

Equation (9°44) shows that c is upper limit of velocity for 
a particle, since if v =c the mass m becomes infinite. It has 
received a beautiful experimental confirmation by Bucherer who 
found c to have the same value as the velocity of radiation in 
empty space. 


® 


CHAPTER VII 
ELASTICITY 


§ 9-5. Homoarnrovus STRAIN 


HERE is overwhelming evidence for the view that all 
material media have a granular constitution. They are 
made of molecules, atoms, electrons and, for anything 
we know, still smaller particles, which we may be able to recognize 
in the future. Now when we speak of a volume element, 
dx dy dz, in a medium, as for example in the theorem of Gauss 
in § 3, we have in mind a small volume which in the end 
approaches the limit zero, or to be more precise, dx, dy and dz 
separately approach the limit zero. We shall, however, make 
negligible errors when we are concerned with large volumes, 
or distances, if we suppose dz, dy and dz to approach some very 
small limit differing from zero. When this small limit is large 
compared with the distances separating the particles of which 
the medium is constituted we shall speak of the medium as 
continuous. Let (x, y, 2) be the co-ordinates of a point (e.g. 
the middle point) in a volume element of a continuous medium 
when in its undisplaced or undeformed condition, and let (a, B, y) 
be a displacement (which we shall usually take to be small) 
of the medium which, in its undisplaced condition, is at the 
point (xz, y, 2); then a, 6 and y will be functions of x, y and z 
and the time, #, or 
C= Groner) 
6 — BG 250) re tee: 
y= y(t, y, 2, t). 
When we are dealing with static conditions we may omit the 
reference to the time, and equations (9°5) become 
C—O aye 
B= 6(2, y, 2) ee eo Uy 
Y = Y(%, Y;, 2). 


In consequence of this displacement, a particle of the medium, 
141 
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originally at (x, y, 2), will have moved to a neighbouring point 
(é, 7, €), such that 


E=x+4, 
n=ytB,. . . . . . (975m 
C=2+y. 


Tf (#1, Y1, 21), (41, Bu yr) and (3, 41, €1) refer to a neighbouring 
particle, we shall have 


0a 0a 0a. 
2 eae rm me) rae re me 2) ee (2) . (9°52) 


Now it follows from (9°51) that 
§é,—€=%,—-uvx+a,—a, 
and we have therefore 


f—ba met See) + Sy) + ele 2) (9-521) 
and corresponding expressions for 7, — 7 and ¢, — ¢. 

In these equations, 7, — 2, y, — y and z, — 2 are the X, 
Y and Z components of a vector r which specifies the position 
of one particle, relatively to that of the other, before displace- 
ment has occurred. Let e be the corresponding vector after 
displacement. We have therefore 


(ne 
li Ga Us 
T, = 21-2 « . » . ages 
0, = €1 — 6, 
Cy) = ieee 75 
@, = 61—¢. 


From (9°521) and (9°522) we get 


Ca Ca Oa 
Ox ann (a ois =) ate "Yay air "am? 
_ ,, OB op op 
Oy a Tan SF (1 =p =) ae Tame? 
a, oy Oy 
= age + yee + r(1 +2). . (9523) 


It may happen that the displacements (a, 6, y) merely move 
the medium, or the body which it constitutes, as a whole, i.e. 
as if it were rigid; but in general the change will consist of 
such a motion of the body, as a whole, together with some 
deformation or strain. 

Instead of considering the point (a, y, z) and one neighbour- 
ing point (x1, ¥1, 21), let us consider three neighbouring points 
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which we shall distinguish by the subscripts 1, 2, and 3. We 
shall now have three vectors, r, namely : 
Vi Op =, YW a — Zp 
Es (= Ue Y, 2s — 2), 2 Cw (OD) 
Py = (U3 — X,Y; —Y, 2 z), 
in the undisplaced or undeformed ete of the medium, which, 
after displacement become 
On SS (On = & ee = 7 Gn = Eb 
DS Cy ay ee . (9°531) 
es = (§, — £, 43 — 9, Cs — C). 
The vectors r will determine a parallelopiped the volume of 
_ which is (§ 2-1) 


Ill Ml 


Vins Viys r 1z 


(Dene Por, lik ot See (9°532) 


T aus Lays LT oy 
After displacement this volume will become 
OC 1g, OC 1y> C1z 
Cox, Cay Coz 


O3 5) 03 p) O zz 
If we substitute the expressions in (9°523) for the o's in (9°533) 
we get 


(9-533) 


Oa Oa da ss OB op op 
(1 a =) a "Hey a Mun "iA, ae mG Als =) a ie 


" ar rage tig (1 ate =) 


0a Ca 0a op 
ra( a =) a "wy ap Meum es ae Ai a =) ae rae 
a) 
7 “ -- ra + (1 “s =) 
; Oa Oa Oa op 
reo( 1 ir =) lg "SB ae Ton? pee ae ra( te a aI ae 


| oy oy oy 
"san, + age + ta(1 +2), 


| 


(9°534) 
which is equal to the product 
Oa op oy 
Pigs Tiy V tz ; a on’ Oa’ Ox 
0a op oy 
T ons Tayo oe < oy’ 1 ++ dy’ oy (9 535) 
Pau. Vey Taz ea op 1 + oy 
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as can easily be verified by applying the rule for multiplying 
determinants. 

If the differential quotients = etc., are very small, so that 
we may neglect products of two or more of them by comparison 
with the differential quotients themselves, (9:535) becomes 


Cin) O1y Or T 19) liy liz 0 0 
Ooms Q2y O2zg | = | Tee Tay ez x (1+; += = te i a z) 
Osx, Osy Osz Vay Vays 132 


or 


volume after original | 
(Gisplasoment) = ica x (1 + div (a, B, y))  . (9°536) 


and consequently 


Increment in volume 


BONEN Bs 22) = per unit volume (9°54) 


If the body is merely displaced like a rigid body, and not 
strained, this divergence will be zero ; but the converse proposition 
will not in general be true. We shall call div (a, B, y) the 
dilatation of the medium at (#, y, z). It is evident from its 
physical meaning (9°54) that it is an invariant. 

The set of nine quantities 


da 0a. 
Ot Ouneoe 


op op op ; 
a? ee 


Oy oy oy 

Oa’ Oy’ Oz’ 
constitutes a tensor of the second rank (§ 2:3). It is convenient 
to call it the displacement tensor, since im general it specifies 
what may be described as a pure strain superposed on a dis- 
placement of the body as a whole. 

In equations (9°521) let us suppose the origin of the co- 
ordinates to be shifted to the particle (x,y,z) so that 
x = y =z = 0 and suppose the particle to remain at the origin 
so that 6 =» —€=0. Then 


0a 


f.=0,(1+ 2) +9 ay te 
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and there are two corresponding expressions for 7, and ¢,; or, 
dropping the subscript, 1 


g=x(1 +=) + use + eae 


naan +y(I +) + afb 


0 0 0 
Cau) + yt Baer +2). -. (956) 
We shall now consider a strain or set of displacements with the 
property that the components, = 


tensor are constants. We may therefore write (9°56) in the form 


= Aye + Arey + A132, 
7 = Ae + Assy + doe, « « « (9561) 
C = Agi + Asey + 132%, 


where the coefficients, 4, are constants. It is clear that, on 
solving (9-561) for x, y and z, we shall get equations of the form 


B= Mig + ley oe Hise, 
Y = Mer + Maem + Mess, + « « (9562) 
Z = MsiE + fan + Mosh, 


where the coefficients, u, are likewise constants. Consider now 
two parallel planes, in the undisplaced medium represented by 


Az + By +Cz+D =0, 
Av + By+Cze+D,=0 . . . (9°57) 


After displacement the particles in these planes will be situated 
in loci, the equations of which we shall obtain by substituting 
for x, y and z the expressions (9°562). Obviously we shall again 
obtain linear equations and it will be seen that, in both, the 
coefficients of €, 7 and ¢ are the same, i.e. the equations have 


the form 
eee Gaal ae meen 
Aé+My+NE4+2,= ~ « «(9:25:75 


where A, M, N, 2 and Q, are constants. Expressed in words : 
particles, which before displacement or strain lie in 
parallel planes, will lie in parallel planes after displace- 
ment. It follows, since planes intersect in straight lines, that 
particles, which in the unstrained condition of the medium 
lie in parallel straight lines, will also be found to be in 


, etc., of the displacement 
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parallel straight lines in the strained condition of the 
medium. Such a strain is called a homogeneous strain. 


§ 9-6. ANALYSIS OF STRAINS 


It is clear that a homogeneous strain, as just defined, includes 
not merely a strain in the stricter sense of the term, i.e. a pure 
strain, but also, in general, a displacement of the medium or 
body as a whole. Let us examine what happens to the portion 
of the continuous medium within the sphere 


e2ty*teg= he . . . fa 


when subjected to a homogeneous strain, supposing the central 
point to continue undisplaced, a supposition which does not 
really entail any loss in generality, since we may, if we desire, 
imagine the medium to be given a subsequent translation as a 
whole. On substituting for x, y and z the expressions (9°562), 
we obtain an equation like 


a&® + by? + cl? + 2fyt + 2g&C + 2hén = R? . (9-601) 


where a, 6, c, etc., are constants formed from the constants 
uw in (9°562). This must represent an ellipsoid, since the radii 
vectores e = (6, 7, ¢) are necessarily positive and finite in all 
directions ; and we may, by altering the directions of the co- 
ordinate axes, give the equation the simpler form 


Ak? + bon? +eoG* = Ah? . . . (9:602) 


We conclude therefore that a pure strain (if it is homogeneous) 
consists in extensions parallel to three lines at right angles 
to one another. These three mutually perpendicular lines are 
called the principal axes of the strain and the ellipsoid (9-601) 
or (9-602) is called the strain ellipsoid. It is perhaps needless 
to remark that the term extension is used algebraically to include 
contraction. 

It will be observed that, when the co-ordinate axes are 
parallel to the principal axes of strain, equations (9°56) or 
(9°561) take the form: 


g=a(1 +3), 


n=y(2 +), . .. (ore 


¢=2(1 +2); 
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OB ca oy ae act , 
the an By By , etc., vanishing. Similarly equations (9-562) 
become | 
— —— 
if ea 
+ O% 
y= — . oo... (9604) 
1 +2) 
oy 
Jae 
( nae) 
so that the equation (9:602) of the strain ellipsoid is 


&2 7? < 
oe oS 2 
da\ ? op\? Cyn 

Boe) Oty) O+z) 

The components of the tensor 9°55) do not, in general, all 
vanish even when the medium is not strained at all in the stricter 
sense of the term. They vanish for a pure translation, since 
each of the components a, f and y has the same value at all 
points (7, y, 2). Consider now a very small pure rotation, for 


convenience about an axis through the origin, and represented 
in magnitude and direction by 


= (Yer Gy %)- 
The consequent displacement of a particle, the original position 
of which is determined by r = (x, y, 2), is (see equation 6:1) 


(9-605) 


a= 2 — dy, 
B=O8 — 9,2, 2 ieee on 
Y= WY — Ve. 


The g,, g, and q, have of course the same values for all particles 
and are therefore independent of x, y and z. We have 
consequently 


mae wy oe 
cha op op 
Ox = Vn oy = 0, Oz =: Qn 
oy oy oY _ 9 
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In this case therefore the tensor (9°55) becomes 


0, — %e Vy 
OP 0, —@ -+«- +» + —o-ogm 
— Uy VED) 0, 
all the components being constants. We notice the following 
relations between them : 


da , OB | 

By | BS 0, 

da , oy | 
a5 oa ae - + + « 2 (Oo 
Op , oy 

ae! By 0, 


and also that the components of the small rotation q = (¢,, 4,, 9,) 
can be expressed in terms of those of the displacement tensor 
in the following way : 


Oy _ OB 
2a, = dy ay? 
_ 0a oy 
29, = = 7 (9-622) 
_ 8 _ ea 
te oy 
0a op oy 
We see that Rennes and the three quantities represented by 


the expressions (9° 621) are unaffected by any small displacement 
of the body as a whole, and therefore their values are determined 
by the nature of the strain only. ‘This suggests that we should 
seek to describe a pure strain in terms of these six quantities. 
It is easy to do this. The first of the equations (9°523) may be 
written 


= da wy GE IE ay 
@ =o 1 + 5) +d ie) "22 a ta. 


+ nA 5 2 A(z -2 
or, by (9°622), 


) 
0, = rd ee =) es nis + *) spt 3) =i = 
+ 4," — 9,1. 


The last part of this expression merely represents a contribution 
due to the rotation of the body as a whole (9:61). The rest is 
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quite independent of any displacement of the body as a whole 
and we may therefore describe a pure strain by the equations 


_ 0a 1(o2 , °B oy 
tees teat ty2 se +O) + nd ( aia ’ 


cy 
&y — "y=" ik +e td a , 
e—% = +=) +t, (24 *) a rh -. (9°63) 
We shall speak of oe symmetrical tensor 
eiGte) eta) 
(5 7 = ae 2 Z + 2), 
te) UaytEe - 068 


as the strain tensor and represent it by 


Sruxs Soy Srozy 
Sys Syyr Syzs 
SS, SMe et : (9-641) 
If we write &, 7 and ¢ for the Per Het of eo; vy and z 
for those of r and (a, f, y) for the difference of these two 
vectors, i.e. 
ee) (On = ta Cy — Uys Oe — Ya) 
then equations (9°63) assume the more aa form 
A = U8, + YSy + 28inz5 
B = £8yq + YS8yy + 28y2, 
i oe + ys, 28, Gee ele ee (Ono) 
If M represent the scalar product of (a, B, y) and r = (a, y, 2), 
we have 
Sop + SLY + Sq KS 
PF SynY% PSY? PSY? 
+ 8.20 +8,2Y+S8,22= M . . . (9°66) 
In Fig. 9:6 the vector (a, 8, y) is represented by (ab) and the 
scalar product, M, is therefore equal to the product of r and 
(ac), or the product of r and the component of the displacement 
(a, B, y) in the direction of r. The quotient of (ac), by r is 
called the elongation in the direction of r. The elongation is 
therefore equal to 


—S— eC 


LN Ds ee ee OND 
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Obviously the elongations in the directions of the co-ordinate 
axes are ga and Da 
Ox Cy Oz 
the principal axes of the strain are called the principal 
elongations. 
If we introduce the principal axes of strain as co-ordinate 
axes, (9:66) becomes 


Steer 04> to, (9-662) 


in which we have used S,,, S,, and S,, to represent the values 
which 5,,,, S,, and s,, respectively assume when these axes are 
used (8,,, S.2, etc., of course vanish; see the remark after 
equation 9-603). 
If S,,, S,, and S,, in (9°662) are all positive, J must be 
positive and the locus of all points (x, y, z) for which M has 
the same positive value is an ellipsoid. 
All particles, which in their undis- 
placed condition lie on this ellipsoid, 
experience an elongation equal to 
M/r? (by equation 9-661). The 
radial elongation is positive in all 
directions and inversely proportional 
to the square of the radius vector r. 
On the other hand if S,,, S,, and 8,, 
are all negative the radial elongation 
will be negative in all directions. 
When 8,,, S,,, and S,, have not all 
Fic. 9-6 the same sign, the locus of the points 
(x, y, 2) for which M has the same 
value will be an hyperboloid. This hyperboloid and its con- 
jugate, obtained by giving M the same numerical value, but 
with the opposite sign, will represent the elongation of the 
medium in all directions; and here it should be remarked that 
it is of no consequence (so far as the elongation is concerned) 
what the absolute value of I may be, since the elongation in 
a given direction is the same for all particles when the strain 
is homogeneous and pure. To see that this is the case divide 
both sides of (9-662) by r2. We obtain 


Sig)? + 8,,m? + S,n? = elongation ; 
therefore for given values of J, m and n, ie. for a given direction 
the elongation is constant. We may therefore just as well assign 
to M the absolute value 1, and the locus (and its conjugate, if 


it has one) is called the elongation quadric. 
The direction cosines of the normal at a point on the surface 


The elongations in the directions of 
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(9°66) or (9°662) are proportional to the components a, 6 and y 
of the corresponding displacement. 

Lhe conjugated elongation quadrics, or the two families of 
surfaces, (9°66) or (9°662), obtained by assigning to M every 
positive and negative value, are separated by the asymptotic cone 

S07? + 8,,y? + 8,22 = 0 - 2 (967) 
for all radial directions along which the elongation is zero. 
This is a special case of the cone of constant elongation for which 

M 
== K, 
rT 
where K is the constant elongation. Substituting in (9-662) 
we find for the equation of this cone, since r? = %? + y?2 + 22, 
(Seq — K)e® + (Sy — K)y? + (Sz — Kz? =0 . (9-671) 

When the principal elongations are all equal we have a 
uniform dilatation. It will be remembered that the terms 
dilatation, elongation, etc., are used in an algebraical way ; 
for instance a uniform contraction will be treated as a dilatation 
by using a negative sign. Another simple type of strain is the 
simple shear, for which one of the principal elongations is 


zero, while the remaining two are numerically equal; but have 
eo oy da _ —ss Of 
opposite signs. For example a = 0 while ae It will 
be noticed that there is no change in volume since div (a, f, y) 
is zero. We shall use the term shear for any pure strain not 
associated with a change in volume. Any pure strain may be 
regarded as a superposition on one another of a uniform dilatation 
and simple shears ; for any pure strain consists in three elonga- 


tions = : i and = in the directions of its principal axes and 


= tae) * He =e) G=e) 
£ = a(t - so) +4 nte+e +f - 2h 


et) (Z-%) 4 tay tae) + (068) 


dz *\ez 
The strain therefore consists of a uniform dilatation which may 
be ae as due to three principal elongations each equal to 


at wp . Yi a simple shear associated with the X and Y 


axes Pe stin, in an XX elongation of (2 — a) and a Y 
: ] 
11 
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elongation of 4 - — = and two other simple shears associated 
with the YZ and ZX pairs of axes respectively. It follows too 
that any shear can be regarded as a superposition of a number 
of simple shears. 

Let abcd, Fig. 9:61, represent a cubical portion of the 
medium, each side of which is taken, for convenience, to be 
2 cm. in length, and let it be given numerically equal elonga- 
tions in the X and Y directions, the former positive and the 


Fie. 9-61 


latter negative. Since elongation means increase in length per 
unit length, the block will be stretched so that 


=a = (a'f) = (gb’) =e, say, 


wale ui 5 (i) S (by) =o 
Its dimensions in the Z direction are unaffected. Consider the 
portion of the cube cut out by four planes parallel to Z and 
bisecting ab, bc, cd and da along the lines p, g, r and s. This 
portion of the block becomes, on shearing, p’, g’, 7’, s’. It is 
easy to see that the small angle, ¢, between pg and ’q’ is equal 
(99') 
V2 


to the elongation, e. It is in fact equal to divided by one 


half of pq or 


(9@') / aa/z 
vg | BV? 


If the sheared block be turned, so as to bring the face 7's’ into 
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coincidence with rs, the faces p’s and q’r will be inclined to 
ps and gr by an amount 

GS a, a 72 )5)) 
(see Fig. 9-62). The angle ¢ = 2e is usually taken as a measure 
of the simple shear. If the sides, ps and sr, of the unsheared 


qd 


a 


§ ee Ss 


Fie. 9-62 Fic. 9-63 


block are parallel to the co-ordinate axes, it is evident that 
@ = ZL psp’ + Zrsr’ (Fig. 9-63), 
oe Gi 
or Bean! op 
The physical meanings of all the components of the strain tensor 
are now evident. 


(9-691) 


§ 9-7. STRESS 


A condition of strain may be set up in a medium in various 
ways ; for example by gravity or by electric and magnetic fields. 
Every material medium is normally slightly strained by reason 
of its weight. The insulating medium, glass, mica or ebonite, 


A 
pS 


Fig. 9-7 


between the plates of a condenser is in a state of strain when 
the condenser is charged. Weight and electric or magnetic 
forces are examples of impressed forces which bring about a 
condition of strain in material media. Correlated with the 
strain at any point in a medium we have a corresponding state 
of stress, which is evoked (in accordance with Newton’s third 
law) by the impressed forces producing the strain. To fix our 
ideas, suppose a cylindrical rod (Fig. 9:7) to be strained by 
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numerically equal forces, /, applied at its ends and stretching it 
along its axis. It is evident that the material to the left of any 
cross-section, A, will experience a force, #, directed to the right 
while a numerically equal force, in the opposite sense, will be exerted 
on the material to the right of the section. The term stress 
in its widest sense is applied to forces of this kind. It is clear 
that, in order to specify completely the state of stress at any 
point in a material medium, we must be able to express the 
magnitude and direction of the force per unit area on any small 
area in the neighbourhood of the point, for any orientation of 
this area. 

Consider a small element of area, dS, (Fig. 9:71) in a con- 
tinuous medium. It will be helpful to follow our usual practice 
and regard it as a vector. We shall imagine an arrow drawn 
perpendicular to dS and having a length numerically equal to 

it. The components of dS, namely d8,, 
dS dS, and d8,, will be equal to the projec- 
tions of dS on the YZ, ZX and XY planes 
respectively, provided these are furnished 
¢ with appropriate signs. If f be the force 
exerted by the medium, situated on the 
Fig. 9-71 side of dS to which the arrow is directed, 
on that situated on the other side, we 
may express its X component in the form 


f.-i,dS . . . . oO 


so that ¢,,, is the X component of the force on dS, reckoned per 
unit area. Sometimes it will be convenient to use the alternative 
definition, 


I;=—-PndS . . . «. | (9-70 
or i es > Poy lS ’ 
in which f’ = —f is the force exerted on the medium on the 


same side of dS as that to which the arrow (Fig. 9-71) is directed. 
By definition, therefore, 


Dm = —tm . . +. « (9702) 


The component, f,, can be expressed as the sum of three 
terms, in the following way: Let dS be the face, abc, of a tetra- 
hedron oabe (Fig. 9:72). The components of dS are dS, in the 
direction X, equal to the area obc; and dS, in the direction Y, 
equal to the area oca; and dS, in the direction Z, equal to the 


1 The plan is adopted here of using the first subscript, in this case 2, 
to indicate the component of the force, and the second subscript, , to 
indicate the direction of the vector dS. 
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area oab. The X component of the force on the face obc of the 
tetrahedron will be denoted by 


PmlS, OY — t AS, 


in accordance with the definitions and notation in (9°701) and 
(9°702). Similarly the X components of the forces on the faces 
oca and oab of the tetrahedron will be 


= pas), 
and ona by AUS z 


respectively. Therefore the total value of the X component of 
the force, due to stress, on the tetrahedron is 


ie - (t,,0S, = ty lSy a t,,18,) oe (9°71) 


To this we have to add a force equal to the volume of the tetra- 
hedron multiplied by &#,, the X 
component of R, the impressed 
force, or so-called body force, 
reckoned per unit volume. This 
is a force of external origin, due 
to gravitation or other causes, 
and it will become negligible in 
comparison with the forces over 
the surface of the tetrahedron 
as the dimensions of the latter 
approach the limit zero. This 
becomes evident when we reflect 
that dividing the lengths of the Fic. 9-72 
edges of the tetrahedron by n 


i : oe ; 
reduces the area of any face to ai of its original area, while 


the volume becomes _ of the original volume. The expression, 


(9°71), therefore represents in the limit the X component of 
the resultant force on the tetrahedron. It must therefore be 
equal to the mass of the tetrahedron multiplied by the X com- 
ponent of its acceleration. But for finite accelerations this 
product must also be negligible for the same reason which led 
us to neglect the body force. Consequently we have to equate 
the expression (9°71) to zero, and remembering that we have 
similar equations associated with the Y and Z axes, we arrive 
at the result 


f, =i,dS = 1,08, + t,d8, + tdS,, 
f, =t,dS = t,dS, + t,aS, + t,d8,, 
= t,dS = 1,49, + 148, + t,a8, (9-72) 
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The quantities 


l ein Gas. Oe 

i a arr. (0.77: 
constitute a tensor of the second rank, as the form of the 
equations (9°72) suggests. We shall refer to it as the stress 


tensor. The component ?,,, 


‘i . y for example, means the X 
asy// iY component of the force per 
| YY Yy t unit area on a (small) sur- 
—— ee Y face perpendicular to the Y 
Yy Uy, axis (i.e. its vector arrow 
tii is in the direction of the Y 
: axis), and, further, it is the 
force exerted on the medium 
O % situated on the side a (Fig. 
Fic. 9-73 9:73) by the medium situ- 
ated on the side b. 


The tensor character of (9°721) can be demonstrated in a 
simple way. Let us write the first equation (9°72) in the form 


where S,, S, and S, are of course small, and are the components 


of a vector S. Therefore in any small neighbourhood f, is a 
(linear) function of S,, S, and S,, 


Me = fi (Sy, Sp Se) 


Cf 
and a S, a ny: 
Now, if S, is the Y component of a vector, the operation Be 


oS, 
transforms according to the rule for the Y component of a 
vector (see equation (2°41), and as f, is the X component of a 
vector, it follows that ASH transforms according to the same rule 


as the product, a,b,, where a and b are two vectors. Thus 


Of 


ag or t,,, 18 the XY component of a tensor of the second rank, 
y 


according to the definition of § 2-3. 


§ 9:8. STRESS QuapDRIC. ANALYSIS OF STRESSES 


Imagine a vector, r = (x, y, 2), parallel to the vector dS. 
We shall think of it as a line drawn in the direction of the arrow 
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associated with dS. Let us further suppose the origin of co- 
ordinates to be situated in dS. We have then 
dS,  « 


eo) 


and two similar equations associated with the Y and Z axes 
respectively. We now form the scalar product, (fr), using the 
equations (9°72). 


Lae thy +f = tands, + t,,0d8, + t,ads, 

+ t2ydsS, + t,ydsS, + t,,yd8, 

+ 4,28, + t,,2d8, + 4,,2d8,. 
In this equation let us replace the left-hand member by /.r, 
where f, is the component of f normal to the surface dS, i.e. 
its component in the direction of the vector dS or the vector r. 
On the right-hand side of the equation we replace dS,, dS, and 


dS, by -dS, “ds and -dS respectively (equations 9°8). In this 


way we get 
ft? = {t.x0? + t,cy + 1,02 
SD UDRP SUS Slade 
+ t2t + t,,2y + t,,27}dS. 


Therefore if ¢,,, is the tension normal to dS, i.e. f,/dS, we have 


Doll = tee Se Lae) AS eee 
TH by Yt P tyy® + byYe 
+ t.2% +4,2y +4,2% . . . (9°81) 
In this equation, #,,, ¢,,, etc., are the components of the stress 
at the origin. ‘They are therefore constants, i.e. not functions 
of x, y and 2 in the equation (9°81). If now we replace ¢,,,r? 
by a constant, 17, which may conveniently have the numerical, 
or absolute value 1, we obtain 
bgt ® > by CY Te tM 

a bye ay ty? et byY2 

+ 4,20 +4,zy +t,2?=M . . . (982) 
which is the equation of a quadric surface. It is called the stress 
quadric. Obviously a suitable rotation of the co-ordinate axes 
reduces (9:82) to the simpler form 

LT wT ye td 2a i. (O82) 
The new co-ordinate axes are naturally termed the principal 
axes of the stress, and 7,,, 7,, and T,,, the values which ¢,,, 
i, and t,, assume for these special co-ordinates, may be called 
the principal tensions or stresses (T,,,, T,,, 7, etc., are of 
course zero). The tension ¢,, or T',, (normal to the surface 
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element dS) is equal to M/r? and therefore the quadric has 
the property, that the normal tension in any direction is inversely 
proportional to the square of the radius vector of the quadric 
in that direction; and this applies also to the normal pressure 
Pan OL Pan = (— tans — Tn). All that has been said about the 
relationship between the strain quadric and the radial elongation 
applies, mutatis mutandis, to the stress quadric and the normal 
tension. If the quadric is an hyperboloid, there will be a con- 
jugate hyperboloid, obtained by changing the sign of M/, and 
an asymptotic cone, analogous to (9°67), separating them and 
representing the directions along which the normal tension (or 
pressure) vanishes. There will also be a cone of constant normal 
tension analogous to (9°671). 

It appears then that any state of stress can be regarded as 
due to three principal tensions, T,,, T',,, T’,, (or pressures P,,,, 
P,,,, P.,) in directions perpendicular ‘to one another. When the 
principal stresses are equal to one another (7, = T,, = T,,) 
we have a uniform traction (dilating stress) or a uniform pressure. 
In an isotropic medium this must give rise to a uniform dilatation 
(or compression). A tension 7',,,, normal to the YZ plane together 
with a numerically equal one of opposite sign normal to the 
ZX plane, T',, = — T., we shall term a simple shearing stress, 
since it will produce a simple shear in an isotropic medium. 
Obviously the two tensions produce numerically equal elongations 
of opposite sign normal to the YZ and ZX planes while the 
elongations which they would separately produce normal to the 
XY plane will also be numerically equal and of opposite signs, 
so that the resulting elongation normal to the XY plane is zero. 

Since any state of stress can be regarded as three tensions 
(positive or negative) in mutually perpendicular directions we 
may look upon it as a superposition of simple shearing stresses 
on a uniformly dilating stress. In fact 


=| 3(7) 2098 a il yy ap os *2) F BT 25 fb a5 5 (Lis aa en 
yy — Sher iar Pe) alls GL xe ae vais fy) AT. dey, 
Lh —! i(T, a Ds) = LT, = T.,) + 3(7, alae T, a LT) (9°83) 


We have here a complete analogy with a homogeneous pure 
strain (equation 9-68). 

There is an alternative way of describing a simple shearing 
stress. ‘To show this let us consider an element of the medium 
in the form of a prism and having its axis parallel to the Z axis. 
We shall suppose its cross-section to be an equilateral right- 
angled triangle (aob, Fig. 9-8), the sides oa and ob being perpen- 
dicular to the X and Y axes respectively, and each equal in area 
to unity. The shearing stress may be a force 7’, over the side 
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oa, parallel to the X axis and an equal force 7’ over the side 
ob and in a direction opposite to that of the Y axis. Since body 
forces may be ignored for the 
reason already explained, these 
two forces will produce a result- 
ant tangential force over the 
side ba of the prism and equal 


to V2| T. But the area of ab 


is V2|. Therefore the tan- 
gential stress is equal to 7’. 
We conclude therefore that we 
may describe a simple shearing 
stress as made up of two numer- Fic. 9-8 

ically equal normal stresses per- 

pendicular to one another or, alternatively, as consisting of a 
single tangential stress at 45 degrees to the normal stresses. 


§ 9-9. Forcr AND STRESS 


We shall next consider the resultant force exerted on the 


dS 


EE 


=t.,do 


O x 


Fig. 9-9 


medium within a closed surface in consequence of a state of 
stress. Its X component is (see Fig. 9-9) 


i yf = | | faa. 


or i J) ats, fepeiiee tS,| 
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(§ 9:7). This is equivalent (§ 3: ) to 


r= || ({5% = He Ze |de dy de (99) 


where the integration is Be over the whole of the volume 
enclosed by the surface. Since equation (9:9) must be valid 
however small the enclosed volume may be, the X component 
of the force exerted on a volume element dz dy dz must be 
equal to 


Ob ne ey Ob, : 
e+e = hae dy de =... (9-901) 


and consequently the X ae of the force per unit volume 
at any point must be Ae to 


Ot 


a om ie (9-91) 
For the Y and Z et we find respectively 
Oty» ae Oty, 
i i 
ee Ot» : 
Sd ee a Oe (9-91) 


For brevity these expressions, ie are divergences according 
to the extended modern use of the term, may be written as 
(div t),, 
(div t), 
(div t), . . . . « (9°O0ne 


Incidentally it may be remarked that the divergence of a 
vector (tensor of rank 1) is a scalar quantity (tensor of rank 0) ; 
the divergence of a ten- 

sor of rank 2 (the present 

Y  x-4dz,dy,dz a z+hdzx.dy,dz instance) is a vector (ten- 
sor of rank 1) and quite 

k da 4 generally the divergence 


of a tensor of rank 7 is 
a tensor of rank n — 1. 


Xx The result expressed 

O e e 
by equations (9°91) is 

Fic. 9-91 so important that it is 


worth while to arrive at 
it directly, without employing the theorem of Gauss. Let (a, y, z) 
be the co-ordinates of the central point of a volume element 
dx dy dz of the medium, and imagine a plane surtace perpendicular 
to the X axis and bisecting the element, Fig. 9:91. The X com- 
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ponent of the force exerted over this plane on the part of the 
element to the left of it is 


t., dy dz, 


t,, meaning the average value of ¢,, over the plane in question. 
Therefore the X component of the force on the face dy dz on the 
right of the element must be 


{fa -- rae} dy dz. 


This is a force tending to drag the element in the X direction. 
In the same way it will be seen that a force 
~ Ot, 
{fa — sSedeldy dz, 
tending to drag the element to the left, is exerted over the 
face dydz on the left. Consequently the resulting X com- 


ponent of the force on the volume element, so far as it is due 
to stresses on the faces perpendicular to the X axis, will be 


which reduces to 


in the limit when dz, dy and dz are sufficiently small. In a 
similar way we may show that the part of the X component 
of the force exerted on the element, in consequence of the stresses 
over the faces perpendicular to the Y axis, is 


Ob ny 
eid dy dz, 


while that due to stresses over the faces perpendicular to the 
Z axis is 
Oty 
2 


On adding all three together we arrive at the expression we 
found by ype use of the theorem of Gauss. We may of course 
replace ¢,,, t,, and t,, by — Pm, — Py and — p,, respectively 
(9-702) and thus obtain the alternative expression, 


= (% + Pa + Be . 4. (9912) 


for the force per unit volume. 


a ay Oe 
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The x, y and z in the foregoing equations (9°91), etc., refer 
to the actual or instantaneous positions of the parts of the medium 
and not to their positions in its undeformed state. We ought 
therefore to have used the letters €, 7 and ¢ in order to avoid 
confusion and possible error. If, however, as we are assuming, 
the differential quotients es - etc., in the strain tensor are 
negligible by comparison with unity, no errors will arise if we 
use x, y and 2 in sense defined in the description of strain. To 
show that this is the case, consider the differential quotient 
a where ¢ may mean a stress #,,, or any other function of 
(, y, z) or (&, 7, £). Since 
% 
Ye 
Nas 
(equations 9: es 

__ 06 a 0d 0 Od 0 


nt ~ OE Oa om On OC Ca’ 

Od 0d Od OB 4 9 oy 
ae 7 =) eae Sea 
os ee 
ou «= OE | SOE Ou «CON Cx «OE Ox’ 
and this reduces to 


or 


when ae o etc., are very small compared with unity. 


§10. Hooxkn’s Law—Mopvtti oF ELASTIcITy 


The question now arises: What is the relationship between 
a state of strain in a medium and the correlated stress? Gener- 
ally speaking the relationships between physical quantities can 
be expressed by analytic functions. It is probable that this 
statement is stricily true when it is confined to the quantitative 
relationships in macroscopic phenomena. The phenomena of 
elasticity, with which we are now concerned, come under this 
heading. In fact in § 9-5 we assumed that even the volume 
element dz dy dz was very large when measured by the scale 
of the granular structure of the medium. Roughly speaking, 
an analytic function is one which can be expanded by Taylor’s 
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theorem. If 6, ¢ and yw are the independent variables in such 
a function, any sufficiently small increments dé, dé and dy will 
give rise to an increment of the function equal to 


af = La + sdb + a 


a etc., being independent of the 


increments d0, d?, dy. We should therefore expect a priors 
that the components of the stress tensor are linear functions of 
those of the strain tensor when these latter are small. LExperi- 
ment shows that this is the case. We have here in fact a slight 
generalization of the law stated by Robert Hooke (1635-1703) 
in the famous anagram ce ii n o sss tt uu(= ut Tensio sic Vis). 
First of all let us consider a uniform dilatation. Of the com- 


the differential quotients 


ponents of the strain tensor all vanish except oa op pet oy and 
ax Oy’ 02 
De Gi ay 4 
a => By = as =i» dilatation. 


In an isotropic medium therefore 
= gy, 
and Hooke’s law requires 
t., = k x dilatation, 
where & is a constant, called the bulk modulus of elasticity. 
Therefore 
0a 


= —— | es) eee) 
Bl x = (10) 


when the strain is a uniform dilatation. We might of course 
have defined this modulus as equal to k’ = 3k in the equation 
=e 

The definition given is the one with is universally adopted and 
is probably the more convenient of the two. 

A simple shear may be regarded as due to a tangential stress 
(§ 9-8). Let us suppose it to be in the XY plane; then, in 
accordance with Hooke’s law, we have for an isotropic medium 


oy SS 
= +B 
or i, = n(x + ei ge ee) Se (Iho 


where ¢ is the angle of shear (equations 9°69 and 9-691) and n 
is a constant called the simple rigidity or modulus of rigidity. 


ms 
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From (10°01) we can derive another equation involving n. We 
have seen (§ 9:6) that a simple shear is equivalent to two numer- 
ically equal elongations, of opposite signs, along lines at right 
angles to one another and that ¢ = 2e, i.e. twice the positive 
elongation. Furthermore instead of attributing the shear to a 
tangential stress, for example /,, in (10°01), we may attribute 
it to an equal normal stress, ¢,,, perpendicular to the YZ plane, 
and a stress, f,, = — ¢,,, perpendicular to ZX plane. Therefore 


(10°01) is equivalent to 


bun == 2n€ Da ee (10-011) 
or bo = Dee 
On 


Krom the theoretical point of view these are the simplest 
relations between stresses and strains. It should be observed 
that since the effect of a tangential stress is merely to produce 
a simple shear, equation (10-01) is a general expression for ¢,, ; 
on the other hand equations (10) and (10-011) are expressions 
for ¢,, which are true in special cases only, the former for a 
uniform dilatation, the latter for the case of a simple shear. 
We have to search, therefore, for general expressions for t,,, 
t,, and t, The expressions (9°68) show the general strain to 
consist of (a), a uniform dilatation in which each axial elongation is 


An AR 
1 (oie ee 
*\ on ay =» 


(0) three simple shears, a typical one consisting of the elongation 


Oe oy 
and Sie (x = =). L to ZX. 


The dilatation (a), contributes to ¢,, an amount equal to 
3k x (axial elongation) in accordance with (10) or 
da , Op , oy 
aE | aes palm ale ° 
BeOS: SPP Re) 
and under (6), we have a contribution to ¢,, equal to 


da op 
Let meee 
mes ‘C = 
and another equal to 
0a oy 
TU career 
BS es er: | 
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in consequence of (10°011). Adding all three contributions to 
t., we get 
Go op. ey 2n/da op 2n/oa Oy 
i= He + 5 i Z) eae Bes Go z): 


This is the ane eee for t,,. We may write it and the 
corresponding expressions for t,, and 7,, in the following more 
— form : 


a 4n\ 0a 2n op _ 2n\ oy 
ea (ktS 3 = (ee 3 ap “Baz 


26S GEOL 


a __ 2n oa 2n coe An Z 
_— (4 = ae + (k- le +(k+5 + S22 (19-02) 


When the state of stress consists a 


bn F 9, 
Te ee 
the elongations - and. x become equal to one another of course, 
and equations (10°02) become 


tag = (+ SYS + 2(k se 


om (1B) (es NY 


Eliminating - we find 
9nk \da 


ee rea) (10-03) 
and for ratio, s = — - / 2 
s= ee . we. (10-04) 
The constant 
a een (10-041) 


is called Young’s modulus of elasticity, and the ratio, s, of 
the lateral contraction to the longitudinal elongation is known 
as Poisson’s ratio. Young’s modulus, Y, and the modulus 
of rigidity, n, can easily be determined experimentally and the 
formula (10°:041) enables us to find the bulk modulus, &, from 
the experimentally determined values of Y and n. 
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§ 10-1. THrrmat Conpitions. Exastic Mopurt oF Liquips 
AND GASES 


It is convenient to speak of a body or a medium as elastic 
when there is a linear relationship between stress and strain 
or between a small change in the stress and the resulting deform- 
ation. The analysis in the foregoing paragraphs tacitly assumes 
that an elastic body, or a portion of an elastic medium, has a 
finite and determinate volume even when the stress components 
are all zero. It is thus restricted to solid and liquid media, 
the latter being media for which » = 0 and in which there are 
consequently no shearing stresses (see equation 10-01) of the 
elastic type. In a liquid therefore the stresses are all normal 
stresses. It is quite true that in actual liquids and gases we 
may have shearing stresses, due to viscosity; but we are con- 
fining our attention at this stage to cases where such stresses 
may be ignored. 

If m is made equal to zero in (10°02) it will be seen that the 
state of stress in a liquid is a uniform dilating (or compressing) 
stress and . 

a ee a os 
bn byy beg k (= is oy me oz /? 


or, writing ¢ for t,,, we have 


t = koV/V, 
or p=—kdV/V.. . . (10-1) 
In these equations ¢ is the tension at the point in question, 
p = —t is the pressure and the divergence has been replaced 


by its equivalent 6V/V or the increment in volume per unit 
volume. ‘There is clearly only one modulus in the case of a liquid, 
namely the bulk modulus, & It should be noted that ¢ may 
be positive as well as negative in the case of a liquid. That is 
to say it is possible to develop in a liquid a condition of stress 
giving rise to a positive dilatation. If a glass vessel with fairly 
strong walls and a narrow stem (after the fashion of an ordinary 
mercury thermometer) be nearly filled with water from which 
air and dissolved gases have been expelled by prolonged boiling, 
and if it be sealed off while the water is boiling in the upper 
part of the stem, so as to enclose nothing but water and water 
vapour, we have a state of affairs in which the closed vessel is 
full of (liquid) water except for a very small space at the top 
of the stem which contains only water vapour. By judiciously 
warming the vessel and contained water the latter may be caused 
to expand till it fills the whole vessel and presses hard against 
its walls without however developing a pressure big enough to 
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break the vessel. If now it be allowed to cool the liquid is still 
firmly held to the sides of the vessel and continues to fill it; 
but it is now in a state of tension. Gases differ from liquids in 
that a state of positwe tension cannot be produced in them. 
In fact a gas is always subject to a positive pressure (negative 
tension) which can only approach the limit zero when the volume 
of the gas becomes very great. Its elastic behaviour can how- 
ever be brought within the scope of the preceding theory if we 
agree to use the term ‘ stress ’ for any small change in the pressure 
of the gas. For gases therefore equation (10°1) becomes 
pee one 
P 
In § 10 it is implied that stress and strain mutually determine 
one another; that for instance the components of the strain 
tensor are uniquely determined by those of the stress tensor 
and vice versa. Now small changes in temperature can bring 
about appreciable volume changes while the condition of stress 
is maintained constant. Such volume changes are relatively 
enormous in the case of gases. It is therefore important that 
definite thermal conditions should be laid down in dealing with 
elastic phenomena. Unless the contrary is stated or clearly 
implied we shall take the temperature to be constant without 
expressly mentioning this condition. That is to say we shall 
suppose the strain to occur under isothermal conditions. There 
is however one other thermal condition, or set of conditions, 
in which we are specially interested and which may be called 
adiabatic or isentropic. We shall understand by an adiabatic 
strain one which is produced very slowly and in such a way that 
heat is prevented from entering or leaving the strained medium. 
The isothermal relation between the pressure and volume of a 
given mass of gas is approximately expressed by 


pv =constant (Boyle’s law), 

and therefore 6p = — p®, 
so that under isothermal conditions (equation 10-101) 

k=p . 2a 2 ee dey 


Therefore the isothermal bulk modulus of elasticity, or briefly 
the isothermal elasticity of a gas is equal its pressure. 

The adiabatic relation between pressure and volume in the 
case of a given mass of a gas is approximately 


pv’ = constant, 
12 
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where y is a constant which varies from one gas to another. 
Consequently we have 


6 
dp = — yp— 


and therefore (equation 10-101), the adiabatic elasticity of a gas is 
k=yp . . .. » « (POT 


§ 10-2. DIFFERENTIAL EQUATION OF STRAIN. WAVES IN 
Evastic MEpiIa 


When we equate the force per unit volume of the medium 
to the product of its density (mass per unit volume) and its 
acceleration we have the equation 


G 02a, 


t 
nS = — : 
7 aa (10-2) 
Here R = (R&,, £&,, ae is the so-called body force per unit 
volume and 9 is the density. Substituting for t,,, the expression 
in (10-02), for ¢,, the expression (10°01) and the analogous 
expression for ¢,, we get 


al (e+ ie ae + (1 —* + b— Verh 


0 a , op = Ca , oy __ 62a 
242 Taal" ae | ae) 0 8 met 


After a little reduction this becomes 
07a, ee p oe da , Op , oy gues 
Ce “Fay (J +3e(= ae aye #) + He = ea: 


(10-201) 


or 


ea 


and we derive, of course, two similar equations from the Y 
and Z components of the force per unit volume. If the body 
force R is negligible or zero (10-201) is essentially identical with 
the wave equation (9°23). Instead of the vector » = (y,, y,, y,) 
in (9:23) we have the vector (a, 8, y); instead of the constant 
A in (9°23) we have here the constant n/o and instead of the 


constant B we now have (% + 5) /o. The discussion in § 9-2 


enables us to infer, therefore, that when a small strain is pro- 
duced in an elastic solid two waves will travel outwards from 
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the centre of disturbance, a longitudinal (or dilatational) wave 
with a velocity 


/ n+ (4 -- 3) 
ay = 
LS eee 
@ 
and a transverse (or distortional) wave with a velocity 


vf .. (10-211) 


In the cases of liquids and gases, for which ~ = 0, transverse 
waves obviously cannot be propagated, and the expression for 
the velocity of longitudinal waves in such media simplifies to 


am f= - oe... (10-212) 


The expressions (10-21) and (10-211) can be verified by 
considering a plane wave travelling in the X direction. In this 
ease the differential quotients, ¢/cy and d/cz, with respect to 
the Y and Z axes are all zero and equations (10-201) reduce to 


AN Ge g 
(i+ +)aa = gee 


. (10°21) 


Cac? ot?’ 
028 828 
Ont ORR” 
0% 02 


tet = Cay 
O20? ot? 

The longitudinal wave was one of the difficulties in the elastic 
solid theories of light of Fresnel, Neumann and MacCullagh. 
There are no optical phenomena requiring such a wave. The 
difficulty was at first imperfectly met by assuming the luminifer- 
ous medium to be incompressible, i.e. by assuming div (a, B, y) 
=0. This assumption makes & infinite, if the stresses are 
not zero, and hence the longitudinal wave travels with an 
infinite velocity. While getting rid of the longitudinal wave 
the assumption, div (a, B, y) = 0, led to insurmountable diffi- 
culties in other directions. Lord Kelvin solved the difficulty 
(so far as the wave phenomena of light are concerned; there 
are other phenomena which make the hypothesis of an elastic 
solid aether untenable) by the bold, but not very credible 
hypothesis that 


or k= — 
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This contractile aether banished the longitudinal wave by making 
it travel with zero velocity and it was shown by Willard Gibbs 
and others that it was adequate in other respects. 

We might be tempted to adopt the expression (10-21) for 
the velocity of a longitudinal disturbance along a thin rod. 
Closer investigation however shows that this would be an error. 
Let AB (Fig. 10-2) represent an element of the rod dx in length 
parallel to the X axis and suppose 2 to be the co-ordinate of the 


wc-tdx 2+50xr 
Fic. 10-2 


middle point or section of the rod, C. The force exerted over 
the area dS of the cross-section C must be equal to 
yas, 
Ox 
since the tension (force per unit area) is equal to the product 
of Young’s modulus and the elongation. Therefore the force 
over the section B, tending to pull the element to the right, will 


be equal to 
Ci, Gad 
¥ (x L =_it) ds. 
The force exerted over the section A, and pulling the element 
in the opposite direction, will be equal to 


The resultant force in the X direction is consequently 


02a 
Y. aa dS. 


This has to be equated to the product of the mass of the element 
and its acceleration, namely 
07a 
Ong da ds. 
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On equating the two expressions and dividing both sides by 
the volume, dz dS, we get 

07a 0a 

bat “O02” 
Consequently the velocity of propagation of such a disturbance 


along the rod is a 
a ee ee (10-22) 


The apparent discrepancy between this result and that expressed 
by formula (10°21), which undoubtedly represents correctly the 
velocity of propagation of purely longitudinal motions in a 
medium, is due to the fact that the propagation along the rod 
consists of longitudinal displacements associated with lateral 
contractions which travel along with them (see equation 10°04). 
This explanation can be verified by considering under what 
circumstances the longitudinal motions in the rod would be 
unaccompanied by lateral motions. This would be the case if 
Poisson’s ratio (10:04) were zero, i.e. if 
Bp Up 

When this relation subsists between & and n, the velocities (10-21) 
and (10-22) are in fact identical as we should expect. 


§ 10-3. RaApIAL STRAIN IN A SPHERE 


If the parts of the elastic medium are in equilibrium, and the 
body forces are negligible or zero, equation (10°2) becomes 


m\ 0 .. 2 
nYta + (b+ 2) div (a, By) =0 
and with it are associated two similar equations 
DEAE a 
nVB + (% 4 aa div (a, B, y) =0 
nyty +(k+2)< div (a, By) =0 . (103) 


If now the strain consists in displacements w along radial lines 
from the origin of co-ordinates we have 


Lis 


as eS, 
r 
md 
p = 2w, 
y= “1, (10-301) 
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where r = (2%, y, 2) and 2, y and 2 are the co-ordinates (in its un- 
displaced condition) of the particle which suffers the displacement 


1 
G= 
w. Then, remembering that Lee and therefore ~-= — = 
Che Ox rs 
and e0D == Bw we obtain 
Cia) ot Or 
Gn fll Gu 
: 7 “G =) ror 
y? Ow 
—)u Th r? or 
i 1 ge 2? dw 
a SS ff ee ee we A ; 1 ¢ 
oz *(! =) ar r2 0 (10a 
Consequently 
AR a) en (10-31) 
r or 
In a similar way it is easy to show that 
glenn tlie ral 2g 20 Cmte 
24y o— ae a ee ae, ae i : 
Ve Ou? v oy? G28 rs |r? Of © r or? ee 


On substituting in (10-3) we get 

re One) dr 
If we now turn the axes of co-ordinates about the origin to make 
the X axis coincide with r or w, we shall have « =r and the 


differentiation a becomes since for any function, ¢ of r only 


Ox dr’ 
Op dd or 
ou = dr “Ox 
eae when r = %. 
rdr 


The equation (10°33) therefore simplifies to 


d’p  2dw  2w 
(Ca (Ge tea art = e 
ow 
or rie + are — aw = 0 » « (10°34) 
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If we substitute r” for w in this equation we find that it is satisfied 
provided » is a root of the equation 
n(n —1) +2n —2=0 

or n? +n —2=0 A (10-341) 
Such an equation is called an indicial equation. Its roots in 
the present instance are +1 and — 2. Therefore r and r~? 
are particular solutions of the differential equation (10-34) and 
the general solution is 


Hes eke lee 
r2 


A and B being arbitrary constants. For the normal tension 
t., =, along a radial line through origin let us write — p,, 


so that p, is the corresponding pressure. We have now = a 
and 2) “. This latter relation follows at once from 
Oy o2 fr 
: 0 0 
div (a B= E+E +t 
or to 42m te 8 
is r 


Therefore by (10-02) 
—p, = (b +B) + 2(k 22, 
and on substituting for w the expression (10°35) we get 
4n.B 
ae = 3kA aes “ps . e ° . (10-36) 


If we write — p, for the tensions t,, =¢,, in directions per- 
pendicular to r we shall have 


—p,=(k-F m+ (i +e +(b- 2)Y 
eu 


or —), = (10-361) 
If we consider a ical portion of the medium with its centre 
at the origin, it is evident that the constant B must be zero, 
otherwise the displacement, w, as well as the pressures p, and p, 
would be infinite at the centre. In this case then p; = p, 
= — 3kA, and we have a uniform pressure the corresponding 
dilatation being 3A. Indeed the dilatation will in any case be 
constant and equal to 3A, as will at once appear on substituting 
the expression (10°35) for w in equation (10°31). 
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We next consider a spherical shell, i.e. a portion of the medium 
enclosed between concentric spheres of radii 7, (inner) and 7,, 
the common centre being at the origin. If p,, is the pressure 
on the outside and 7,, on the interior, (10°36) gives the two 
equations 


4nB 
— Po, = 3kA — 7B 
4nB 
— p1, = 3kA — ia? 


1 
which enable us to determine A and B in terms of these two 
pressures and the elastic moduli. We find 


cA Ue Eee we 
3k(r.2 — 73) 7 


Bee (D1, — Pop)t 772° 
4n(r,? — 743) ” 
and on substituting these expressions for A and B in (10°35), 
(10°36) and (10-361) we can evaluate the displacement and 
the pressures radial and transverse at any point in the interior 
of the shell. 
The type of problem just solved is of practical importance, 
for instance in the measurement of the compressibility (i.e. the 
reciprocal of the bulk modulus) of liquids. 


§ 10-4. ENERGY IN A STRAINED MepIUM 


Imagine a cylindrical element of volume with its axis parallel 
to the X axis. Let its length be / and cross-sectional area dS 
and suppose the state of stress in the medium is simply a tension 
t... hen the work done in producing a displacement a of one 
end of the cylinder relative to the other will be 


t,dSda, 


0 
since #,,, means the force per unit area. If the length of the 
cylinder be J this may be written 


d8.1. | taf(F). 


The volume of the element is dS and when its dimensions are 
very small 


0a 
= 5 = Su 


aI) 
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and hence the energy of strain is 
Sou 


| tS 


0 
per unit volume. 
If we use the principal axes of the strain (or stress, since we 
are dealing with an isotropic medium) as co-ordinate axes we 
find for the strain energy per unit volume 


| {T,,d8_, + TS, + T,@8,.}. 


Substituting e, f and g for S,,, S,, and S,, respectively for the 
sake of abbreviation and replacing 7,,, 7, and T,, by the 
equivalent expressions in (10°02), we obtain 

@ fg 


| {(Le + Mf + Mg)de + (Me + Lf + Mg)df 
+ (Me + Mf + Lg)dg}, 


in which 
4n 
ee ria 
2n 
M = a 6) 
3 


This becomes 
pL ee mee ame URC ree fo) a (0/2), 


or 
abe + f + 9)? + {le —f)* + YF — 9)? + @—e)*} . (10-4) 


This expression represents the strain energy per unit volume in 
terms of the principal elongations e, f and g and the moduli 
k and n. 


§ 10-5. EQuaTiIon oF CONTINUITY. PREVISION OF RELATIVITY 


It will be remembered that a distinction was made between 
the co-ordinates (x, y, z), which refer to the positions of portions 
or elements of the medium in its undisplaced or undeformed 
condition, and the co-ordinates (€, 4, ¢) which refer to actual 
or instantaneous positions at some instant ¢. In the present 
paragraph we are concerned with the latter co-ordinates only, 
but we shall represent them by (a, y, z) instead of (6, 7, ¢). 
Having made this clear, let us proceed to find an expression for 
the mass of the medium which passes per second through a closed 
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surface from the interior outwards. Let dS (Fig. 10:5) represent 
an element of area of the closed surface, its vectorial arrow being (as 
usual) directed outwards. Let the 
direction of motion of the medium 
dA in the neighbourhood of dS at some 
instant ¢ make an angle 0 with that 
of the vector dS and suppose its 
velocity to be c = (u, v, w). Obvi- 
ously u, v and w are functions of 
a 2, y, 2 and ¢. Construct a cylinder 
with its axis parallel to c and with 
dS 4 cross-sectional areadA = dS cos 0. 
paeraee It is not difficult to see that the 
mass of the medium passing through 
dS per second will be equal to that contained in a portion of 
the cylinder of length c. Ifo be the density of the medium this 
will be equal to 
oc dA, 
= oc dS cos 0, 
= (aC, ds), 


and therefore the total mass emerging through the whole surface 


per second will be 
| | (ee, dS). 


By the theorem of Gauss (§ 3) this is equal to 


ee 1. A at ee a dydz . (10°5) 


But the mass leaving any element of volume da dy dz per second 
must be equal to 


00 
ae dx dy dz, 


and therefore (10°5) is equivalent to 
= [{ [52 ae ay ae 5. (10501) 
On equating (10°5) and (10°501) we obtain 


O(eu) , (gv) , (gw) a z= : 
[{[{Ae + ee AO Sold dy de = 0 . (10°51) 

This result is true for any volume and therefore true when 
the volume is simply the element dz dy dz. We may therefore 
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drop the symbols of integration Ful and so obtain the important 
result 


0(ou) a, (ev) , (ow) ae de =0 . . (10-52) 
Chi oy t 
This is called the equation of continuity. 

We shall now turn back to equation (10°2), and give our 
attention to the case where the body force is zero. The equation 
therefore becomes 

oe ae oe a4 Be => 0Pa 

Coe 
The x, y and z on va a in as we have seen (§ 9:9), the in- 
stantaneous co-ordinates of the part of the medium considered 
and the t,.., ty, #,, are functions of these co-ordinates. On the 


2 
other hand the a, in ye on the right is regarded as a function 


of ¢ and the co-ordinates of the medium in its wndisplaced con- 
dition. We shall now express the acceleration in another way. 
It is of course equal to the increase in velocity u, — uw, divided 
by the corresponding time ¢, —7%,, or, strictly speaking, the 
limit to which this ratio approaches as ¢, — t, is indefinitely 
decreased. Now if w is a function of ¢ and the instantaneous 
co-ordinates x, y, 2, (We — %i)/(f2 —t1) becomes in the limit 


ou , Oudx , dudy , dudz 


=) aoe D 7 | 65 ob 
Ou Ou . OU ow 
or oF Sp ae oP oe ar Lae 


and consequently (10-2) may be ree i the form 


— (2244 =|. a + a) = o( st + us +uU = +e erp me ws) (10- 521) 


Now add A a equation 
=e 4 2(o%) a 4 (gv) om ai" ae | 


which is simply the ee of Pc “railed by uw. 
We obtain 
0 6) 0 0 
— (Pes + 4 Pray at Be) fou) , efout) , clown) , oleum) 
ici Ch oy 0z 


ata + Set) 5 Oy GUY) , 8 Pps tt Qu) , (et) _ 9 (19.53) 
aut ay a2 al 
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We have so far spoken of the velocity (wu, v, w) in terms which 
imply that every part of the medium within a sufficiently small 
volume element will have the velocity (u, v, w) or a velocity 
differing from it infinitesimally. The medium is however granular 
in constitution, and the individual particles or molecules will 
have velocities which differ widely from one another. What 
then is the meaning of the velocity (wu, v, w)? It is clear that 
when we associate this velocity with an element of volume 
dz dy dz it can only mean the velocity of its centre of mass. Let 
m, be the mass of a single molecule and (u,, v,, w,) its velocity, 
and let (u,’, v,, w,’) be its velocity relative to the centre of mass 
of an element of volume within which tt is situated, then 
=U, + 4, 
v, =v, +2, 
WwW, = w, +w. 
Consider now the quantity 
XM ,UY,5 
where the summation is extended over the unit volume, i.e. it 
is carried out over all the particles in an element of volume 
and the result divided by the volume. The sum 
2M,U,V, a am,(u,’ al u) (v,! “Ar v) 
= LMU, Vs + VUM,U,’ 
+ urxm,v,’ + uvum,. 
This reduces to 
m,uv, = LM,U,'v, + ouv 
because Li, — oi) ee 
and um,v, = &m,(v, — v) = 0, 
by the definition of centre of mass. 

Considerations exactly similar to those explained above in 
arriving at the mass ecdA, passing per second through the area 
dA at right angles to the velocity c (Fig. 10-5) lead us to the 
conclusion that 

um,u, 0, dS, 

is the X component of the momentum which crosses the boundary 
dS, (see Fig. 9-73) per second from the side a to the side 6. It 
is therefore equal to the X component of the force exerted on 
the medium on the side b of dS, by the medium on the side a. 
Consequently 

LMU, Vs = Days 
and therefore LUIM,UsVs = Dy + QU. 
It is now evident that we may express (10°53) in the form 


Oo(umu,”) , 0(im,u,v,) , 0(&mMm,u,w,) 4 Het) an P 
a a lee seme 
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To this we may add two equations similarly associated with 
the Y and Z axes. 

The form of equation (10°54) suggests a four-dimensional 
divergence. ‘This suggestion becomes still stronger if we multiply 
the last term above and below by a constant c with the dimensions 
of a velocity—we need not at present inquire whether any physical 
significance can be attached to c—and use the letter / for the 
distance cf. We ee obtain 


a 
Ox 
To this equation we may of course add 


2 ae ee = —— 
(Bm) + ge many.) + Bmanaw,) + Seem 0, 


_ + ge Clmgn?) + 5 2mvan,) + 5 Sm) = 0, 


— (Em) -+ = m0, 3 = (Em, 2) + < m,n.) = (0. 
and the sia fourth ae is ey 
0 7) 0 
5, eMsCuts) at By meer) or Ay (mMscwa) 


+ 5 (Em,c2) =0 . (10-55) 


Now this fourth equation (10°55) is one we have already derived. 
It is in fact the equation of continuity since 

Ce LMU, 

ov = &M,V,, 

ow = Tm.w,. 

Equations (10°55) give us a prevision of the restricted or, 
as Einstein prefers to call it, the special theory of relativity, 
which draws space and time together into one continuum of 
a Euclidean character. 
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CHAPTER VIII 
HYDRODYNAMICS 


§ 10-6. Equations oF EULER AND LAGRANGE 


E now turn our attention to media for which n = 0. 
In such media the tangential stresses, such as t,, 


= — Py, are zero and Pry = Py = Pe =p (§ 10). 
Consequently the equations (10-2) take the form 


op _ oa 
A en we Corer 
op at 
Oy ae ft, Slap OF? 
Q 0? 
— E+ B, = ont - we (10-6) 


If the body force R is derivable from a potential, as is the case 
for example when it is due to gravity, 


R = — 0 grad V 


oV 
Be — bi? 
OV 
OV 
Be= — Os 


in which ¢ is the density of the medium; and if in (10°6) we 
02a 
replace — air by 


Ou ou ou ou 


ot 
as in equation (10-521) we get 
lop oV ou you wae 
2 ee wate cial 


and two similar equations associated with the 2 and Z axes 
180 
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respectively. The density, e, is a function of the pressure, p 


and therefore we may put a in the form dl and so we get the 
@ 


equations 
_ oll OV ou Ou Ou Ou 
~ Fe ea 
_ at. OV _ wv 2 bu +0 va wet 
y oy 
i on a ia tp 
Beesiies = ce “eee, oe fuel) 


These are Euler’s hydrodynamical equations. It is import- 
ant to have clear notions about the meanings of the variables, 
more especially the independent variables, which appear in these 
and other hydrodynamical equations. We must regard 2, y, 
and z as the co-ordinates of the centre, or centre of mass, of a 
small volume element at the instant t. For the sake of brevity 
we shall say particle instead of.centre of mass of a small volume 
element. With this explanation we may describe x, y, and z 
as the co-ordinates of a particle of the medium at the instant f, 
or as the instantaneous co-ordinates of the particle. It is how- 
ever sometimes convenient to use as independent variables the 
co-ordinates (X%, Yo, 20) and the time, ¢, where (% Y% 20) give 
the position of the particle at some earlier instant, f,; and we 
shall have to be on our guard against the error due to attaching 
the same meaning to 0/ot in the two cases. If y is some function 
of the four independent variables, we shall adopt for partial 
differentiation with respect to ¢ the following notation : 


xu when y = function (a, y, 2, £), 


and = when y = function (Ho, Yo, 20, #) . (10°701) 


The differential quotient = therefore means a partial differen- 


tiation of y with respect to ¢ when %, y» and 2» are not varied. 
It therefore means the limiting value of | 

{ae ae Yi 

ty ty 
where wy, and y, are the values of yw for the same particle (%, Yo 
and 2) being unvaried) at the times ¢, and ¢, respectively. But 
we have already seen (§ 10-5) that this er value is 


ot use + ot fw 
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Therefore 


sal oe tot Vs? (0-70m 


Dy oy Oz 
Suppose for example that y =. Our formula becomes 
Du Ox Ox Ox Ox 
Di 2 sae ee 
But x y 2 and ¢ are independent variables ; therefore 
On On Ox 


and = = 31, 
consequently — =U, 


as is otherwise evident from the definition of = given above. 


Obviously Euler’s equations may be expressed in the form 
0 Du 
-~(1+V) =; 


— I+ V) =>... (10-703) 


oy 0% 
a and on, respectively 
—x, y and z can be regarded as functions of %, Yo, % and t— 


and add, we obtain 


If we multiply these equations by ha ; 


Se ox 0 oy , a _ 
{a+ Vie + (I + Veh + SUT + Vine 
_ Duce , Dvoy | Dwee 
~ Dt du, Dé du, ° Dt du,’ 


0 Duox , Dv cy , Dwez 


Si irre 8 on ae, Ds Sa 
to which we may of course add 
0 _ Dude | Duty , Dw & 
am = Te ay, HDAC EDICTS 


_ Du oe , Duoy , Dwez 
Sos, ap 
These are Rs ‘Ayde@ayhanteal sae of Lagrange. 


(10-71) 
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The complete expression for se being 


Op _ Op dx , Opdy | Op oz | Op Ot 
Ot, Ox Oty OY OX, ve Oz 0%) Ob Oxy 
it seems as if we ought to have written the left-hand side of 
(for example) the first equation (10°71) as 
OV) , EY V) at 
OX ot 0X9 
But we have to remember that ¢ and 2, are independent variables 
and therefore 
ot 
OX, 
a aks 


Such an expression as sibs (els may be written in the form 
Dt dx, 


Bie — un (= 
Dt =) Dt ==) 


; : D 
or, since ¢ and x, are independent, we may interchange — and — 


= (). 


Dt Oe. 

thus obtaining 

a) ee 

Dt‘ dx, Dt =) kik a) 

Du 0x 

os = Ses 
a Dt 0a, Di =) ml au"); 
a. Dv oy _ CU Ne CR, 6 
similarly ee aise aa ye 

Dw oz 

sai Ly? : 
ga Di 0x5 =5 o) matt oi aa clean 


Applying this result in ae (10°71) we get 


‘ D ee 
ae + V) = luge, + OBE. + ge) — gac(be 
or 
- 5 UT + V — 4c) == ue 7, vel +0 wet) (10-712) 


If we multiply both sides of this last ie by Dt and integrate 
between the limits ¢, and # (% Yo 2) being kept constant of course, 
so that the function JJ + V — $c? refers all the time to the 
same material in the course of its motion) we obtain 

t 


~~ (W+V - e*)Di = ue = 4 oot + wet — Uo, 
0 
13 i 
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0X5 CYo __ 2 _ 
since ae, = 1 and oe Ce 
If we represent the integral on the leit by yz, this becomes 
0 Ox oy Oz 
ae OE ea deve th Ae — Uo; 
and we may similarly derive 
=e sa yo an OU er a 
oy is OY OYo CYo st 
a ee oy Oz 
ca! bz, = Oi, a aos -+- can Wo . . (10 72) 


These are Weber’s hydrodynamical equations. Let (% + 6x, 
Yo + 6Yo, 20 + 620) be the position of a particle in the neighbour- 
hood of (%, Yo, 20) at the same time f, and multiply Weber’s 
equations by dx, dy) and dz) respectively and add. We thus find 


ae i yy 
(<4 ta )Oe at Ce v9) bye 4F & to) Bi 


= udx + vdy + wdz . . (10°721) 
If at the time ¢, a velocity potential 4, exists, i.e. if everywhere 
U=- — Oo 
0 Oy” 
_ _ po 
Vo ames Oyo 
_ _ &dbo 
Wo Oz0° 


equation (10°721) becomes 


7) 3 9 
— tan! (% + $o)d%0 + a By + $o)0Yo + a2, \% ak: $0)8z0| 
= udu + voy + wee; 


or since 
62) = the A =u se X50, 
OY = 2, + sey + ms 
a ee 4. Sy Ke = 


— {Ble + ddd + Ze + deldy + ee + dulee} 
= mee + vdy + woz. 
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Hence in such a case 


ee ag _ _ op 
Dar ee aa 

PL _ __ od 

Oe aye + Po)» == by 

aoe oC _ __ Od : 
te az \% + $0) a se (10-73) 


This means that if at any instant f, a velocity potential ¢, exists 
there will always be a velocity potential d = y + do. 


§ 10-8. ROTATIONAL AND I[RROTATIONAL MOTION 


In equations (9°622) a small rotation of the medium is 
represented by (q,, g, 7.) and the corresponding small displace- 
ments by (a, f, y). If both sides of the equations are divided 
by the short interval of time during which the rotation and dis- 
placements are effected they become 


Cy ce 
20 a ow 
4 02 = Om? 
ov =u 
OF > » “e 4) (10:8) 


where (w,, @,, w,) is the angular velocity of the medium. We 
may also arrive at this result in the following way. By the 
theorem of Stokes 


(ude + voy -+ woz) =| | (curl c, dS), 


the integration on the left extending round any closed loop in 
the medium at the same instant, t. Now suppose a motion of 
pure rotation with an angular velocity w to exist in the neigh- 
bourhood of some point (x, y, z) and imagine the closed loop 
to be a small circle of radius r having its axis coincident with 
the axis of rotation. The line integral on the left becomes 


2arc, 
while the surface integral on the right becomes 
curl c.2r?. 
Therefore 2arc = curl c.2r?, 


Cc 


186 THEORETICAL PHYSICS [Ch. VIII 


But c/r is the angular velocity. Therefore 
2w = curl c. 
This is equivalent to (10:8). 

When w = 0 we speak of the motion as irrotational. It 
should be observed that a mass of fluid may be revolving about 
some axis while its motion is nevertheless irrotational in the 
sense defined above. This is illustrated in Fig. 10-8. The case 
(a) represents irrotational motion, the true rotational motion 


A —— BA 
QE, 
aco \\ 


B 


(b) 
Fic. 10:8 


being shown in (b). In the former case curl c is zero notwith- 
standing the fact that the fluid may be said to revolve about 
an axis O. Clearly the motion will be irrotational if a velocity 
potential exists, since the curl of a gradient is zero (2°431). 


§ 10:9. THEOREM oF BERNOULLI 


Turning to the first of Euler’s equations (10-7), let us subtract 
from it the identical equation 


0 ) 
== —— ae 2 2 
= (4e*) = da (ue + 0% + w?) 


Oey eee Oe eae ow 
or . pee) ee or Ore a. 
We thus get 
mies V + 4c?) oe + 2wo 
Oa: : ot ; ye 


and, in a similar way, we find 
0 Puy Gt 


— 2 + V + Jet) = © — 2u0, + 200, (10-9) 
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If the motion is stationary, i.e. if the state of affairs at any 
point (z%, y, 2) remains unchanged during the motion, all the 
differential quotients ¢/ot are zero, hence 


E a0 4 V + 4c%) = 2wo, — 2v0,, 


_ “ UT + V + 4c?) = Quo, — 2we,, 
= a + V + $c?) = 2vm, — 2um, . (10-901) 


If the motion is irrotational as well, w, = a, = 0, =0 and 


consequently 
T+ V+4c?=constant . . . (10-91) 


This result, known as Bernoulli’s theorem, was given by Daniel 
Bernoulli in his Hydrodynamica (1738). Even if the motion is 
rotational Bernoulli’s theorem will still be true for all points 
on the same stream line, that is to say 7+ V + 4c? will 
remain constant along the path of a particle of the fluid, pro- 
vided of course the motion is stationary. This can be shown 
in the following way : The equations of a stream line are obviously 
feody de = u:v:w, or 


C2 = At, 
Lf An, 
dea— Awn =e (10-902; 


Multiply equations (10-901) respectively by dz, dy and dz and 
make use of (10-902). We find 
—d(T+ V + 4c?) = 2A {uwa, — uvo, 
++ VUw, — VW, + Ww, — wu, }. 
The right-hand side is identically zero and therefore 
JT + V + 4c? = constant. 
If the fluid be incompressible (9 = constant) and V the 


gravitational potential, Bernoulli’s theorem assumes the familiar 
form 


- + gh +4c%?=constant . . . (10°91) 


h being the height of a point in the fluid measured from a fixed 
plane of reference, » the pressure at that point and c the velocity 
of the fluid. 

The formula of Torricelli for the velocity with which a liquid 
emerges, under gravity, through a small orifice in a wide jar 
is an immediate consequence of Bernoulli’s theorem. Let the. 
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fixed plane of reference be that in which the orifice, A, is situated 
(Fig. 10-9 (a)) and consider first a point in the surface B of the 
liquid, the area of which we shall suppose is very great com- 
pared with the cross-section of the orifice. The velocity at B 
is practically zero, therefore the constant quantity of (10-91) 
reduces to 


B 
— + gh, 
Q 


where B is the atmospheric pressure. At the orifice on the 
other hand / is zero, the pressure is again atmospheric and the 
liquid has some velocity c, therefore we have for the same 
constant 


B + $c?. 
@ 


On equating the two expressions we find 
c? = 2gh. 


This result can only be approximately true for any other than 
an ideal liquid, since the hydrodynamical equations from which it 


B Bak 
h i 


(6) 
VA 


(a) 
Fia. 10-9 


has been derived entirely ignore viscosity. It will be observed that 
the deduction is only valid for points at the surface of the emerg- 
ing jet, since it is only there we may assume the pressure to be 
atmospheric. If the orifice is very small the velocity will be 
practically the same all round the jet, whether the orifice is in 
the side of the vessel or at the bottom, as shown in Fig. 10-9. 
The stream lines converge in the neighbourhood of the orifice 
(see Fig. 10-9 (b)) until at a place C, a short distance outside 
the vessel, the cross-sectional area of the jet is reduced, as will 
be proved, to half that of the orifice. This is the vena contracta. 
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Here obviously the stream lines become parallel and conse- 
quently the surfaces of constant potential, indicated in the figure 
by broken lines, are also parallel to one another and perpen- 
dicular to the axis of the jet. Thus the potential gradient, and 
therefore the velocity, will be constant in the vena contracta. 
If A be the cross-sectional area of the orifice and A’ that of the 
vena contracta, the force exerted at the orifice on the emerging 
liquid must be equal to Aogh. On the other hand it must be 
equal to the rate at which momentum passes through A and 
therefore through A’, if we neglect momentum produced outside 
the orifice by gravity. But the volume of liquid passing through 
A’ per second is A’c and the momentum per unit volume is oc. 
Hence the momentum passing through A’ per second is A’oc?. 
Consequently 


Aogh = A’oc? 
A 
2 
or oe gh. 


On comparing this with Torricelli’s formula we see that A = 2A’. 


§11. Tue Vetociry PoTENTIAL 


When a velocity potential exists, i.e. when the velocity is a 
gradient, it is evident that the motion of the fluid is irrotational, 
since 2w is equal to the curl of the velocity, and the curl of a 
gradient is zero (2°431). Conversely if the motion of the fluid 
is everywhere irrotational, i.e. if w is everywhere zero, the line 
integral 

(ude + vdy + wéz), 


taking round a closed loop in the fluid at some definite instant ¢ 
will be zero by the theorem of Stokes. Hence the integral 
C 


| (udz + vdy + wéz) from a point A to another point C is 


& 


independent of the path or 
| (ude + vdy + wéz) = | (udx + vdy + weéz), 


ABC ADC 
(see § 5-1 and Fig. 5-1). Whence it follows that c = (u, v, w) 
is a gradient ; in other words a velocity potential exists. This 
type of field vector is called a lamellar vector and the corre- 
sponding fluid motion is called lamellar motion, 
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If the fluid is incompressible (@ constant) the equation of 
continuity (10:52) becomes 


ea aa 
or divce=0 . .. . » = Gh 
and consequently, by (10°73), 

2 2 

op 4 iP oP og ere 


Ci y - eee ce 
This is Laplace’s equation. We shall see later that it is also 
the equation for the potential in an electrostatic field, in regions 
where there is no charge, when ¢ is the potential; and therefore 
problems of lamellar flow in an incompressible fluid are mathe- 
matically identical with electrostatic problems in regions free 
from electric charges. 

For the sake of argument let us imagine fluid to be created 
at one point (which we may conveniently take to be the origin 
of rectangular co-ordinates) at a constant rate of Q cubic centi- 
metres per second. Since ¢ is constant @ cubic centimetres will 
then pass per second through any spherical surface of radius r 
with its centre at the origin. This of course will be true of 
any surface completely enclosing the origin, on the assumption 
we are making that the density @ is constant. Hence the volume 
passing through any square centimetre of the spherical surface 
per second will be Q/4zr?. This means 

_ @ 
dar? 
We have therefore an inverse square law for c, which, being the 
negative gradient of the velocity potential, corresponds to the 
field intensity in electrostatics. The point source of the fluid 
corresponds exactly to a point charge of electricity equal to Q 


in suitable units. Obviously the velocity potential is 7 SO 
7 


that : is a solution of (11:01). This has already been proved 


in § 3:1. Applying the method of § 3-1 to find the values of n 
for which r” is a solution of (11:01), we get 
Y (08) Sr a ae 
Therefore n2+n=0, 
or n= —1 or QO, 
and the corresponding solutions are 
¢@ = constant, 


and jee ee. (1102) 
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We can derive an unlimited number of solutions from (11:02) 
by differentiation. We have 


0 Pade cos 
ay? = 9 
and, in consequence of the independence of the variables, x, y, z, 
og 
Dione (ie 
v = e 


Therefore if ¢, is a solution of V/*¢é =0, so is we Hence 


among the particular solutions of V?é =0 are included the 
following : 
ott asl =) 
r 


Chel Moral 
where a, 6 and ¢ are any positive integers. 
Instead of imagining a point source, let us suppose the fluid 
to be created at constant rate over an extended region. This 
means that we are giving up within this region the equation 
divec — 0; 
and therefore also Vi20 10 
If < is the volume of fluid created per second in one cubic centi- 


metre. The volume Q created per second in a sphere of radius 
r will be 


(11:03) 


4a 
= ie. 
me 
If we assume radial symmetry the velocity at points on the 


surface of the sphere will be 


Q _é 
~ 42 3° 
or c= (Se. <y, 5) = (u, v, w) 
3° 38 3 
and therefore A . : 
U v w 
div Cie re Gy) BDz 
or divac—«. 
or otherwise expressed 
Ved —e eo = - (11-04) 


This result, known as Poisson’s equation, will still hold even 

if the assumption of radial symmetry is dropped since any 

additional velocity, c’, which we may imagine to be superposed 

on that possessing radial symmetry, is bound to conform to 
div c’ = 0 
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§ 11-1. Kinetic Eneray In a FLUID 


The kinetic energy in a given volume of the fluid will be 


2| | (ect de dy de 


the integration being extended over the whole volume in question. 
If the fluid is incompressible (g constant), and if a velocity 
potential exists, this becomes 


je te| || (grad $)? dx dy dz. 
If we write U = V = ¢ in equation (3-1) we find 


T = —t0||[4Vv #dedy de + $l [ip grad 4, dS), 
and since V/7¢ = 0 
ek \@ grad¢d, dS)... (11-1) 


the integration extending over the bounding surface or surfaces. 
Or we may express it in the form 


7 —2(| Fas ee we (ET 


where (§ 3:1) 2 means differentiation in the direction of the 


outward normal to the surface. 


§ 11-2. Motion oF A SPHERE THROUGH AN INCOMPRESSIBLE 
FLUID 


We shall now study the steady irrotational motion in an incom- 
pressible fluid through which a sphere is moving with a constant 
velocity. Let the centre of the sphere travel along the Z axis 
with the velocity Co, so that Cy = (0, 0, ¢>). We may obviously 
take the velocity of the fluid at points very far away from the 
sphere to be zero. If we now imagine a velocity — Cc, super- 
posed on the sphere and fluid, the former will remain at rest, 
and we may choose that its centre is at the origin of co-ordinates ; 
while the distant parts of the fluid will have the velocity 


i — 
D==— 0s 
W = — Co. . . « « | | (gS 


We now inquire about the velocity potential. Apart from a 
constant it must have the value 
(pi Cicer (11-201) 
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at distant points, in order to give the velocity (11:2). Near 
the surface of the sphere ¢ must conform to the condition 

Op __ 
ae mee ee (TT O 
on substituting R, the radius of the sphere, for 7, since the 
component of the fluid velocity in directions normal to the surface 
of the sphere must necessarily be zero at the surface. In addition 
to the conditions (11°201) and (11-202) ¢ must of course satisfy 


equation (11-01). The particular solution ¢ ~- does not help 


us, because of its radial symmetry. We want a solution with 
the axial type of symmetry and this at once suggests 


0/A 
a =(<) 2. (11-203) 
where A is some constant. The sum of the particular solutions 
(11-201) and (11-203) will also be a solution of Laplace’s equation. 


We therefore try 
0/A 
db = Coz + =(<) 
Az 


or d = Coe — 73 ° : ‘ C ° (11-21) 
This satisfies Laplace’s equation and the condition (11:2) for 
the motion of the distant parts of the fluid, and we have still 
to inquire if the remaining condition (11-202) 


Op 
or 


can be satisfied by giving A a suitable value. We can put ¢ 
in the form 


Gm cut Az 
a 
A 
or n= (cor -5) cos 0, 


where 0 is the angle between the Z axis and the radial line from 
the centre of the sphere through the point (x, y, z). The differ- 


entiation & means a differentiation subject to the condition that 


cos # is not changed ; therefore 


Se o + =<) cos 6, 
Or 73 
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and at the surface of the sphere this becomes 


Od 2A 
= = (ce ~- =) cos 0. 
R 


This will vanish if 


so that the appropriate expression for ¢ is 


Ch ; 
DIE OP et . » « « (Piezay 
This is the velocity potential for the case where the sphere is 
at rest with its centre at the origin, and the distant parts of the 
fluid have the velocity (11:2). If we now superpose on the 
whole system the velocity 


(b=), 
Ys) 
W = Co; 
we have our original problem again, and ¢ becomes 
Co h8z 
db == Oye ee a = Ge. 
Coles 
= 11-23 
or j= (11-23) 


It is important to note that this expression represents the velocity 
potential only at the instant (¢ = 0) when the centre of the 
sphere is at the origin of co-ordinates. 

We are now able to work out an expression for the kinetic 
energy 7',, of the fluid. Equation (11°15) gives us 


cel c, Rez ae é 
T, 40 | | LS a (SY) 


The integration has to be extended over the boundary of the fluid. 
We may think of the fluid as bounded by the sphere of radius & 
with its centre at the origin, and bya sphere of infinite radius with 
its centre at the origin. As the differentiation 0/en is in the direc- 
tion of the normal outwards from the fluid, it will be equivalent to 
o/oron the largesphere and to — 0/dr on the surface of radius FR. 


In either differentiation cos 0 = - is constant. It is convenient 
; Tr 


to use as variables r, 0 and ¢, instead of x, y and z, where ¢ 
is the angle between any plane containing the Z axis and some 
fixed plane containing the Z axis, for example the XZ plane. 
We may suppose ¢ measured in the direction of rotation of a 


§ 11-2] HYDRODYNAMICS 195 


screw which is travelling along the Z axis in a positive sense. 
The co-ordinates 7, 9 and ¢ are known as polar co-ordinates 
and are related to x, y and 2 in the following way : 


z2 =r cos 0, 
x =r sin 6 cos 4, 
y=rsin@sing, . . . . (11:241) 


If on a sphere of radius r we vary 6 and keep ¢ constant we shall 
have a great circle. Collectively these circles will be like circles 
of longitude, and will have a common diameter contained in 
the Z axis. On the other hand if we vary ¢ and keep @ constant 
we shall get a circle (like a circle of latitude) with a radius 
rsin@. A small element of area, dS, bounded by 0, 0 + dé, 
¢ and ¢ + d¢ will be equal to 


dS =rdé.r sin 6 dd 


or | dS=rtsn0d0dh . . . (11-242) 
Introducing the new co-ordinates in (11:24) we get 
; Qesup Wes 2a 
meee noni pie. | cole EE 
ae 30) | apa 008 Or 5a 008 O-r? sin 6déd¢. 
C—O mona 


The integration with respect to ¢ is clearly equivalent to multipli- 
cation by 2%. We have therefore 


6p 2 E 
7, = SNP" |eos® 6 sin 60 ~ Se e os? 0 sin 0d0. 


0 
r=R 7 = © 


The second integral is obviously equal to zero, and we have 
T, = ort Rc 2 


3 
3 
we find T, = dmc)’, 


where m evidently means the mass of the fluid filling a volume 
equal to that of the sphere of radius R. If M be the mass of 
the sphere itself, the total kinetic energy of the moving sphere 
and fluid will be 
T =4Mc,? + ime? 

or T=4(M+i4m)c? . . . . (11:25) 

Briefly we may say that the presence of the fluid has the 
same effect on the motion of the sphere as if its proper mass 
were increased by an amount equal to one-half the mass of 
the fluid filling a volume equal to that of the sphere. 


196 THEORETICAL PHYSICS [Ch. VIII 


§ 11:3. Waves in Deep WATER 


Let us think of the liquid as resting on a horizontal surface 
coincident with the XY plane, the Z axis being directed up- 
wards. We shall inquire about the velocity of harmonic waves 
(if such waves be possible) travelling in the X direction. Differ- 
ential quotients with respect to the Y direction are therefore 
zero and Laplace’s equation becomes 


Oh , Oh _ 
ane + Ae = 0 * ° ° e ° (11 3) 
A suitable equation for such a wave is 
@=Acosa(x—at). . . . (11:31) 


where a (= 22/A, see § 9) and a are constants, and A depends 
on z only. Substituting in Laplace’s equation, we find 


024 
— a?A cos a(@ — at) + pa C08 a(v — at) = 0, 


and consequently 


= =e 
from which we derive 
AA (Ce Ce ne (11-311) 
A, and B, being constants. So that (11:31) now becomes 
@ = (A,e* + Bye~) cos afa — at) . (11:312) 


The vertical component of the velocity of the water must 
be zero at the plane on which it rests, i.e. 


no 


a(A,e* — B,e-%*) cos a(x — at) 
must be zero when z = 0. It follows consequently that A, = By 
and the expression for ¢ becomes 

od = A,(e* + e~*) cos a(u% — at) » (11:32) 

It is convenient to make use of the hydrodynamical equations 

in the form (10-9), remembering however that w, = w, = w, = 0 
and replacing wu, v and w by the corresponding gradients of the 
velocity potential. These equations are therefore 


2 
— FUT + V + 4c) = Ci 


Therefore 


 Ofox? 
,) van ee 


— 2a + V+ yer) = — 8 »  « (11:33) 
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Multiplying by dz, dy and dz respectively and adding we get 


— di + V +42) = —a(*), 
and therefore WT+V+4c? = pt + C. 


Replacing [J by - and V by the gravitational potential, gz, 
we obtain 
Pi ge+ict=t+o - oe (1331) 

It will be noted that the process of integration out of which 
C has arisen leaves open the two possibilities, namely that C 
is a constant or depends on the time only. 

We may now introduce certain approximations, if we agree 
that the waves are to be restricted to small amplitudes and 
velocities. On the principle of neglecting squares and products 
of small quantities we shall cut out the term $c? in (11°331), 
and since the pressure on the surface of the liquid must be 
everywhere constant, we have there 


Dp _ 
Di 
In consequence we get from (11°331) 
Dz D/oed DC ‘ 
=F a) toy Jee (11332) 


This must hold at any rate in the immediate neighbourhood of 
the liquid surface. Now 


Di _ 2% 
Di ~ | Ge 
Ded, Od ,  d/2 Qo Q 8d 
ei) as tea) tog (or) + ee, 7) 


which becomes, in consequence of small amplitudes and velocities, 
ae as 
Di\ ot 


aan ck 
Kquation (11°332) thus takes the form 

Cp mm Gehan IC. 

9 a De 


1 Consequently in the equations which follow z means the whole depth 
of the water. 
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If we now substitute in it the expression (11°32) for ¢ we arrive at 
— agA,(e*— e~*) cos a(x — at) 


+ a*%a?A(e* + e~*) cos a(w — at) = = 
since C’ is either constant or depends on t only. Or more shortly 
dC 
— = =O 
Ti K cos a(x — at) 


The last equation indicates that dC/dt is zero, since if it varied 
with ¢ it would necessarily vary with xz also, and this latter 
possibility has already been excluded. Hence 


K = a?a7A,(e* + e~*) — agA,(e* — e~*) = 0, 


and i 


29 2r 
ou De 
or es a ee oe (1134) 


In deep water therefore, where 5 is very great, the expression 


for the velocity approximates to 


(11-35) 


§ 11-4. Vortex Motion 


A line drawn in the fluid, so that its tangent at every point 
on it at a given instant coincides with the direction of w at 
that point, is called a vortex line. The equations of a vortex 
line will therefore be 


Sa-¥-* |. . ae 


if dz, dy and 6z represent a short arc measured in the direction 
of w. Ifa vortex line be drawn through every point on a closed 
loop the resulting set of lines constitutes a vortex tube and it 
will be convenient to use the term vortex filament for a vortex 
tube of very small or infinitesimal cross-sectional dimensions. 
The following simple example will serve as an illustration. 
Imagine a fluid in revolution about an axis passing through the 
origin and suppose the angular velocity q of any particle about 
the axis to be a function of its perpendicular distance from it. 
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We have for c the velocity of a fluid particle (see for example 
equations 9°61), 


c = [qr], 
where r is the vectorial distance of the particle from the origin. 
Therefore 
U= Ge — Gy; 
0 = G& — qk, 
W = GY — Gy. 


Now suppose the axis of revolution to coincide with the Z axis. 
The last equations become 


Ca cia GY, 
O) SAG) ee. 
OD a0, 
Hence 
ov ou = 
9 gis ey ee Z z 
Se OG 2 Og 
or 20 ee, 
ONG” a eh 
if 0? =z? +y?. Therefore 
‘ oq 
2w, = 2g, + ent 
“89 
a du = 24 + 054 ea 
which becomes, if w is constant, 
g=0+5 Sets © ae (11-411) 


A being a constant of integration. Let the constant rotation w 
be equal to w, when 0 < go, and zero when @ > @.. When 
therefore @< @, the constant A must be zero, otherwise q would 
be infinite in the axis, where 9 = 0. Consequently 


Ge=. ee . . (11-412) 
within the cylinder of radius 9, and the fluid within the cylinder 


will turn about Z like a rigid body. Outside this cylinder 
w = 0 and therefore 


oA 
q = oF 
and if we wish to avoid velocity discontinuities we must have, 
when @ = Qo 
q 9 — Wy = — 


Qo” 


14 
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Hence outside the cylinder 


One), 
2 

and q=ft . . . . ey 
@ 


The vortical region is within the cylinder of radius o,. It is 
only here that the rotation w is different from zero. Outside 
the cylinder it is true that the fluid is travelling round Z, but 
there is no rotation in the sense in which we are employing the 
term. The distinction between the two types of motion is illus- 
trated by Fig. 10-8, (a) showing the irrotational motion and 
(6) the rotational motion. The irrotational motion round the Z 
axis is like that of a man who walks round a tree while all the 
time facing north, whereas he would exemplify the rotational 
type of motion if he were to face steadily in the direction in which 
he is travelling while going round the tree. 

With the help of one or another of the hydrodynamical 
equations given above we can easily deduce some interesting 
properties of vortices. Starting with the equation (10-721) 
in which it will be remembered 6%, dy) and dz, represent the 
vectorial separation of two neighbouring fluid particles at the 
same instant, ¢), while 6x, dy and 6z represent the separation 
of the same particles at some later instant, ¢; we integrate 
round a closed loop and thus get 


H(UpO% + VoAYo + Wod%) = H(udx + vdy + woz) . (11°42) 


pie — sb + sen) obviously vanishes. 
Either integral is called the circulation round the loop over 
which it is extended, and since both of the loops thread together 
the same chain of fluid particles the theorem (11°42) affirms 
that the circulation round a loop connecting a chain of fluid 
particles remains unchanged in the course of the motion of 
the particles. The theorem of Stokes enables us to express 
(11-42) in still another way, namely 


| | (curt co, dS) = | [ (curl e, 48), 


since the integral ¢ ( 


or, as curl c = 20, 
( | (codSo) = { | (eas) . (12-421) 
This means that the integral (wdS) extended over a surface 


will remain unchanged as the surface is carried along by the 
motion of the fluid. 


§ 11-4] HYDRODYNAMICS 201 


The statement (11°42) includes the special case that if the 
circulation, at some instant, taken round any closed loop what- 
ever, is zero, then it will always be zero, and this means that a 
velocity potential exists (§ 11). It follows from (11-421) that 
if w is zero in any portion of the fluid at any instant, it must 
always be zero in that portion of the fluid. 

Since w is the curl of a vector (w = 4 curl c), div w must 
be zero, by equation (2°42). Therefore the integral 


| | | div w dedydz, 


extended over the fluid contained at a given instant within a 
closed surface must be zero also, and by the theorem of Gauss 


{ [(e 4s) =0 ~ oe ee (11°43) 


when the surface integral is extended over the closed surface 
and dS has the direction of the outward normal. If now the 


(a3) B Fie. 11-4 


closed surface be part of a vortex tube bounded by two cross- 
sectional surfaces A and B (Fig. 11-4), the part of (11°43) which 
extends round the tube must be zero because w is parallel to 
the side of the tube, and therefore perpendicular to the direction 
of the vector dS. We are consequently left with the surface 
integral over the cross-sectional faces A and B, and so 


[fle dS) + AK dS)=0 . (11-431) 


The vector dS, having in (11-431) the direction of the outward 
normal, will have its vectorial arrow passing through A in the 
same sense as that of w. At the surface B the two directions 
have opposite senses. If we agree to reverse the sense of dS on the 
surface B, so that the vectorial arrows of w and dS cross both 
surfaces A and B in the same sense, equation (11:431) becomes 


JJ (as) = [ [cw as) (11-432) 
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We shall call w the vortex intensity and the integral 
(J (w dS) the vortex flux across the area A. We have thus 


A 
learned two things about the vortex flux; firstly that the flux 
across an area A remains unchanged as it is carried along by 
the motion of the fluid (11°-421) and, secondly, that the flux 
through A is equal to the flux through any other section of the 
same vortex tube (11:432). The method by which (11°432) 
was established clearly demonstrates that a vortex tube must 
either extend to the boundaries of the fluid or, failing that, it 
must run into itself and constitute a vortex ring. There is 
one other feature of vortices which the same method demon- 
strates. Consider any surface made up of vortex lines. It 
may constitute a sort of longitudinal section of a vortex, or it 
may be a surface enclosing a vortex tube. In either case the 


integral ic dS) over the surface, or over any part of it, 


must be zero, since in the surface the vectors w and dS are 
perpendicular to one another; and it will remain zero as the 
surface is carried along by the motion of the fluid. If two such 
surfaces intersect, they must do so in a vortex line, and conse- 
quently they will continue to intersect in a vortex line as they 
are carried along by the motion of the fluid. In other words, 
if a chain of fluid particles lies along a vortex line at any instant 
it will always lie on a vortex line. Consequently too the particles 
which are on the boundary of a vortex at any instant will always 
continue on its boundary. Vortices have therefore a quality 
of permanence. ‘They cannot be created or destroyed. It must 
be remembered, however, in connexion with this last statement, 
that we have assumed no viscosity and also that the body 
force in the fluid has a potential. These assumptions however 
are not necessary for the validity of (11°432) which depends 
on the fact that the divergence of a curl is identically zero. 
The analogy between the lamellar (i.e. potential) flow in an 
incompressible fluid and an electrostatic field free from charges 
has already been pointed out. There is also a close analogy 
between the rotational fluid motion we have just been studying 
and the magnetic field due to a current in a wire. The analogy 
is very close indeed when the fluid is incompressible. The flux 
in a vortex or vortex ring is analogous to the current, the vortex 
intensity corresponding to current density, while c = (u, v, w) 
corresponds to the magnetic field intensity. If suitable units 
for current and field intensity are used the correspondence is exact. 


CHAPTER 1X 
MOTION IN VISCOUS FLUIDS 
§ 11-5. Equations or Motion 1n a Viscous FrLuip 
E shall use the equations (10°2) as a starting point 
\ N for developing those of a viscous medium. As o 
plained in § 10-5, we may replace ome oF a nd pou a 


Du Dv Dw 
= mn? Car and On respectively ; and if we further suppose 


the body force to have a potential, so that R, = — ee for 
example, the ee a assume the form 
o a4 — er ~ Ti 
a as - + oe as x = om 
St Get Eee = Oy - « -» (tS) 


The components ¢,,,, ¢,,, etc., of the stress tensor now include 
additional terms due to the friction between one part of the 
medium and another. We must therefore write 


and corresponding equations for the remaining components. In 
these equations ?¢’,,, ¢’,,, etc., mean the part of the stress asso- 
ciated with strain, i.e. the elastic part of the stress; while 
tm Un, etc., represent the part of the tensor evoked by the 
friction between the parts of the medium. In a fluid medium, 
to which we now confine our attention, 


Ym = Hy = Ug = — PD, 


where 7p is the pressure and i wy ' ner by ete., are all zero. Now 
the part of the stress tensor due to viscosity or internal friction, 
203 
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Ae 


namely t”,,, t'.,, t’),, etc., is related to the velocity gradients 
2 a # etc., in precisely the same way as the elastic part 
of the tensor, namely ?’,,, U,,, U,,, etc., is related to the dis- 


placement tensor oe gemce etc. Therefore we have 


ox Oy Oz 
’\ ow 
x) 


ie = G fe a ae ae G Ped i ate G _, 2n 
; Ou , , 4n’\ dv - ow 
a v= (i aaa G 3 3) HOS Tye 


2n'\ ou 2n'\ dv 4n’\ ow 
ee eee SNe et ee ae 
( aay + att pz 
1/0u , Ov 
ay — 2 oy a =) 
and so on, (10°01 and 10:02) k’ and x’ being constants. We 
obtain consequently for a viscous fluid, 


— 2 + n'y + (hi +2) < (div c) = Oe 


Te (11°51) 


Ox “ax Dt’ 
Op see ea 1 NO ee CV eee 
By + n'y + (hb +5 ay (div Cc) Cay me Saar 
Op pee a Noe _ 0V_ Dw ; 
wet nyt + (h + 5) az (div c)— 0 = ep. (11:52) 
We shall assume k’ to ae zero, and replace n’ by uso that we get 
we na p\7*u +5 = (div c) — ae == on (11:521) 
Dy Dw : 
and two similar equations for Di and Dr If the medium is 
incompressible div c = 0 and these equations become: 
Op eee v= Du 
__ Op 5 CV mee 
Op , oV Dw 
ee LS Sh Sa —S] O— , ie 11- 
Be I ee = a (11°522) 


The constant yu is called the coefficient of viscosity, or briefly 
the viscosity of the fluid. 


§ 11:6] MOTION IN VISCOUS FLUIDS 205 


§ 11-6. PoIsEUILLE’s FORMULA 


We shall now apply these equations to the problem of the 
steady flow of a liquid (incompressible fluid) along a horizontal 
tube of small radius, R. The axis of the tube may be taken 
to coincide with the Z axis of rectangular co-ordinates, the 
direction of flow being that of the axis, and we may drop the 


potential terms pel etc. In addition to the equations of motion 


Cae 
(11-522), the following conditions have to be satisfied : 
is ; 

divc = ae = 0; 
oz 
w = function (r) 
Op _ 
RS 

ci © when? — i. a) 


In these equations, r is the perpendicular distance of any point 
in the fluid from the axis, and y may mean any quantity asso- 
ciated with the motion of the fluid. The last of the statements 
(11-6) affirms that the liquid is at rest at the wall of the tube. 
Experiment indicates that this is at all events very near the truth. 

In consequence of the conditions (11°6) the equations of 
motion become 


Op 

—= =0, 
Op 

=~ —0), 5 4 Ss + & 1a 
; ( ) 


It follows at once that p is constant over any cross-section of 
the tube, and is consequently a function of z only; while 


02w , 0% 
wy = —— —— 
NES ge oy? 
dw x ow 
or a 7 Or’ 


since w is a function of the single variable, r, and hence 
AD GEO GD ha oh 


GEeam? Gt Vig oF 7S Gr: 
Ow yr d%w | low  y? ow 


oy? r2 Or? ' 7 Or 73 Or’ 
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and, on adding, since 2? + y? = r%, 


O2w 1 ow 
Vy a aa 
10/ ow 
or, finally Va = =m "ae) .. . (irene 
Thus the last of the equations (11°61) becomes 
dp wd/ dw : 
Bae oS . ee. (11462) 


the straight d of ordinary differentiation having been introduced 
to mark the fact that the left-hand member of the equation is 
a function of z only, and the right-hand member a function of 
ry only. It follows that 


dp _ 

dis Ss 
peed =) ms . 
ae Go... (11-621) 


where G is a constant. 
From the second of these equations we get 


dw 
oF (5) = Gr, 
ee = HE: ae 


where A is a constant of rere. This holds for all values 
of r from zero to R, and on substituting the particular value 0, 
we see that A must be zero. The equation therefore becomes 


and consequently 


ae == Gr? 
Ot a 
or dw — Gr Z 
tar - 
which on integration gives us 
2 
4 
Since by hypothesis w = 0 at the wall of the tube, we must have 
o= ee +B, 


and therefore, on ies 


me een) . oe ee (11°63) 
4u 
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We shall now deduce an expression for the volume of liquid 
passing any cross-section of the tube per second. The area of 
the part of the cross-section bounded by the circles of radii r 
and r + dr is 

2ardr 


and the volume of liquid passing per second through this is 
2nwrdr, 


w being the velocity at the distance r from the axis. Hence if 
Q be the volume flowing through the whole cross-section per 
second, 

R 


O25 wrdr. 
0 
R 


Consequently Q = 2x lz, (73 — R2r)dr, 
0 
4 
ee ge Ee one 
Sy 
From the first of the equations (11°621) we have 
Gg =f toe ee (115641) 


where », and p, are the pressures at two cross-sections separated 
by the distance J, the liquid flowing from 1 to 2. On substi- 
tuting in (11-64) we obtain the well-known formula of Poiseuille 
— 4 
pees Soe ee (11°65) 
Syl 
The foregoing theory of the flow of a viscous liquid through 
a narrow tube constitutes the basis of a method of measuring 
the coefficients of viscosity—or the viscosities, as we say for 
brevity—of liquids. 
If the tube is not horizontal we shall have in place of the 
gradient 


_ & 
~ Oz 
of (11°621) another constant, namely 
@=2 tev). . . . « (1166) 


as is evident from equations (11-522). If for example the tube 
be vertical, and the liquid flowing down it (Z axis directed 
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downwards), the gravitational force per unit mass is g and 
hence V = — gz + constant. We may as well take the con- 


stant to be zero—V only appearing in cand we find 


Gy 
so that instead of (11°65) we shall have 


— 4 : 
Q= {P1 Pe a og! jr. R ; , (11°661) 
Sul 

If the apparatus be arranged—as it sometimes is—after 
the manner illustrated 
in Fig. 11-6, it is not 
permissible to take the 
pressure difference be- 
tween such a point as 
A and the point B at 
the end of the tube as 
equivalent to 1 — p». 
If the velocity is practi- 
cally zero at A, we have 
Fig. 116 to subtract from the 
pressure at A the amount 
doc? to get p,, the pressure just inside the tube, in accordance 

sana Bernoulli’s theorem. 

The formula (11°65) applies, as we have seen, to the case 
of an incompressible fluid; in practice it applies to liquids. 
We can however very easily modify it to obtain a formula 
applicable to gases—or, to be precise, to fluids obeying Boyle’s 


law. The gradient a is no longer zero and consequently w is 


a function of r and z. Apart from this the conditions (11-6) 
continue in force. Instead of (11°62) we now find 


4 02w 
Pk Er we) tH Maa 


2. 
since V2w must include the term ee , and we have the term 


S a (div c) of (11°521). In consequence of Boyle’s law w will 


vary inversely as the pressure at all points at the same distance 
from the axis. Hence if the pressure gradient is everywhere 


ow. 0*w wu 
small, = will also be small and ae negligible. We may there- 
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fore adopt the equations (11-621), provided of course we do not 
lose sight of the fact that 

_ 4p 

6b 
is no longer a constant, but a function of z, that is to say it 
varies from one cross-section to another. The volume—call it 
W—flowing per second through the cross-section at z will there- 
fore be 


where e has the value appropriate to that particular cross- 


section. On multiplying both sides by p, the pressure, we get 


Now, in consequence of Boyle’s law pW has the same value 
for all cross-sections. Let us call it Q. It represents the 
quantity of gas passing through the tube, or past any cross- 
section, per second; the unit used being that quantity of the 
gas for which the product of pressure and volume is unity. 


Therefore 
Q=- d(p*) aR 
dz 16u’ 
Or ) = Oui . (11-67) 
16ul 


§ 11-7. Motion or A SPHERE THROUGH A Viscous LiQquiD. 
FORMULA OF STOKES 


The special problem to which we now give our attention is 
that of determining the force required to keep a sphere in motion 
with a constant velocity, through an infinitely extended mass of 
Jiquid (incompressible fluid). We shall represent the constant 
velocity by c, and suppose, in the first instance, the centre of 
the sphere to be travelling along the Z axis in the positive direc- 
tion. The problem is equivalent to that which arises if we 
imagine a uniform velocity = (0, 0, —¢o) superposed on the 
whole system of fluid and sphere. So that the sphere is now 
at rest—and we shall suppose its centre to be at the origin of 
our system of co-ordinates—and the infinitely distant parts of 
the liquid have the velocity (0,0, —c,). Obviously we may 
take the pressure to be constant at distant points and it will 
be immaterial what value we assign to this constant. It is 
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convenient to take it to be zero. We are not concerned with 
any body forces and the equations of motion of the liquid 
(11-522) become 


op >, Du 
an 1 WV = ep 
Op = eee D0 
Zoe Sp UP = CTP 
Op Dw 
aS Samer == OS 5 e e . 1- 


Let R be the radius of the sphere. The conditions to be satisfied 
are the following : 

0 = 0, when 7 — i 

div c = 0, 

c=(0,0,—c,), whan r=o .... . . (iia 
oe = 0 for all quantities, Y associated with the motion; 
and we shall impose the restriction that w, v and w are every- 
where small. This last condition justifies us in ignoring 
Du Dv Dw 


Di Di and Di" In fact 

Du ou Ou Ou Ou 

Dy) one a © a eS 
or = = 0-+sum of products of small quantities taken two 
at a time. 


The ignoration of the accelerations simplifies the equations of 
motion to 


Cpa . 

oe EN U, 

Op 

— 2y, 

pe 

3 

ae = WY. 4 ee a CAE Z ES 


By differentiating with respect to x, y and z respectively and 
adding, we obtain 


COGN ON eyes G0 OD 

Be hee ge = ata tae): 

or Vp = uV? (div c) 

Consequently V2p =0 2 oe + 2 oe ieee 
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We naturally think at first of a velocity potential; but a 
little reflexion will show that a velocity potential cannot exist. 
Consider, for example, the state of affairs at a point on the 
x axis close to the spherical surface. Here quite obviously 


ow 
7 # 0, 
: Ou 
while perl 
ou ow 
and hence Sap oe 


differs from zero at such a point; and this is incompatible with 
the existence of a velocity potential. The kind of symmetry 
which the motion possesses leads us to suspect that it is the 
Z component of the velocity, w, which makes a velocity potential 
an impossibility, and we endeavour therefore to satisfy the 
conditions of the problem by 


_ _ % 
a a 
_ _ % 
= By? 
0 
ne ~ 2 + wy, athe 
Substitution in (11°72) leads to 
0 0 
a a UN", 
Op _ es 
ay May 
Cp wm 2 3 : 
Pm — wT + eV, =.» (11-731) 
while substitution in the divergence equation, 
div c = 0, 
leads to 
Cie : 
ee tee oe. (11-732) 


We proceed further by adopting the simplest method of satisfy- 
ing (11-731) and (11-732), namely 


p= — pV", 
ao eee ee ie 
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The pressure, p, has to satisfy (11°721) and we shall try 
the solution 


cya 
p = constant xX x(z). 


(see 11-03), where 7 is the radial distance from the centre of 
the sphere. This expression has the sort of axial symmetry 
characteristic of the motion. Let us write it in the form 


p= - . » . £x(1ie7ae 
We shall see, as we proceed, that it is the right expression for 


p if we assign a suitable value to the constant, A. It now 
follows from equations (11°732) and (11°74) that 


pee (11-742) 

ur 
We reject the possible additive constant, since it may be con- 
sidered to be included in the constant velocity, — Cy, of the 


distant parts of the liquid. 
Turning to the function ¢, the problem of § 11-2 suggests putting 


bR 
$= OZ + Tet gs . . » (liens 


The constants a and )b, like the constant A above, have still 
to be determined ; as also has the character of the function 4). 
We have therefore 

V2¢ = V1 
since the first two terms in (11°75) contribute zero to V7 
(see § 11-2). Consequently 


p=—"y%..  .  (AL751) 
Az 
or cy — pu *d1- 
It is easy to verify that this is satisfied by 
Az 
OL or “Go (11-752) 
We obtain, in fact, from this expression for ¢, 
a, _ Az Bdzet 
Or? = Qurs © Qurd * 
0°76, Az , 8Azy? 


dy? ie aero 
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OTe OAc = AZ 
. Bet Burd T Spar ~ par 
and on adding these together 
Az 
WY "by a a 
or V%.=—- P 


so that (11°751) is satisfied. 
In virtue of (11°752) the expression for ¢ becomes 


yer bRez Az 


ay + on foe (EEG) 
and we find for uw, v and w (11°73 and 11-742) 

es Vi 
= ) 
73 


BO le A \ ZY : 
=( 2 " mn (11-761) 
w= (SEA 2 aes BR 

fe TE 2ur a) 


What we have aoe in doing so far amounts to finding 
expressions for p, vu, v and w which satisfy the equations of 
motion. We have now to investigate whether we can satisfy 
the conditions (11°71) by assigning suitable values to the con- 
stants A, a and b. 

Now at infinity w = — Cc, and in consequence a = Cy, and 
the first two equations (11°761) will conform to the condition 
a 1 = 0 for r= F if 


A = — 3ubR, 


while the last of the equations (11-761) will conform to this 
condition if, in addition to assigning the values just mentioned 


0 


toaand A, we put 6 = — =. Therefore 


A= Soe 


hee ee 
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On substituting these values for A, a and b we get 
Colt? ee Ogee 


p == Coe aa =i App (11°77) 
_ 8ucyokz : 
Se (11-78) 
= € = a 

r2 J 473 ? 
30, zy 

v= (1 ) ee. A781) 
= IHN Rio Bilan lay = 

iia (ie 7 =) 4r3 ar Ar a+ 3) a 


We have thus succeeded in ee the equations of motion 
and the boundary conditions as well. 

To get the force exerted by the liquid on the spherical surface, 
we turn back to (9°72) which gives us expressions for the force 
exerted over an element of surface dS. Since the resultant 
force is obviously along the line of the Z axis, we only need 

f, =4t,dS, + 4,d8, + t,d8,. 
This will represent the Z component of the force on an element 
dS of the surface of the sphere if the vectorial arrow of dS be 
directed away from the centre of the sphere. Consider in the 
first place an element dS in the plane Y = 0. 


as, =U 
and fh Seis, Es 
or i, = (4, cos0+4,sn6@)dS ... (11°782) 


(Fig. 11-7). For any other element of area within the zone 
bounded by the angles 0 and 0 + d0 


f, =Ias, 


where J” has the same value as t,, cos 6 + #,, sin 8 in (11°782). 
We therefore get for dF = Xf,, the Z component of the force 
exerted on the zonal surface, the expression 


dF = (t, cos 6 + 4, sin 0)2x hk? sin 60 ; 
so that 


pe | OnR? sin Od0(t,, cos 0 +4, 8in6) . . . (11°79) 
0 


Now 


, , 4n'\ ow , Wn feu , ov 
aot (ht )e (Y=) aan 
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by § 11-5; or 


=—pt+ Qn’ a 
since divc = 0; and 
ow . Ou 
a res =) 
Replacing »’ by uw we - 
ow 
= uals, 
et p+ ene, 
ow . Ou 
Fie. 11-7 
. ee ow Ow Ou 
On carrying out the differentiations rE oe and = and sub- 
stituting the special value R for r, we get, since 3 — COsius 
dw _ Bey -e 
(~) _. = apices 6 sin? 6), 
_ __ Blo pg 
é ew: = op (sin 0), 
Ou _ 3Cy .. s 
=). = ap sin 8 cos 6. 
Furthermore we get from (11°78) 
__ 3uCy Cos 8 
MG 
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Thus L., = — 2 — cos 6 — a cos 0 sin? 6, 
eee = (sin 8 cos? 6 — sin? 6). 


On substituting these expressions for #,, and ¢,, in (11°79) we get 
F=— 6x Rpc, | sin 6 d0 {4 cos? 6 + cos? 6 sin? 0 
0 
— 4cos? 6 sin? 0 + 4 sin‘ 0}, 

whence 

F=—6nhuce,. . . . (11°792) 
This means that the force is numerically equal to 62Ruc, and 
is in the direction in which the liquid is flowing. Finally let 
us superpose on the whole system the velocity cy. The liquid 
will now be at rest at infinitely distant points and the sphere 
will be travelling in the Z direction with the velocity c,. It 
will experience a resisting force equal to 6zuRc,. This is the 
celebrated formula of Stokes. In deducing it we have assumed 
u, v and w to be everywhere small and divc to be zero. If 
u, v and w are everywhere small div c will be a small quantity 
of the second order and may be ignored. This justifies the use 
of the formula for the slow motion of a sphere through a gas. 
A further assumption, which has been tacitly made, is that of 
the continuous character of the medium through which the 
sphere is moving. The formula begins to be inaccurate, as the 
experiments of Millikan have shown, when the radius of the 
sphere approaches in magnitude the mean distance between the 
molecules or particles of which the medium is constituted. - 
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CHAPTER xX 
KINETIC THEORY OF GASES 


§ 11-8. FounpaTions oF THE Kinetic THEORY— 
Historicat Note 


[*« kinetic theory (whether applied to gases or to other 


states) aims at interpreting thermal phenomena in 

mechanical terms. It assumes that matter in bulk is 
constituted of innumerable small particles or dynamical systems 
(molecules) and identifies heat with their kinetic energy.1 The 
picture which the theory gives us Of a gas is that of an enormously 
large number of very minute particles flying about in a chaotic. 
manner in the containing vessel, their collisions with the wall 
of the vessel giving rise to the pressure characteristic of gases. 
Thermal conductivity and viscosity are explained by the collisions 
between the individual particles. The velocities of translation 
account for the laws of diffusion of gases and liquids. The 
assumption of forces of cohesion between the particles or mole- 
cules together with the fact that, though very minute, they have 
an appreciable proper volume of their own, as distinct from the 
space they may be said to occupy, renders some account of the 
liquid and vapour states and the transition from one to the 
other, as well as of the phenomena of surface tension. The 
utility of the theory is limited, roughly speaking, to gases; but 
here it has achieved a great measure of success. 

Daniell Bernoulli appears to have been the first to make 
progress worthy of mention in the development of the theory. 
He succeeded in accounting for Boyle’s law (Hydrodynamica, 
1738) ; but nothing further of any consequence was accomplished 
for about a century, by which time Bernoulli’s contribution had 
been forgotten. In 1845 Waterston submitted a paper on the 
subject to the Royal Society. Unfortunately there were certain 
errors in it, and in consequence it was not published at the 
time. It contained among other things the theorem of equi- 


1 Strictly speaking, heat is identified with the mechanical energy, kinetic 
and potential, of the molecules. In the case of a gas however this is prac- 
tically equivalent to identifying heat and kinetic energy. 
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partition of energy and an explanation of Avogadro’s law, and 
was eventually published in 1892 because of its historical interest. 
The further development of the theory is largely due to Clausius 
(1857) and especially to Clerk Maxwell (1859) and Ludwig 
Boltzmann (1868). Clerk Maxwell’s great contribution was the 
law of distribution of velocities, while that of Boltzmann con- 
sisted in expressing the thermodynamic concept of entropy in 
terms of the probability of the state of an assemblage of mole- 
cules or dynamical systems, and this aspect of the theory is the 
main feature of the great work on statistical mechanics by 


Willard Gibbs (1901). 


§ 11:9. Boyiz’s Law 


We shall begin with the simplest possible assumptions about 
the constitution of a gas, namely that it consists of minute and 
perfectly elastic particles, so small that we may regard their 

proper volume (i.e. Ugzr*, if they are spheres 

and 7 is the radius of a sphere, or Niz7°, if all 

have the same radius and N is the total number 

of them) as a negligible fraction of the volume 

occupied by the gas. Let us further suppose 

these particles or molecules to be flying about 

in the containing vessel with very high velo- 

cities, so that we may neglect gravity. Their 

Fria. 11-9 kinetic energy will be maintained by impacts 

with the wall of the vessel, since we identify 

it with the heat energy of the gas, and this will be maintained 

if the temperature of the wall is kept up. We shall provi- 

sionally make the further assumption that the wall of the 

containing vessel is perfectly smooth and elastic, though this 

is formally inconsistent with the implied hypothesis that the 

wall of the vessel is itself constituted of molecules. Finally let 
us suppose that there are no intermolecular forces. 

It is not difficult to obtain an expression for the pressure 
exerted by the gas on the wall of the vessel, assuming it to be 
due of course to bombardment by gas molecules. It is best 
to begin by calculating the part of the pressure due to the mole- 
cules which have velocities of the same absolute value c. These 
velocities may be supposed to be uniformly distributed as re- 
gards directions. This means that, if we draw a line to represent 
in magnitude and direction the velocity of every molecule in 
the unit volume, all the lines being drawn from the same point, 
O (Fig. 11-9), their extremities will be uniformly distributed 
over a sphere of radius c. It is to be understood that an element 
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of the surface of this sphere, notwithstanding its minuteness, 
nevertheless embraces an enormous number of these terminal 
points. If 2 be the number of the molecules per unit volume, 
the number of them whose representative points lie on the unit 
area of the sphere will be 
n 

4c? 
and the number on a small area da will be 

nda 

4nc® 
But da/c? is the solid angle subtended at the centre of the sphere 
by da, and consequently the number of molecules whose direc- 
tions of motion lie within the limits of a solid angle, dQ, will be 


ee ee 


If we take for d&2 the solid angle contained between the polar 
angles 0, 9 +d6, @ and ¢ + d¢ (§ 11-2) we shall have 


d&—=sinOdGddBd . . . (11:901) 
and we may express (11-9) in the form 
Ry _ nsin 6 db d¢ 

Ac 


The number of the molecules, travelling in directions included 
within dQ, which strike a small 
element dS of the wall of the 
containing vessel in the time dz, interior Exterior 
will be the same as the number of 
them contained in the cylinder 
CBED (Fig. 11-91) the volume of 
which is 
c dt dS cos 9, 

and therefore equal to 

n’ cdt dS cos 6. (11-903) 


Each molecule has the momentum £ Ficoll 

mc with a normal component 

mccos 8, and on collision with dS this will be reversed, so that 
if we confine our attention to this component—and we may 
do so since it is the force normal to dS that we are investigating 
—the change of momentum which a single molecule suffers on 
collision will be 


(11-902) 


2mc cos 8, 
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and consequently in the time di the total change of momentum 
due to collisions with dS will be 
2mn'c? dS dicos?6 . . . (11-904) 
Substituting in this the expression (11-902) for n’, we have 
2 
- dS di cos? 6 sin 6 dO dd. 


The change of momentum per unit time, or the contribution of 
these collisions to the force on dS, is therefore 


mnc2 


my Fa 
os dS cos? 6 sin 0 dé dd, 


and we obtain for the force due to all the molecules with the 
velocity c, 
O=> o=20 


as | cos? 6 sin 6 d6 dd, 


6=0 $=0 
MNnC2 
dS. 


mnc? 
27 


or 


2 
The kinetic energy of a single molecule is a and that of the 


2 
nm molecules in the unit volume, a ; so that their contribu- 


tion to the force on dS is 
2K dS, 

where K is the kinetic energy per unit volume. 

It is now evident that, whatever may be the law of distri- 
bution of velocities, the total force on dS will be given by 

#(K,+K.+.. .)dS, 
where K,, K,, Ks, etc., are the kinetic energies per unit volume 
of the molecules with the velocities C1, C., C3, etc., respectively. 
We have consequently for the pressure 
p = % (kinetic energy per unit volume), . (11°91) 

or pv = % (total kinetic energy in the gas) . (11-911) 

The factitious assumption about the nature of the wall of 
the containing vessel is not necessary. If we consider, in the 
first place, only the molecules travelling up to the wall, and work 
out by the method just described the sum of the components 
of their momenta perpendicular to dS, we shall find for their 
contribution to the pressure—whatever happens to them on 
colliding with the wall— 


= + (kinetic energy per unit volume), 
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and the assumption that the directions of the velocities, c, are 
uniformly distributed leads to the same contribution from the 
momenta leaving the wall. The two contributions combined 
yield the amount expressed by (11:91). The identification of 
heat and kinetic energy will make the right-hand side of (11-911) 
constant so long as the temperature is constant, and we thus 
have an explanation of Boyle’s law. 

A very little reflexion will show that (11-91) is true for a 
mixture of gases. Therefore in such a case 


p=32(L,4+£,4+ 03 + aes): 


where L,, L,, DL, ... represent the kinetic energy per unit 
volume of the constituent gases of the mixture and consequently 
P=PitPotpst... . . (11-912) 
In this formula 
ie $L 1) 
p, = $L,, 
Duel,  . » . . ~~ {(i-914) 
etc., represent the contributions of the constituent gases 1, 2, 
3... respectively to the total pressure. In other words, 9,, 


P2, DP; ... are the partial pressures of the constituent gases, 
and (11-912) asserts that the total pressure is equal to the 
sum of the partial pressures. This is equivalent to the state- 
ment that the total pressure is equal to the sum of the pressures 
which each constituent gas would exert if it alone were occupy- 
ing the volume of the mixture. This is Dalton’s law of partial 
pressures, 
Since (11°91) is equivalent to 

C2 
3 ? 
where o is the density of the gas, we can easily find V2, or the 
root of the mean square of the velocity of translation of the 
molecules of any gas. For hydrogen, oxygen and nitrogen at 
normal temperature and pressure we find 1-844 x 10°, 4-61 x 104 
and 4:92 x 104 cm. sec.? respectively. 


§12. Laws oF CHARLES AND AVOGADRO—EQUIPARTITION 
OF ENERGY 


It will have been noted that the kinetic energy referred to 
n (11-911) is that of translation only. The molecules may 
however have kinetic energy of rotation as well. To begin with 
let us imagine them to be perfectly smooth spheres. Any force 
exerted on such a molecule must be normal to its surface, and 
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consequently passes through its centre and therefore, if it is 
uniform, through its centre of mass. It follows that its kinetic 
energy of rotation cannot undergo any change. A gas consti- 
tuted of such molecules will behave in precisely the same way 
whether they have rotational kinetic energy or not. It can 
have no observational consequences. Each of such molecules 
may be regarded as a dynamical system with three q’s and the 
corresponding p’s, the former being the co-ordinates of the 
centre of the molecule and the latter the associated momenta. 
Such molecules have virtually only three degrees of freedom. 
In the next place let us suppose the molecules to be perfectly 
smooth and uniform ellipsoids of revolution. The forces ex- 
perienced by them in collisions must again be normal to the 
ellipsoidal surfaces. They will therefore always pass through 
the axis of revolution, but not necessarily through the centre 
or centre of mass of the ellipsoid. What has been said about 
the rotational kinetic energy of the spherical molecules applies 
to the kinetic energy of rotation about the axes of revolution 
of the ellipsoidal molecules, but not to the rotational kinetic 
energy about other axes. The ellipsoidal molecule consequently 
has virtually five g’s or degrees of freedom; three to fix the 
position of its centre of mass, and two to fix the direction of its 
axis of revolution. A sixth g representing angular displacements 
about this axis is not associated with any observable conse- 
quences and is for us virtually non-existent. 

Quite obviously the kinetic energy of translation will vary 
greatly from one molecule to another and the average kinetic 
energy of translation, reckoned for a volume so minute that it 
contains only one or two molecules, will likewise differ very much 
in different parts of the gas, and at different times. For the 
present we shall make the following assumption, leaving the 
discussion of its validity till a later stage. When the tempera- 
ture of the wall of the containing vessel is kept constant the gas 
reaches in time a final state which we shall describe as one of 
statistical equilibrium, and when this has been attained the 
average kinetic energy of translation calculated for the mole- 
cules in any volume at a given instant approaches a limiting value 
as the volume taken is made sufficiently big. We assume further 
that this limiting value is already practically reached while the 
volume in question is still so small a fraction of the space occupied 
by the gas that it may be treated as an element dx dy dz. For 
brevity we may say that statistical equilibrium is associated 
with a uniform distribution of translational kinetic energy among 
the molecules. From another point of view, statistical equi- 
librium is associated with uniform temperature throughout the 
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gas and we shall define a scale of temperature by the statement 
LS ms oll ree a, ee Le) 


where K means the average translational kinetic energy of a 
molecule, and a is a constant, the same for all gases This 
definition leaves the unit of temperature difference still unde- 
fined. It follows from (11°:911) that 

pv = 2NaT, 


or, if we write & for 3a, 

Go — MN eT 
If two different gases occupy equal volumes at the same pressure 
and temperature it follows, since & is a universal constant, that 
both contain the same number of molecules. Thisis Avogadro’s 
law. Furthermore if pv has the same value for a number of 
different gases all at the same temperature, e.g. that of melting 
ice, it will necessarily have the same value for all the gases at 
any other temperature, e.g. that of saturated steam at normal 
pressure. This is the law of Charles. Equation (12-01) really 
unites in one statement the laws of Boyle, Charles and Avogadro. 
The unit of temperature difference is usually fixed by making 
the difference between the temperature of saturated steam under 
normal pressure, and that of melting ice, 100. If therefore we 
write (12-01) in the form 


0 (12-011) 
the unit of temperature difference is fixed by 
ae (pv), — (pv)o : 
R a ~~ 100 e e e (12 012) 


where (pv), and (pv), mean the values of pv at the tempera- 
tures named above respectively. 

The definition of temperature adopted above is justified by 
its consequences; but it involves an assumption which it is 
desirable we should be able to deduce ag a consequence of the 
statistical equilibrium of a large number of dynamical systems, 
namely that the average kinetic energy of translation of all 
molecules, however much these may differ from one another, 
is the same when statistical equilibrium has been set up. We 
shall later establish a theorem which contains this as a special 
case, namely that the average kinetic energy per degree of free- 
dom is the same for all molecules in statistical equilibrium. 
This is called the theorem of equipartition of energy. Since 
the average kinetic energy of translation of a molecule is $k7, 
and this is distributed over three degrees of freedom, it follows 


1This assumption will be justified later. 
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that the average kinetic energy associated with any one q or 
degree of freedom is 4k7' per molecule. 
The average kinetic energy of a molecule with » degrees of 


freedom is consequently 5 kT. If we assume the potential energy 


of the molecules of a gas to be an invariable quantity, we find 
for the energy of a gram of the gas 


E=_NkT' + constant. . . . (12-02 
5 ) 


where N is the number of molecules in a gram. The specific 
heat of the gas at constant volume is therefore 


diy 
Oy = a= 3 Nb, 
or a = aR : dt Sane (12:021) 


where # is the gas constant for a gram. If the volume of the 
gas is changed, a certain amount of work, positive or negative 
according as the volume increases or diminishes, will be done 
by the pressure. The force exerted on an element dS of the 
wall of the vessel will be pdS, and if dS is displaced a distance 
dl the work done will be 

p(ds dl) ; 


and consequently during a small expansion of the vessel the work 
done will be 

pxu(dS dl), 
the summation being extended over all the elements dS which 


make up the surface of the containing wall. The work done 
may therefore be expressed in the form 


pdv. 


This gives us, for any change in volume from an initial value v, 
to a final value v,, the expression 


Ve 


Wee | pao oe ee (12-022) 
which becomes ‘ 
pve ~~ V1); 
if the pressure be kept constant during the expansion, or 
R(T, — F1), 


by (12-011). Consequently the work done is equal to R, if the 


§ 12-1] KINETIC THEORY OF GASES 225 


associated rise in temperature amounts to one degree. A word of 
warning is needed here. Equation (12-011) was deduced on 
the assumption that the volume occupied by the gas was not 
varying. Consequently the last result will only be valid if the 
expansion is taking place very slowly, so that the pressure, 9, is 
not sensibly different from the pressure that would exist if the 
volume were not changing at all. Such an expansion is called 
a reversible expansion. Reversible processes will be discussed 
in detail in the chapters devoted to thermodynamics. We see 
now that the specific heat of the gas at constant pressure will 
exceed that at constant volume by the amount R. Therefore 


C, = 5h +R... . ~~ (12023) 
and consequently the ratio 
y= Ra1e? | |. | (12-03) 
Cc yp 


v 


This formula is in good accord with the experimental values 
for gases the chemical properties of which indicate a relatively 
simple molecular constitution. The smallest possible number of 
degrees of freedom is three giving y = 12, a value found ex- 
perimentally for mercury vapour, helium and argon. The value 
y = 1? is found for gases like hydrogen, oxygen and nitrogen, 
the chemical behaviour of which shows them to consist of mole- 
cules having two atoms, while the ratio y is found to approach 
more closely still to unity with increasing complexity of mole- 
cular structure. 


§ 12:1. Maxweti’s Law or DISTRIBUTION 


We shall now inquire about the distribution of velocities among 
the molecules of a gas of the type described in § 11-9. Repre- 
senting the velocity of an individual molecule by c = (u, v, w) 
we have to try to answer the question: Among the N mole- 
cules constituting a gas, how many have velocities lying 
between the limits c =(u, v, w) and c+dc=(u-+du, 
v+dv, w+dw)? All the molecules with the same absolute 
velocity c will be assumed to be uniformly distributed as regards 
direction (§ 11-9). Let us represent the velocities of the individual 
molecules by points on a diagram (Fig. 12:1), the X, Y and Z 
coordinates of any one of these points being numerically equal 
to the u, v and w respectively of the molecule which the point 
represents. Imagine two infinite and parallel planes perpen- 
dicular to the X axis and cutting it at u and u+du. The 
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number of representative points between the two planes may 
be expressed in the form 

Nf(u)du, 
f(w) being an unknown function of uw. If we construct two 
further parallel planes, v and v + dv, similarly related to the 
Y axis, and if we make the very reasonable assumption that 
the number of molecules with Y components of velocity lying 
between v and v + dv is quite independent of their X com- 
ponents of velocity, we may write for the number of molecules 
with representative points in the region [J], bounded by the 
four planes 

N'f(v)do, 


where NV’ is the number of representative points between the 


Y 


Fie. 12:1 


planes wu and wu -+ du. Therefore the number of representative 
points in this region is 


Nf (u)f(v)du dv. 


Finally we may imagine a third pair of planes perpendicular 
to the Z axis at w and w + dw, and we find for the number of 
representative points in the small volume du dv dw enclosed by 
the three pairs of planes 


Nf(u)f(v)f(w)dudvdw . . . (42-1) 


Our problem is to find out, if possible, the character of the 
function f. The product Nf(w)f(v)f(w) in (12-1) is the number 
of points per unit volume at (uw, v, w) in the space of Fig. 12-1 
which represent molecules. At all points on the surface of a 
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sphere of radius c, and having its centre at the origin, this product 
must have the same value, i.e. 

F(u)f(v)f(w) = const., 
and, of course, 


wu? + v2 + w? = c? = const. 
If therefore (u, v, w) and (uw + du, v + dv, w + dw) are neigh- 
bouring points on the spherical surface, 
F (w)fo)f(w)du + fw) fo) fw)do + fu)fo)f' (w)dw = 0, 
and udu + vdv + wdw = 0. 
In the former of these equations f’(w) is an abbreviation for 


dj(u) 
du 


We may write these equations in the form 


fw), fe), .f, 
Foal * Fay? + Fey =o 


udu +vdv+uwdw=0 . . (1211) 
Multiply the second equation by 4 and subtract. The result 
will be 
Hit) yy, w)du (Ft - yas aw) do (Go = hwo)\dww = 0 
(Fa * Fo) + Few) 7 


and if we choose A so that 
f'(w) =, 
F(u) 
we shall be left with 
FO) _ indo + (FO) — iw\aw = 0 
a v \dv + a w \dw d 


In this last 7 it is evident that dv and dw are arbitrary 
and their coefficients must consequently be zero. In this way 
we get the three equations 


ie) 

ime 

ION 

fo) 

fw) _ Soe ew ee (1212 
Foo) Aw. ( ) 


The factor 2 must be a constant because the first equation 
represents it as a function of w only, the second one as a function 
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of v only and so on. The equations (12°12) are equivalent to 


£ flog fu)} = du, 
© (log f(v)} = de, 


d 
Tap HOS Fl) } == Aw. 
We thus get 
lon yu? + const., 


or, if we replace 4 by — a, 


fw =Aew . . . . « (E2aTee 

The following definite integrals find frequent application in 

the kinetic theory. If ¢ be a positive constant and n a positive 
integer, 

We | = 


Cr teal 


VeAintt eee te) 


2 


2n+1 
ie Cm” ae 2) ( 


| 
J = [erode = date}, 

0 

0 

| 12-131) 

0 
The last two, J,, and J,,, are derived by successive differen- 
tiation from J, and J, respectively. 
The constant, A, in (12-13) can be expressed in terms of the 
constant a. The expression 
+00 
ia | f(u)du 

must be equal to the number of molecules in the gas, ie. equal 
to N. Therefore 


+o 
Al Cau —e 


—-7 
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and by the second equation (12:131) 
Aiea * —- | 

or A=daimt . . . . (12:14) 
If we use rectangular co-ordinates, the number of molecules in 
the element of volume du dv dw of the representative space of 
Fig. 12-1 is 

NAse-e't+u)dy dv dw De ee (12d) 
or NA%e—-**cde sin 6 dO dd » ao) (12:t5t) 


if we use polar co-ordinates c, 0 and $. The average kinetic 
energy of translation, K, of a molecule is evidently given by 


eo n2r 
NK = NA’ | | | Imc%e-“'cxde sin 6 dO dé, 


000 
eo) 

or = E = 2nmas | cte—*"de, 
0 


and by (12-131) 
K = 2nd Pnhant 


os K = 2nmain—?. 3nta-?, 
and therefore 
K=imo . 2... (12-152) 
Another way of expressing this is to say that 
al (12-153) 


~ Average kinetic energy per molecule 


If we take the average kinetic energy of translation of a mole- 
cule to be 3k7' (see § 12; the constant a of equation (12) must 
not be confused with the constant a of equation 12°152) we 
get from (12-152) 


3kT = 3ma7! 
and therefore 
m 
Qq= on 0 5 0 5 5 (iz 154) 


We thus find for the number of molecules per unit volume 
of the representative space 


n f/__™ 
Sere | ° 


This is Maxwell’s law of distribution of velocities. 
Starting from (12°151), we can easily find ¢ the average 


eee. (1216) 


230 THEORETICAL PHYSICS [Ch. X 


of the absolute values of the molecular velocities. This is 
obviously given by 


or Cc = 477A? 


_ 4nA8 


5 c2e-2¢* (c?) 


xe “da, 


By (12°131) this is 
C= 2A Oe 
and since A = ain—? 


C = 2n08n-ia-* 


or C= 27-700 
Therefore 
(6)? = = (12-17) 
But we have seen that 
ieee 
a 
or dmc? = 3 
a 
and therefore 
oe = (12-171) 
‘so that (12°17 and 12-171) 
rr: =p 2. (12-172) 


That is to say the average of the squares of the velocities is equal 
to the product of = and the square of the average velocity. 


The averages just calculated are those of quantities associated 
with the molecules occupying some definite volume at a given 
instant of time. There are certain other averages of interest 
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and importance, for instance the average kinetic energy of 
translation of the molecules passing per unit time (or during a 
given time) through an element of area dS from one side to 
the other. This will obviously be greater than 3k7'/2 because 
the energies of the faster moving molecules will appear more 
frequently in the sum from which the average is computed. 
The number of molecules per unit volume, the velocities of 
which lie between the limits c and c + dc, in absolute value 
and between 0, d and @ +d 0, ¢ +d ¢ in direction (Fig. 11-91) is 


n’ = nA*%e—*'c%dc sin 6 dO dd, 

n being the total number of molecules per unit volume. The 
number passing through dS (Fig. 11-91) in the time dt is (11-903) 
n'c dt dS cos 6 

or nAc®e—*"de sin 6 cos 0 d0.d¢.dS dt. 


The translational kinetic energy transported by them is got by 
multiplying this expression by 4mc?. Therefore the number 
passing through the unit area per second is 

mnA3 | Cle de, cea I eh MES) 

0 

the integration with respect to the variables 0 and ¢ extending 
from 0 to z/2 and 0 to 2x respectively. Writing c? = 2, this 
becomes 


TEE | wend (12181) 


0 


For the kinetic energy passing through the unit area per second 
we get in a similar way 


aise 


oo 


oe oe. (12-182) 


On evaluating the integral in (a2: 181) we get for the number 
of molecules passing through the unit area from one side to 
the other per unit time 


Sain-ta-*, 


since A = ofz—?; and on substituting —— = 7 for a we finally obtain 


ae 


2am 


(12°19) 
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The average kinetic energy of translation of these molecules is 
given by dividing (12°182) by (12°181). This yields 


R’=me  . . . . ~~ (12-191) 


On comparing this with K (12°152), we see that 
R’ =e ee ee (124192) 


§ 12-2. MoLEcULAR COLLISIONS—MEAN FREE PaTH 


Let us assume the molecules to be spheres, each having a dia- 
meter, a, very small compared with the average distance travelled by 
any molecule between consecutive collisions in which it is involved. 
This average distance is called the mean free path and we shall 
define it precisely as the quotient of the sum of the lengths of all the 
free paths completed during a given interval of time and the number 
of these paths. The given interval of time is understood to be 
so long that the quotient of total distance and number of paths 
is independent of its duration. There are of course several 
alternative definitions. If we take a given instant of time and 
consider the distance traversed by a molecule between this 
instant and the instant of its next collision, the average of these 
distances for all the molecules is the mean free path as defined 
by Tait. The former definition gives us, as we shall see, 


i 
— /2 | zo2n 
whereas Tait’s definition leads to 
°C) 1 eee 
Ae = : 
=! no *n 


In each case » is the number of molecules per unit volume. 
We shall begin the attack on the problem of calculating the 
mean free path by considering the mean of the free paths, des- 
cribed in a given time, by a molecule moving with a speed 
which is very high compared with that of the vast majority 
of the remaining molecules. In this calculation we may suppose 
the remaining molecules to be at rest. Let the velocity of the 
moving molecule be c and consider a cylinder the axis of which 
is the path of the centre of the moving molecule, and the section 
of which is a circle of radius o. Collisions will occur between 
the moving molecule and all those which have their centres 
within this cylinder. The length of the cylinder described per 
unit time will be c and its volume zo?c. Hence the number of 
collisions per unit time will be zc2nc. Dividing the total distance, 
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c, which the molecule has travelled, by the number of collisions, 
we get 
1 
Aas ar ee Se ee 2-2) 

This will at all events give the order of magnitude of the mean 
free path. We can easily see that the exact expression for the 
mean free path, calculated in accordance with the definition we 
have laid down, must represent a number between that just 
given (12:2) and zero; since a very slowly moving molecule 
must, so long as it is moving slowly, describe very short free paths. 

Let r be the velocity of a molecule, B, relative to another 
molecule, A, the absolute velocities of A and B being c, and c, 
respectively. If these two velocities be 
represented diagrammatically by lines A 
of length c, and c., as in Fig. 12-2, it 
will be obvious that C, r 

ry = {c,2-+ 0,2 — 2c,c, cos 0}, 

since the distance between B and A B 
will be shortened by this amount dur- oe 
ing one second. The average value of r Fig. 12-2 
for a single molecule B with a velocity c, 
and a large number of molecules, A, each with the velocity ¢,, 
and uniformly distributed in direction, will be 


i + | sin 0 d0 {c,? -+ c,2 — 2c,c, cos 0}. 
0 


The successive steps in the evaluation of this integral may be 
written down without detailed explanation as follows : 


Tv 


2 eG. 6,/0 a aye 
j= | 2 sin 7 008 34(5){ (Cs — C,)? + 4c¢,¢, sin’ ; 
0 
1 
i | 2ade{(Cs — C1)? + 4c,¢,x7}}, 
0 
1 
oa | dyes — 61)? + 400.9}, 
and therefore 
2 2 
, — eee, Co = Ci; 
pra Con Ct ee oe ee ied 
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Clausius obtained an approximate expression for the mean free 
path by assuming all the molecules to have the same velocity, 
é, and to be uniformly distributed in direction. With this 
assumption (12°21) becomes 


Go] be 


Feit... hl)h)CUU 22 
which represents the average velocity of any one molecule 
relative to all the others. To get the number of collisions ex- 
perienced by a particular molecule during the unit time we may 
suppose it to be moving with the velocity 7 and all the other 
molecules to be at rest. The method by which (12-2) was reached 
now gives us for the number of collisions per unit time 


on", 
while the actual distance travelled by the moving molecule is ¢. 
We get therefore for this approximation to the mean free path 


ee 
¢ none 
or ae (12-22) 
° Ano2n 


by (12-211). 

In arriving at (12-2) and (12°22) it has been tacitly assumed 
that the cylinder of volume zo*c or ao*% is straight. Actually 
it has a more or less sharp bend at each collision. It is obvious 
however that this will not cause the expressions mo°€ or ao% 
to be in error, since the space swept out will be equal to the 
sum of the volumes of a large number of cylinders of cross- 
section zo2; the sum of their lengths being ¢ or 7 as the case 
may be. 

The way leading to an exact expression for the mean free 
path, according to the definition we have adopted, is now clearly 
indicated. From (12:21), and Maxwell’s law of distribution, 
we get for the average velocity of a molecule with the absolute 
velocity ¢., relative to all the other molecules, the expression 


+ 47A3 | 


Therefore the number of collisions made by it in the unit time 
will be 


2 2 
3C, + Co c,2e-*"de, (12-23) 
1 


moe . . . . . (12231) 
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where 7 is given by (12:23). The number of collisions made 
by all the molecules NV will consequently be 


(v0) 
y = ano | FAn AF No, 2e~%%'de, 
0 


or, written out in full, 
° Fan 2 a 
y= LéntotnN AS] esterse'de, | Se ote de : 
2 
0 


@ ire) g 3 
=e | Cc oe dC, | Bos” + Cel, te—anide |, 
3C, 
0 C3 
or vy = l6n3o*nNAS{C + D} . . = (12-232) 


In the integrals C and D the integration with respect to c, has 
to be carried out first. If in C the integration with respect 
to c, were carried out first, it would have to be written in the form 


ee) ao 
2 2 
C= | exterede, | BCaT “C1, ae-ccitde, 
3C5 
21 
since ¢,=>C,. It is obvious now that C =D and (12-232) 


becomes 
y = 32n?8o 2*"NAP‘D . . (12-233) 


On evaluation D becomes 
me Q—ig-i, 
and for the number of collisions which N molecules experience 
in the unit time, we find 
y = 3273o°*nNAont2—-ta-?, 


or since A = ain-}, 


—2V2|atomNa-? . . . . = (12234) 
The total length of the paths is 
Né = N2n-*a-* S58 (CARE) 


by (12-17), and therefore on dividing (12°235) by (12:234) 
we find for the mean free path 


] 


A= — 
V2| non 


(12°24) 
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The following table gives the mean free path in centimetres for 
a number of gases at normal temperature and pressure. 


Gas Ax 10° 
Hydrogen 1-78 
Oxygen 1-02 
Nitrogen 0-95 
Carbon dioxide 0-65 


§ 12:3. Viscosiry—THERMAL CONDUCTIVITY 


When a gas is in motion as a whole, we have to distinguish 
between the velocity of its motion, i.e. the stream velocity, s, 
and the velocity of agitation, c, of an individual molecule. Let 
us represent the components of the stream velocity by w’, v’ 
and w’ and those of the velocity of agitation of a single molecule 
by u, v and w as before; so that 

S= (450.2), 

c=(u,v,w) . . . . . (ee 
Associated with the flow of a gas in a given direction will be a 
stream momentum 

ams = (amu, mv’, mw’)... (12-301) 

where m is the mass of a single molecule. When the stream 
velocity varies from point to point, frictional or viscous forces 
will be exerted by one part of the gas on another (§ 11-5). 
These forces find their expression in terms of a tensor ?¢”’,,, ,,, 
t’’.,, etc. Imagine the Z axis to be directed upwards and the 
Y and Z components of the stream velocity to be zero, so that 
everywhere 

s = (u’, 0, 0), 
and let u’ be a function of z only, so that the stream velocity 
has the same value at all points in the same horizontal plane. 
The tensor of § 11:5 now simplifies to the single component 
t’’., and by (11°51) 


ra , {Ou ow’ 
1 tears) Baar 
du’ 
v= UM rrr (104-5 | 
or le Dee ( ) 


This is the force per unit area exerted in the X direction over 
any horizontal plane by the more rapidly flowing medium above, 
on the less rapidly flowing medium below. The kinetic theory 
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explains this viscous force in the following way: The molecules 
above the given horizontal plane have a greater stream momen- 
tum, mu’, than have those below it. Approximately equal 
numbers will cross the unit area of the plane in both directions 
in a given time and the lower portion of the medium will there- 
fore gain stream momentum at the expense of the upper portion. 
The rate of gain of momentum will be a measure of the force 
exerted on the gas as whole below the given plane and tending 
to increase its velocity of flow, or conversely it will measure the 
force hindering the flow of the gas above the plane. 

To get an expression for the viscosity, u, we first find the 
amount of stream momentum passing upwards through an 
element of area dS (AB in Fig. 11-91, the normal, N, having 
the direction of Z). We shall simplify the calculation by assum- 
ing that all the molecules have the same absolute velocity of 
agitation which we take to be the average of the actual velocities 
of agitation, or €. We may use the expression (11-903) for the 
number of molecules passing 
through dS in the time dé in 
directions included within the 
solid angle dQ(= sin 6 dO dd). z-M dS 
This has to be multiplied by 
the stream momentum per L Lcos@ 
molecule. Each molecule on 
passing dS will have travelled, 
on the average, a distance | Fic. 12-3 
(equal to the mean free path 
according to one of the possible definitions) since its last colli- 
sion, and we may take it to have the stream momentum 
appropriate to the place of its last collision. If dS be in the 
plane z = M = const., each of these molecules starts from the plane 

| z= M —Icos0 
(Fig. 12-3) and if the stream momentum in the plane z = M 
be mu’, each molecule in question will have the stream momentum 
mi — cos 6 zi ee (12-311) 
dz 
Leaving the first term of this expression on one side for the time 
being, it becomes 


, 


du 
— ml cos 0 ay 


If we multiply (11:903) by this we get an expression which 
differs from the corresponding one in § 11-9 only in having 
du’ 


— ml Ee replacing 2mc, 
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so that we have instead of (11-904) 


—m ——n'cd Sat cos? @, 


d 
a _ ne du’ 4S di sin b\cosi6 adds en 
4x dz 
Integrating, we get 
mnel du’ 
Therefore the stream momentum carried upwards through dS 
in the time dt is 
mneél du’ 
= OS 1h ee 12°313 
B 6 dz oe ( ) 
where P is the contribution (whatever it may be) due to the 
term we have left on one side. The corresponding calculation 
for the stream momentum carried downwards obviously gives 
mncl du’ 
SO aeiole Ot =e 12-314 
P+ 5 dS dt ( ) 
Subtracting (12:313) from (12-314) we get for the net gain of 
stream momentum by the medium below the plane z = JJ, 
reckoned per unit area per second, 


i _ mnél du’ 
x 3 dz 
Consequently a 
wae. ew ss (1288 


The J in this formula will not be very different from 4, of (12-22), 
so that we obtain as an approximate expression for the viscosity 


@ a oe... (12-321) 

ory. (12+22) 
me 

= dno? . . . . (12 322) 

A rigorous calculation of « for spherical molecules leads to 
fos 350... pla . . . (Eoeaze 
1 

where = ee 

V/2| no2n 
and consequently ax CODE ES on cee (12-324) 


BS NT2 | 10 
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It will be seen that the rigorous formulae differ only very little 
from the approximate expressions. The viscosity, according to 
(12-322) or (12°324), is equal to ¢ multiplied by a constant 
which depends only on the mass and size of the molecules. 
The theory indicates therefore that it is proportional to the 
Square root of the absolute temperature and quite independent 
of the pressure of the gas. This relationship was discovered by 
Clerk Maxwell. Subsequent experiment fully confirmed the 
independence of the viscosity of the pressure, but it was found 
to vary more rapidly with the temperature than is indicated 
by the theory. The discrepancy suggests that the molecular 
diameter o depends on the velocity of agitation, that is on the 
temperature. Sutherland! has derived the formula 


_ | (Bot Oy (T\¥? 
p= wl) a) 


in which C is a constant characteristic of the gas. This accords 
well with experimental results. 

When the temperature varies from point to point in a gas 
or any other medium heat flows from places at higher to places 
at lower temperature. Let us suppose the temperature to have 
the same value at all points in any plane 2 = const. There 
will be a consequent flow of heat in a direction perpendicular 
to these planes if the temperature varies with z. The thermal 
conductivity, K, is defined by 


Q=Ka. oe ae 
where Q is the quantity of heat flowing through the unit area 
per unit time in the direction of decreasing values of z. The 
kinetic theory identifies heat with the kinetic energy of the mole- 
cules and the problem of finding an expression for the con- 
ductivity of a gas is seen to be mathematically identical with 
the foregoing problem of viscosity. The kinetic energy per 
unit mass of the gas is therefore c,7’ where c, is the specific 
heat of the gas at constant volume, and therefore the average 
kinetic energy per molecule may be expressed in the form 
mce,l'. This is the quantity transported by a molecule. The 
identity of the present problem and that of viscosity becomes 
still more obvious if we represent the temperature by w’ instead 
of 7, and the quantity of heat transported through the unit 
area per unit time by {,, instead of Q. The constant K will 
then occupy the place of uw in formula (12:31). The quantity 


1Sutherland: Phil. Mag., 36, p. 507 (1893). 
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transported by a single molecule is then mc,u’ instead of mw’ 
as in the viscosity problem. Consequently we find 
Key, . . . . (eae 

i.e. the thermal conductivity is equal to the product of the 
viscosity and the specific heat at constant volume. Experiment 
confirms the proportionality of thermal conductivity and vis- 
cosity indicated by (12-331), and that the two quantities vary 
in the same way with temperature; but here the agreement 
ends. It is found in fact that 

100 ar (12-332) 
where a@ is a constant in the neighbourhood of 2-5 for monatomic 
gases, such as helium and argon, 1-9 for diatomic gases, such as 
oxygen, hydrogen and nitrogen, and still smaller for more com- 
plex molecules. The discrepancy between the theory given 
above and experiment is mainly due to the assumption made 
about the distribution of velocities. A more rigorous theory 
based on a suitable modification of Maxwell’s law of distribution 
—the existence of the temperature gradient obviously puts the 
law in error—does in fact yield a = 2-5, 1-9 and 1:75 for mole- 
cules with one, two and three atoms respectively. 


§ 12-4. DirFuUsIon oF GASES 


The phenomenon of the diffusion of one gas into another 
is analogous to that of the conduction of heat and the definition 
of the coefficient of diffusion, or the diffusivity as it is usually 
termed, of a gas A into another B is similar to that of thermal 
conductivity. Instead of a temperature gradient, we now have 
a concentration gradient ; and instead of considering a transport 
of heat or kinetic energy we have now to study the passage of 
the molecules of one gas into the other. Let , and n, be the 
numbers of molecules per unit volume of two gases occupying 
the same enclosure, and take the case where n, and n, are 
functions of one co-ordinate, z, only, just as in the problems of 
viscosity and conductivity we supposed the stream velocity or 
the temperature to be functions of z only. If D,, represent the 
diffusivity of gas 1 into gas 2, we have 


Gy =e ma 

where G', is the number of molecules of gas 1 which pass through 
the unit area perpendicular to the Z axis per second in the 
direction of increasing z. Similarly 

dn, 


G, = ia Di 
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Following the method of calculating the viscosity in § 12:3, we 
bear in mind that the molecules passing through the element 
of area dS, in the sense of increasing z for example, and in a 
direction inclined at an angle 6 to the normal (i.e. to Z), have 
their last collision at the average distance J cos 6 below dS; 
so that in evaluating the number passing through dS we must 
take the concentration appropriate to z = MZ — 1 cos 0 (§ 12-3). 
For the number of molecules of gas 1 passing through dS in the 
time dt and travelling in directions included in the solid angle 
d2 = sin 6 dé dd, we easily find 

2 dn.\dQ 

é,( ms ~ 1, cos 7) es dt cos 0, 
m, Meaning the concentration in the plane z = M, which con- 
tains dS. As in the viscosity problem the first term will con- 
tribute nothing to the end result, and we are left with 


Gl Oe ae ena oe a 

4 dz 
which takes the place of (12°312) in the viscosity problem. 
On integrating we get 


_ €4l, dn, 
aes ds dt, 


and therefore the number of molecules passing upwards (i.e. 
in the direction of increasing z) through dS in the time dé will be 


Clan 
Ces So 
6 dz g 
Similarly the number passing downwards will be 


Cl, dn 
fe ee EIS GB 
= 6 dz 
Therefore the net number passing upwards through the unit 
area per second is 
pees as 


4 
3 dz ae 
The corresponding quantity for the other constituent is 
_ Gabe dns : 
a a (12-401) 


In arriving at these formulae one important circumstance 
has been neglected. We have tacitly assumed that while gas 1 
is diffusing, gas 2 is quiescent. Since however 7, + 7, remains 
constant, there must be in general some motion of the gas as 
a whole. Let us suppose the velocity of this motion (in the 
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Z direction) to be w’. Then our element dS must be travelling 
relatively to a fixed element dS, with the velocity w’. The 
expressions (12:4) and (12:401) must therefore be amended as 
follows : 


Se 
G,= —w'n, ase 
; Cl. a 
G,= —w'n, — Se . (12-402) 
Now since n, + 7, is constant it follows that 
G, +- G, — 0 
AN, _ _ dn, 
and ee Se 
Consequently 
, 2 Be 
0 = —w'(n; + n2) — $(E,1, — ee 
and therefore 
pee es 
130,27) a eee 


On substituting this expression for — w’ in (12°402) we get 
NC, + 6.1, dn, 


a 3(ny +n.) de 
C.J, + 7,C.1, dn 
6, = = et te : 
and ; TREE EE (12-41) 
Therefore 
De =D. MoCabr + Mill, (12-42) 


3(t1 + M2) 

If the temperature be kept constant, the ratios n./(n, + 72) 
and 7,/(n,; + 7,) will remain constant as also ¢, and €,; but 
1, and J, will vary inversely as the pressure. So that the diffus- 
ivity is inversely proportional to the pressure at constant tem- 
perature. When the pressure is kept constant, the ratios 
No/(r1 + M2) and n,/(n; + ”,) will again remain constant ; but 
t, and 1, will be proportional to the temperature while ¢, and 
€, are proportional to the square root of the temperature. We 
conclude therefore that at constant pressure the diffusivity is 
proportional to 7°/?._ Combining both conclusions we may say 
that the diffusivity is proportional to 

73/2 

Pp 
Experiment confirms this result so far as the dependence on 
the pressure is concerned ; but the diffusivity is found to vary 
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more rapidly with temperature than the 3/2 law indicates. It 
will be recollected that a similar relation between experiment 
and theory was pointed out in connexion with viscosity. 

A phenomenon of great interest is the diffusion of a gas through 
minute apertures in a membrane, or in the wall of the containing 
vessel. This must be distinguished from the streaming or effusion 
of a gas through apertures which, though small in the ordinary 
sense, are nevertheless wide enough to permit the simultaneous 
egress of enormous numbers of molecules. If such an aperture 
is very short in comparison with its breadth, the velocity in the 
emerging stream of gas is given approximately by Bernoulli’s 
theorem according to which 

P1 — Po = Fpv.® — Fr’, 
p, and p, and »v, and v, are the pressures and stream velocities 
at the points 1 and 2 respectively. So that if », is the pressure 
in the interior of a large vessel where the velocity v, is practically 
zero, and if p, is the Lae: just outside the aperture, we have 


Pi= $pv’, 


ae a | Po) 


for the velocity reached in the aperture. This result forms the 
basis of a simple method of comparing the densities of gases 
devised by Bunsen. If the aperture is in the nature of a long 
channel, the streaming through it of the gas is governed approxi- 
mately by the formula of Poiseuille. 

In neither of these cases is there any separation in the case 
of a mixture of gases. The partial pressures of the gases play 
no part in the phenomena; but only the total pressure. It 
is different with true diffusion which depends on the motions 
of the individual molecules and therefore does not become 
evident till the openings are so minute that only one or two 
molecules are passing through them at any one instant. If we 
have a number of gases (between which we distinguish by sub- 
scripts 1, 2, 3, ... 8, . . .) contained in two vessels separated 
by a partition in which are such minute apertures, and if n, 
and », represent the numbers of molecules per unit volume of 
the gas, s, in the two vessels respectively ; it is clear that the 
number of molecules of the gas s, which leave the first vessel 
per unit time will (other things being equal) be proportional 
to n,, and the number leaving the second vessel to 7;. This 
is an immediate consequence of (12°19). Other things being 
equal therefore, the rate of diffusion of a gas (expressed by 
the number of molecules diffusing in the unit time) is propor- 
tional to the difference of its partial pressures on the two sides 
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of the membrane. On the other hand the rates of diffusion of 
different gases under like conditions are proportional to their 


mean velocities €,, €,, €;, ..., and since by § 12 
m,C,* = M,C,, 
¢,27 mm 
and therefore a 
ene My, 
C m 
or by (12-172) —_= ee: , 
Ce My 


it follows that the rates of diffusion are inversely proportional 
to the square roots of the masses of the molecules and therefore 
inversely proportional to the square roots of the densities 
(measured under like conditions of pressure and temperature) 
of the gases. These deductions are identical with the experi- 
mental result known as Graham’s law. 

A membrane or wall which permits only one gas in a mixture 
to diffuse through it is called semi-permeable. For example 
palladium at a suitable temperature allows hydrogen to diffuse 
through it; but not other gases. ‘The picture which the kinetic 
theory gives us of this state of affairs is that of a partition with 
apertures so small that the molecules of only one gas are small 
enough to enter them. Imagine a palladium tube (maintained 
at a sufficiently high temperature) containing within it, say, 
nitrogen and surrounded on the outside by hydrogen kept at 
constant pressure. The latter gas will continue to diffuse in- 
wards until its partial pressure inside is equal to its pressure 
outside. The excess of the total pressure inside over that outside 
will therefore be equal to the partial pressure of the non-diffusing 
gas, or the pressure it would exert if it occupied the palladium 
vessel alone. Similar phenomena are associated with diffusion 
in liquids through semi-permeable membranes (made by deposit- 
ing copper ferrocyanide inside the wall of a vessel of unglazed 
earthenware). If such a vessel contains an aqueous solution of 
a crystalline body, sugar for example, and is surrounded by pure 
water, only the latter diffuses and the excess of the pressure 
inside the semi-permeable vessel over that outside, when equi- 
librium has ultimately been reached, is naturally associated with 
the dissolved sugar and is called its osmotic pressure. 


§ 12-5. THEORY OF VAN DER WAALS 


We have so far supposed the dimensions of the individual 
molecules to be so small that their total proper volume is a 
negligible fraction of that of the containing vessel (§ 11-9). 
Let us now examine some of the consequences which ensue when 
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this fraction is not negligible. The centres of any two molecules 
cannot approach nearer to one another than a distance o equal 
to the diameter of a molecule. Imagine a sphere of radius o 
described round the centre of each molecule in the gas. We 
shall call such a sphere (after Boltzmann) the covering sphere 
of the molecule. The sum of the volumes of the covering spheres 


will therefore be snot , or 8v, where N is the total number of 


molecules and v their total proper volume. Since the centres 
of a pair of molecules may be separated by as short a distance 
as o, some of the covering spheres will overlap; but this over- 
lapping volume will be small by comparison with v and we shall 
neglect it. The part of the total volume V in which it is possible 
for the centre of a given molecule to be situated may consequently 
be taken to be 


V— srotN ; 


Let us reconsider, in the light of this result, the deduction of 
the expression (11-91) for the 
pressure of the gas. The 
centres of the molecules on 
colliding with AB (Fig. 12-5) 
will reach a plane CD, separ- 
ated from AB by the distance 
o/2. Let us replace the cylin- 
der BCDE of Fig. 11-91 by the 
eylinder DCEF of Fig. 12:5, 
with a perpendicular distance 
cdt cos 6 between its end faces. 
This cylinder plays exactly the 
same part in the calculation 
as the former one, and has Fra. 12:5 

the same volume cdtdS cos 6. 

We have to re-calculate »’ in (11-903). This formula might 
have been written 


ue Aloe dasa) =. 4 8 (ee: 
4n V 
where N is the total number of molecules, of velocity c. The 


total number of molecules per unit volume of the space available 
for their centres is now seen to be not = but 
N 


—= (12-501) 
_ gion 


246 THEORETICAL PHYSICS (Ch 


If now the cylinder DCEF (Fig. 12:5) were in the interior of 
the gas, the space within it available for the centres of molecules 
would be 
V— 40° 

c dt dS cos 0 = (12-502) 
If we take di to be very small indeed, the cylinder will be so 
narrow that the centres of the molecules, whose covering spheres 
penetrate the cylinder, will, except for a negligible fraction, lie 
outside it. We should say that half of these centres were outside 
EF and the remaining half outside CD (Fig. 12:5). Since how- 
ever the distance between CD and the wall AB of the vessel 


is actually only _ no covering spheres of molecules penetrate 


it from that side at all. The last expression (12°502) must 
therefore be amended as follows: 


sa 3 
c dit dS cos 0 a 
To get the number of the NV molecules which are in the cylinder 
DCEF and are moving in the directions included within the 
limits of the solid angle d2 we must therefore multiply together 


ee and the expressions (12°501) and (12°503). We thus obtain 


(12°503) 


N 

1 — 2x0°— 

dQ N V 
=a 4 c di dS cos 6, 

3 Wy 


which has to take the place of (12:5). The total proper volume 
of the molecules is 


mo 
i aN: 
so that we get 
dQ N SMES c dt dS cos 6, 
4a V (1 _ 8v 
V 
or, neglecting (v/V)? and higher powers, 
dQ ON odtdScos@ . . . « (1251) 
4n V — 4v 


In recalculating the pressure therefore, we learn that the in- 
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fluence of the size of the molecules is precisely that which might 
be brought about by a reduction in volume equal to 4v. If 
we write, as is usual, 


re oe Ls, | 
we must amend (12°011) to read 
DV —b)—fhT 2 ee L258) 


A further amendment due, like that just described, to J. D. 
van der Waals, is based on the supposition that the molecules 
exert attractive forces on one another which however are only 
appreciable when the separation of the molecules does not 
exceed a certain quite small distance &. Any molecule in the 
interior of the gas will therefore be under the influence of those 
situated in the sphere of radius R described about this molecule 
as centre. We may therefore suppose the resultant force exerted 
on it to be practically zero. It is different in the case of a 
molecule quite close to the boundary. The attracting molecules 
are all, or mostly, on one side of it instead of being uniformly 
distributed in a spherical region round about it. Over the 
whole boundary of the gas there will be a layer of molecules, 
extending to a depth #, which experience resultant forces in 
the direction of the interior of the gas. This will give rise to 
a pressure over and above that applied through the wall of the 
vessel or enclosure containing the gas. Since the number of 
molecules in this layer is practically proportional to the density 
of the gas, and the same is likewise true of the number of mole- 
cules attracting them, it is evident that the additional pressure 
may be taken as proportional to the square of the density or 
as inversely proportional to the square of the volume of the 
gas. We have therefore to amend equation (12°53) by adding 
to p a term a/V?, where a is a suitable small constant. In 
this way we obtain the improved gas equation of van der Waals, 


(p + 73) (V—b)=RT . . . (12°54) 


which may also be written in the form 


ve— (+= \y24 oy —2 =o | (12-541) 
p p Pp 


The isothermals (constant temperature curves) according to 
(12-54) or (12°541) are diagrammatically illustrated in Fig. 12-51. 
The arrow indicates the order of increasing temperature. The 
portions of these isothermals which slope downwards from left to 
right, for example in the isothermal ACEG the portions ABC 
and EFG, correspond moderately closely with experimentally 

17 
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found isothermals (if suitable values are given to a, b and f) 
the former representing states in which the whole of the sub- 
stance is in the liquid phase, and the latter those in which the 
substance is wholly vapour. ‘Those states corresponding to 
portions of the isothermals, like CDE, which slope upwards 
from left to right are unstable (which explains why we do not 
observe them). For consider the state of affairs at such a 
point as H. A slight increase in the pressure will cause a 
diminution in volume and, as the slope of the curve indicates, 
a lower pressure than the original one is now necessary (at 


P 


Fia. 12-51 


constant temperature) for equilibrium. The actual pressure is 
therefore operating so as to remove the substance more and 
more from the state of equilibrium. It should be observed that 
in the deduction of van der Waals’ equation, the whole of the 
substance is supposed to be in the same state at the same instant. 
Suppose it were possible for the whole of the substance to be 
in the state, H, at some instant. A slight local increment in 
pressure beyond HK, which is necessary for equilibrium, would 
result in that part of the substance changing to the condition 
corresponding to some point on ABC. Similarly a local diminu- 
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tion in pressure, however slight, would result in the substance 
in that locality changing to the condition represented by some 
point on EFG. Even supposing therefore the possibility of the 
whole of the substance being momentarily in the state repre- 
sented by H, it would immediately break up into two states 
(liquid and vapour). The equilibrium at the boundary between 
the two phases is obviously independent of the relative quantities 
of the substance in these phases. The equilibrium pressure is 
therefore determined solely by the temperature. Consequently 
the portion of an isothermal in which liquid and vapour states 
coexist will be a horizontal straight line. Thermodynamical 
reasons will be given in a subsequent chapter (§ 17-4) which 
indicate that the situation of this horizontal line (BF in Fig. 
12:51) is such as to make the areas BCD and DEF equal to one 
another. The states EF (supersaturated vapour) and BC (super- 
heated liquid) can of course be produced experimentally. Indeed 
this fact led James Thomson to suggest that the isothermals 
have the shape indicated by ACEG (Fig. 12-51) before v. d. Waals 
developed his theory. 

The maxima and minima of the v. d. Waals isothermals are 
located on a curve CPE, shown in the figure by a broken line. 
The isothermal passing through the summit, P, of this curve, and 
all those corresponding to higher temperatures, have no portions 
which slope upwards to the right, and we conclude that there 
is only one state for the range of temperatures beginning with 
that of the isothermal through P and extending upwards. This 
is in accordance with the fact, revealed by the experiments of 
Andrews, that it is impossible to liquefy a gas unless the tem- 
perature is reduced below a certain critical temperature 
characteristic of the particular gas,1 and which according to 
the theory of v. d. Waals is the temperature corresponding to 
the isothermal through the point P. The term gas state, in 
its narrower sense, applies to the substance when its temper- 
ature exceeds the critical value. 

Let us now pick out any isothermal, ACEG for example, 
and differentiate its equation with respect to v. We obtain 


vo -) (V0) + (pty) =0. 


dV Vs 
The maximum E, and the minimum C, therefore conform to 
2 
p+ i= pall — 8). oa. (12655) 


This must be the equation of the curve CPE. It will be noticed 
1This was suggested still earlier by Faraday. 
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that it cuts the axis, p = 0, at V = 2band V=o. Thelocation 
of the critical point P is obtained by differentiating (12°55) 


and putting = = 0. We thus get 


dp 2a 6a 2a 
7 Vee) ae as 
and therefore, if V, is the critical ae 
2a 6a 
sy aie any ee) +7 
or Vee3d... . . =e 


We may find the critical pressure by substituting 3b (12°56) 
for V in equation (12°55). This gives 
a 
2752 * 
Finally we get an expression for the critical temperature by 
substituting the values (12°56) and (12°561) for the volume 


and pressure respectively in van der Waals’ equation (12°54). 
This will be seen to give 


(= (12-561) 


8a, 
Gi = 
° 27d 
It is instructive to express the pressure, volume and tem- 
perature, in van der Waals’ equation, in terms of the correspond- 


ing critical values as units. Representing them by z, w and t, 
we have 


(12562) 


14 a w => r= 
therefore 
8a 
P = gigi V = Sbw, T = sar. 
On substituting in the equation of van der Waals we find 
3 1 8 
aay Sa) SS c 12°57 
(* =) (« 3) Se ! 


an equation from which the constants, which distinguish one 
gas from another, have disappeared. The quantities 2, w and 7 
are termed the reduced pressure, volume and temperature 
respectively. A number of gases for which the reduced pressure, 
volume and temperature are respectively equal, i.e. for all of 
which the pressures, 2, are equal and all of which occupy equal 
volumes w at the same temperature, t, are said to be in corre- 
sponding states and equations (12:57) express the theorem of 
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corresponding states from the point of view of the theory 
of van der Waals. The existence of a critical temperature, 
pressure and volume for gases is of course an experimental fact, 
and the theorem of corresponding states, in its widest sense, 
states that a relation 
jie @, ©) =O 

exists, in which f is the same function for all gases. It is very 
doubtful whether the theorem is accurately true ; butin the form 
(12-57) it represents at least a fair approximation to the truth. 

Any horizontal line cuts an isothermal (Fig. 12-51) in one 
point or three points, as is otherwise obvious from the fact that 
for a given pressure and temperature (12-541) is a cubic equation 
for V, and has therefore one real root, or three real roots. We 
may regard the critical point, P, as a point where three real 
roots have coincident values. For this point therefore (12:541) 
becomes 


V2 — 3V°V, + 3VV,2—V2=0. 


Hence 
S/o 
Pe 
gV2 = 2% 
Pe 
and — ab 
Pe 


These equations furnish an alternative way of arriving at the 
critical values (12:56), (12°561) and (12:562). 

We shall now consider briefly the deviations from Boyle’s 
law in the light of v. d. Waals’ theory. For this purpose v. d. 
Waals’ equation may be expressed in terms of 4(= pV), pand 7. 


In (12-54) or (12-541) therefore we replace V by = and so obtain 


yn? — (RT + bp)n? + apn—abp? =0. . (12°58) 
If we plot 7 against » (for constant temperatures) we get ap- 
proximately horizontal straight lines (isothermals) in accordance 
with the approximate validity of Boyle’s law. Differentiate 
(12-58) with respect to » twice over, keeping 7' constant, and 
dn 


then equate - to 0. We thus obtain the equations 


n? — on +2ap=0 . . . (12-581) 
and 
2. 
salon’ — 2(RT + bp)n +ap]=2ab (12-582) 
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The former of these equations gives the positions of the minima 
(or maxima, if they are maxima). They are seen to lie on a 
parabola ((12°581), represented by the broken line in Fig. 12-52). 
The latter equation shows that the corresponding values of a 

P 
are positive (if we assume a to be positive; i.e. if we suppose 
the intermolecular forces to be attractive), as we easily find by 
ignoring bp and ap, since an approximate estimate will suffice 


2 
in order to find the sign of wt Thus 


d?y 2ab 

dp? 3n? — 2RT 7’ 
E dy _ Bab 

dp? — RT? 


since 7 = RT approximately; and its positive character is 
obvious. Consequently the values of 7(= pV) on the locus 
(12°581) are minima. 


Cl Ie 


Fie. 12-52 


Qualitatively the agreement between v. d. Waals’ theory 
and the observed deviations of Boyle’s law is very good. The 
minima are in fact observed at low temperatures to move in 
the direction of increasing p as we pass to higher temperatures 
(see the minima below A in Fig. 12-52); while at higher 
temperatures they behave in the contrary way. 


d 
On differentiating (12°581) with respect to 7, and making a = 0, 


we find 7 = 5° which is the value of 7 for the point A (Fig. 12°52). 
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At the point B we find (by making p = 0 in (12-581)) 7 =$. By sub- 


stitution in (12-581) or in v. d. Waals’ equation, and remembering that 
n = pV, we find the corresponding values of V and 7. These are given 
in the subjoined table : 


p V Tr 
a a 9a 
A 2b 8b2 4b 16Rb 
a a 
= #) mi 
a b am Rb 


The theory of v. d. Waals is not however good enough quantitatively 
for these numerical values to be of importance. The extent of its failure 
can be shown very clearly by comparing the value the ratio 

(pV )p=0 

(DV )p=pe 
at the critical temperature with the observed value. Using equation 
(12:57), it becomes for very large volumes, 


8 
to = 3° 
since t = 1; and at the critical point m = 1 and w = 1; hence 
Tel 
The ratio is consequently a 
3 > 


whereas the observed value is found to be in the neighbourhood of 3-75.1 


§ 12-6. Loscumipt’s NuMBER 


It is usual to speak of the number of molecules in a gram 
molecule of a gas as Loschmidt’s or Avogadro’s number. 
It was first estimated by Loschmidt in 1865. The terms atomic 
weight and molecular weight ? were introduced by chemists, 
at a time when the absolute masses of atoms and molecules were 
not yet known, to represent the masses of atoms and molecules 
in terms of the mass of a hydrogen atom as a unit. The atomic 
weight of hydrogen was therefore originally unity, and its mole- 
cular weight was taken to be 2 on the ground of chemical evidence 
interpreted in the light of Avogadro’s hypothesis. For example 
the combining volumes of hydrogen and oxygen are in the ratio 


1¥For an account of various alternative gas equations of Clausius, 
Dieterici, Callendar and others, see Ferguson, Mechanical Properties of 
Fluids. (Blackie & Sons.) 

2* Atomic weight’ and ‘molecular weight’ have the sanction of long 
established custom ; but quite obviously ‘ atomic mass’ and ‘ molecular 
mass’ are the appropriate terms. 


\ 
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of two to one, and the volume of the water vapour produced is 
found to be the same as that of the hydrogen, when measured 
‘under like conditions of temperature and pressure. Now assum- 
ing Avogadro’s hypothesis, we have in the unit volumes of 
hydrogen, oxygen and water vapour (at the same temperature 
and pressure) equal numbers of molecules, say n. Therefore 
the reaction may be represented in the following way: 


2nM,, + nM, = 2nM y sree 


where M,,, M, and My sran represent the molecules of hydrogen, 
oxygen and water (in water vapour) respectively. Consequently 


2M = M, e 2M yarem 


ic. two molecules of hydrogen and one of oxygen produce two 
molecules of water. The simplest constitution of water consistent 
with the chemical evidence is H,O. Therefore 
BW NS, cen allo! 

and consequently ld = a igs 

Nes Qee 
Later this assumed constitution for hydrogen and oxygen was 
confirmed by physical observations, for example by determin- 
ations of the ratio of the specific heats at constant pressure 
and constant volume. A gram molecule of any substance is 
by definition a quantity of the substance the mass of which in 
grams is equal to its molecular weight. More recently atomic 
and molecular weights have been readjusted on the basis of 
O=16. This makes H = 1-008. 

The kinetic theory furnishes us with a means of estimating 
the absolute mass of a molecule, or, what amounts to the same 
thing, the number of molecules in a gram molecule. For this 
purpose we may use the following equations : 


c= ae equivalent to (11:911) 
me 
[eg (12-322) 
b oe 
a an N=, 
M = Nm, 
and we might add 
ei ae)" oye (126172) 


1 Quite recent experimental investigations of the relative masses of 
the atoms of isotopes have led to a further very minute readjustment. 
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but some of the assumptions underlying these formulae, for 
instance that of spherical molecules, are so rough that we may 


just as well assume c? = (¢)%. The symbols have the meanings : 


M =mass of a gram molecule ; 
R = gas constant for a gram molecule ; 
c = velocity of a molecule, the bar indicating averages ; 
ps = viscosity ; 
m = mass of a molecule; 
v = total proper volume of the molecules ; 
6b =v. d. Waals’ constant ; 
N =the number of molecules in a gram molecule (Lo- 
schmidt’s number). 


We have in these four equations four unknown quantities, 
namely ¢, o, m and NV; the other quantities being given by 
experimental observations. As an illustration let us take the 
case of hydrogen. 


R = 8-315 x 10’ ergs per °C. (the same approximately for 
all gases). | 
M = 2-016 gram. 
T = 273, if we chose the temperature of melting ice. 
p = 86 x 10% gram per cm. per sec. 
6 = 19-7 c.c. for a gram molecule and hence v = 4-925. 


When we substitute these data we find 

g = 2-74 x 10-8 cm., 

N =46 x 10%, 
Obviously these numbers cannot be regarded as expressing any- 
thing better than the order of magnitude of o and UN. 


§ 12-7. Brownian Movement 


In 1827 the botanist Robert Brown observed that the pollen 
grains of clarkia pulchella, when suspended in water, were in 
a constant state of agitation. Further investigation has shown 
that the phenomenon is not peculiar to pollen grains, and is 
not confined to particles which are living organisms. It can in 
fact be observed with small particles of any kind suspended in 
a liquid or gas. It is independent of the chemical constitution 
of the particles and is not due to external vibrations, or to motions 
in the suspending fluid due to temperature inequalities. When 
every precaution has been taken to get rid of such disturbances — 
it still persists. In the words of Perrin, ‘ Jl est éternel et spontané.’ 
These characteristics of the Brownian movement led Christian 
Wiener in 1863 to the conclusion that it was due to the motion 
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of agitation of the molecules of the suspending medium. The 
movement is more violent in the case of small particles than in 
the case of larger ones as Brown himself observed ; a fact which 
supports the conclusion that Wiener arrived at. 


§ 12-8. Osmotic PRESSURE OF SUSPENDED PARTICLES 


Imagine a large number of small particles, all having the 
same mass, suspended in a fluid of smaller density. Let n be 
the number of them per unit volume at a height z from the base 
of the containing vessel when statistical equilibrium has been 
attained, and m’ the excess of the mass of a single particle over 
that of an equal volume of the suspending fluid. If p be the 
(osmotic) pressure due to the particles, we have by (10-6) 


Bae 
or dp=-—nm'gde . .. . (128) 
and according to the kinetic theory 
p= nk¢T, 
dp mg 
and therefore > ipo 
dn mg 
or ss ape 
Hence 
Mo _ mg | 
log — = park. 2 + a 0 eT 2 Sy) 


where ”, is the number of particles per unit volume in a 
horizontal plane z = M/, and » the number per unit volume in 
a plane z= UM +h. 

Perrin verified this formula experimentally by directly count- 
ing the numbers of small equal spherules of gamboge suspended 
at various heights in water in a small vessel which was placed 
under a microscope. He determined the size and mass of the 
spherules by various methods; e.g. by measuring the length of 
a row of them and counting the number in the row; by weighing 
a known or estimated number of them; and by measuring the 
rate of fall of a spherule through the water and applying Stokes’ 
law (11°792). The data which he thus obtained enable k to 
be found and hence also Loschmidt’s number JN, since Nk = R, 
where #(= 8-315 x 10’ ergs per ° C.) is the gas constant for a 
gram molecule. In this way Perrin found for NV numbers vary- 
ing from 6:5 x 1073 to 7:2 x 108. 
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Perrin carried out a great variety of experiments which not 
only settled any question as to the nature of the Brownian move- 
ment, but constituted most important tests of the kinetic theory 
of gases. Only one other of these investigations will be dealt 
with here. It is based on a formula deduced by Einstein. The 
equations of motion of a single spherule may be written in the 
form : | 


moe = — ee ne X, 
ays y 
ae _# le 
2. 
mak = — 82 +2; es (12-82) 
where (se oa 7) represents the resistance of the fluid to 


the an of the spherule, and (X, Y, Z) is the force due to 
bombardments by the fluid molecules. By Stokes’ law (11-792) 


ie (hia, 


where r is the radius of a spherule, and yu is the viscosity of the 
fluid. Multiplying the first of the equations (12°82) by x we have 


and therefore 
d/ dx da\? 8 d(x?) 
See aie eG, me a dean: 
da\? _—_—« 8 d(x?) , 

=) = — 5S + 2X (12-821) 
If now x? be the average value of x? for a large number of the 
spherules, which are of course supposed to be exactly alike, 
we get from (12°821) 


2 
Consequently eae as) - 


(12-822) 


This follows because mF) : is two-thirds of the average kinetic 


energy of translation of a spherule, and as the value of X at 
any given place is just as likely to be positive as negative, 7X = 0. 
If we abbreviate by writing 
ie 

dt 


= 5s 


258 THEORETICAL PHYSICS [Ch. X 
(12°822) becomes 


Dp oe = fk 
de _ 8S 2kT 
or i a pea 7 (12 823) 


This may be written 

ad 2kT) . S 2kT 

a= et tel oe) = 
and therefore 

: _"e Acute... | MDS 

where A is a constant of integration. If ¢ is sufficiently long, 
the right-hand side of this equation is not sensibly different 
from zero, and we have 


a? 2kT 

dt 8’ 

and consequently oF = a 
or i, oy, ae (12a 

37r 


where x? is the mean value of the square of the displacement 
in the X direction during a sufficiently long period of time t. 
This is Einstein’s formula. 


Perrin measured x?, by means of a vertical microscope 
capable of motion in a horizontal plane, the individual measure- 
ments of x? being made on the same granule, thus eliminating 
the errors, due to slight differences in size, which might have 
resulted from observations on different granules. He thus 
deduced values for Loschmidt’s number between 5-5 x 1078. and 
8 x 1078, his mean value being 6-88 x 103, 

The importance of these results does not lie of course in the 
precision of the numerical results, but in the test they furnished 
of the essential soundness of the kinetic theory. 
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CHAPTER XI 
STATISTICAL MECHANICS 


§ 12:9, PHASE SPACE AND EXTENSION IN PHASE 


MAGINE a very large number of Hamiltonian systems (i.e. 
| dynamical systems subject to the canonical equations (8:43 
and 8°46) of Hamilton) all exactly alike and having each 
nm degrees of freedom. For simplicity we shall suppose they do 
not interact with one another at all. Let the number of them 
which have 
qd, between gq, and g, + dq, 
de 29 q 2 29 qs +r dq 29 


In Clie 99 Cee te Olle 
Pi 95) Pi 99 Pi ae dp, 
(Oneeey 8 Pages Pat OD, 
be 
POGG0s 22). 49,0 7.0 pn ae 20, see l2-on 
The density, p, may be regarded as a function of gi, do, .. . 
In Pr Po... DP, It will be convenient, sometimes, to replace 
G,92-.-- 9, by 1, 2, ... &, respectively and 91, p2, ... Dp 
DY S21: Sneo> - + - Sen; 80 that (12-9) may be written 
CUBE as WHS ne 5 Ee (12-901) 


p being a function of &,, &,, ... &.,. For illustration consider 
the case where each system has only one degree of freedom and 
consequently p is a function of g and the associated p. We 
may represent the state of the assemblage of systems on a plane, 
using g and p (or &, and &,) as rectangular co-ordinates, and 
the number of systems for which q lies between g and q + dq, 
and p between p and p + dp is 
pdqdp, 

or pag dé. 

The language and symbolism appropriate for this graphical 
representation of the distribution of the systems may profitably 


be extended to an assemblage of systems each of which has n 
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degrees of freedom, although we may not be able to visualize 
2n axes of coordinates. We shall term the space of such a 
diagram the representative space or phase space, and p the 
density of the distribution of the systems in phase. 

The eee of ee (10-52) suggests that 


2 IP aS = (8) sz (ef) +... + ae = 0, (12-91) 


or + ye = 


This is easily established in the following way: Consider the 
plane (or boundary), €, for example, of the elementary region 
included between 


€, and €, + dé,, 
on 99 &, + dé,, 


Bn, 99 one + des, 
Obviously the number of systems which cross this boundary and 
enter the element in the time dt is expressed by 


pe lt dss, 408 6 dae OE a eee Oc 


in which product the differential dé, is missing, its place being 
taken by di. Some of these may of course cross one or more 
of the 2m — 1 remaining boundaries; but the number of them 
doing so will be a small quantity of still higher order, and need 
not be further regarded. The number of systems leaving the 
element through the boundary &, + dé, will clearly be 


0 
{e zo ie dé,}ae didi, ... dé, di... eee 
On subtraction we find for the excess of the number of systems 
leaving the element of volume of the representative space in 
the time dé over that entering it 


aie 
ea (ede, an de ee 
and when we take account of the remaining boundaries we get 
the result ; 
6) 
yea dédt,... dE. 


This must equal 


Q 
a xt ede nd 
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and equation (12°91) results from equating the two expressions. 
Since this equation may be written in the form 


CoemscP op ; Op 
ar T Sage ot Sage 1 Be, + Sange 
at, , ab. ab » 
An ae eo 8 8 ——s = 0, 
he tas aE, 


we may use the symbolism of § 10-7 (see equations 10-701 and 
10°:702) and write 


Dp Of Oe, OF , 
eal ol Pe one n\—O , 12-911 
pp? a he © ay ss) ( 


In this equation 3 represents the rate of change of p as we 


follow the motion along a stream line in the representative space. 
In the earlier notation (12:911) becomes 


a a ed. {ae ie = =0 . . (12912) 
Now it follows from the canonical equations 
) es 
ie Op, 
gee eek 
a og,” 


(where Hf is the energy of any one of the systems in the 
element dg, ...dq,dp, ... dp, or dé, ... dé&,,) that 

Og, , Op 

ds 4 Ls 0) 

0g, Op, 
for every s. Therefore 


=. Ce eee 1202) 


This result is known as Liouville’s theorem. We can express 
it in an alternative way. If AWN be the number of systems 


in the element Aé,Aé.... Aée 
AN = 0oAéiAés ose UN So. 
or briefly 
AN = @ As; 
and 
D(AN) _ De , D(AE) 
Di Div eos Dicks 
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If we confine the equation to the same systems 


and by Liouville’s theorem 


Do _ a 
aie 0, and o = constant ; 
hence 
DWN 
—T =, 
and Aé,Aé.... A&s, = constant. 


If therefore we follow the motion of N systems in the 
representative space, the volume, 


| @a ...dq,dp,...dp,, . . (2am 


which they occupy in it will remain constant. In the language 
of Willard Gibbs their extension in phase remains constant. 
§ 13. CanonicaL DISTRIBUTIONS 


If the number of systems per unit volume at every point 
in the representative space is constant, i.e. if 


everywhere, we have statistical equilibrium. The condition 
for statistical equilibrium is therefore (12-92) 


: Co 
a= = 0 e e e ® e 13 
Pay S 5g ( ) 
a Daze +p2| =0.  . . . (13-01) 
a A 
This condition will be satisfied by 
=f(7q) . . . . . = (tai 


where f is any function, ond H is the energy of a syste for 


do 
if we represent —> inl by f’; 


do oH , a. 
aq, 04, Dols 
and 0g _ oH ,, = hI 


§ 13-1] STATISTICAL MECHANICS 263 


and consequently 


e do e do e e e e / 
ae TPs = (- ae W)i = 0. 
dg + Pex IN AP 
The particular case Pe 
= Ag 2 . (1303) 


where © and A are constants, is of great interest, and is naturally 
suggested as a generalization of the Maxwellian law of distribu- 
tion, § 12:1. The constant A can be expressed in terms of O 
and the inherent constants of the individual systems constituting 
the assemblage by substituting the expression (13°03) for p in 


fad 


| — | edfs ... dfs, = (13-04) 


where N is the total number of systems in the assemblage. A 
distribution defined by (13°03) is called by Willard Gibbs a 
canonical distribution, the constant, 0, being the modulus 
of the distribution. 


§ 13-1. STatTisticAL EQUILIBRIUM OF MutTUALLY INTERACTING 
SYSTEMS 


We have been studying a type of assemblage, the individual 
members of which are conservative systems, and do not inter- 
act with one another at all, and in which therefore the energy 
is distributed in such a way that a definite portion of it is 
assioned to each system. No actual assemblage can be strictly 
of this type. There must be some interaction between individual 
systems, and consequently some of the energy must be the mutual 
energy of groups of two or more systems. In what follows we 
shall take this interaction into account; but we shall restrict 
our attention to cases where the mutual energy is a negligible 
fraction of the whole energy of the assemblage. Let the total 
number of systems forming the assemblage be N, and imagine 
the phase space to be divided into very small and equal elements 
A@1, A@2, A@s.-... We may denote the number of systems 
in the elements Aw; A@e, A@;... by Ni, Na Ns... 
respectively and the energy of each system in these elements 
by. #,, #,, Hs, .. . respectively, the total energy being Z. 
We have therefore 


v= By. 


E= \' HN, | oboe 6. “BSE 


18 
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It is convenient to write 
ih $e WV 


and H# for the average energy of a system, so that equations 
(13-1) become 


Di Ef, . . . ». (310% 
ey go ¢ 

Among the various distributions of the systems in the phase 
space, the only one which can be permanently in statistical 
equilibrium is that which has the greatest probability. In order 
to find a starting point for attacking the problem of determining 
the relative probabilities of different distributions, let us consider 
the following illustration: Imagine a large number of similar 
balls to be projected, so that they fall into one or other of three 
receptacles, A, B and C. It may happen that they distribute 
themselves equally among the three receptacles, and hence the 
probability that any one of the balls is in the receptacle A is 
the same as the probability of its being in B, or in C. This 
is often expressed in the form: the a priort probability that a 
given ball is in the receptacle A is the same as the a priori prob- 
ability of its being in B, or in C. The term a priori is used be- 
cause the probability in question is one of the premisses from 
which we start out when we wish to find the probability of a 
given distribution of some definite number of balls in the three 
receptacles ; e.g. a total number of 6 balls, 38 in A, 2 in B and 
1 in C, 

If in the projection of the balls, one of the receptacles is 
favoured in some way, so that when a large number of them 
is projected, twice as many fall into B as into either A or C, 
the a priort probabilities of a particular ball being in A, B or C 
are as 1:2:1. In the former case A, B and C are said to have 
equal weights, in the latter their weights are 1, 2 and 1 respec- 
tively. If the weights (or a prior: probabilities) associated with 
the receptacles are all equal, the probability of a given distri- 
bution among them of a definite number of balls is equal to 
the number of ways (or complexions) in which this distribution 
can be made, divided by the sum of the numbers of complexions 
of all possible distributions. ‘Taking the example of two recep- 
tacles A and B and a distribution in which 4 balls are in A 
and 2 in B, out of a total of 6 balls ; the number of complexions is 

6! 
4! 21’ 
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while the sum of the numbers of complexions of all possible 
distributions of 6 balls between the two receptacles is 
6 6.5 6.5.4 , 6.5.4.3 , 6.5.4.3.2 
er ae ae Se ee 
q i ay eZ iy ee o iM 1.2.3.4 T 1.2.3.4.5 a 
This is the sum of the coefficients in the expansion of 


(2 ee 


28. 
Hence the probability required is 
6! 

aa 
More generally if N be the total number of balls, distributed 
among 7” receptacles, so that there are N,, No, Ns... N, 
balls respectively in the receptacles 1, 2, 3, ...%; the proba- 

bility of the distribution will be 
; N! gel 
ENGNG! os ee 
In these examples we have tacitly adopted the usual conven- 
tion that certainty is represented by unity. It is more con- 
venient however for the purposes we have in view to use the 
total number—n in (13°-11)—of the complexions of all the 
possible distributions, as representing certainty ; in which case 
(13°11) is replaced by 


and is therefore equal to 


(13-11) 


N! 
Nee! Ne ely! 
Adopting this convention, and assuming that the a priori 
probabilities associated with all the elements Aw,, Aw., As, 
. of the phase space are equal; the probability, P, of the 
distribution in which 
N, systems are in the element Aa,, 


(13-12) 


Ns» 99 po 8H oy) 29 AW, 
Ns; re) 9909) 99 ” AQ®s, 
and so on, is clearly 
! 
P al (13-13) 


yaa 
We assume N,, Ne, N;,... to be individually very large 
numbers, and we may in consequence make use of Stirling’s 
theorem, namely 

(AME VOL || OM, 5 (CRONE) 


where 7 is a large integer, strictly speaking an infinite integer. 
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It follows that 


log n= 10s 7) een (13°141) 
and hence 
log P = N log N — N, log N,, 
_ 2 6 
or y=log P= —N f, log f,. . thao 
Ds ; 


The most probable distribution is that for which P, and 
consequently y, has the biggest value, subject.to the conditions 
(13-101). The maximum value of y is therefore determined by 


op ee ty x (log f; + 1)éf, = 0, 
s=1,2,3, -.. 
the 6f, being subject to the limitations imposed by 
Syne 
g$m1,2,3,... 
and 6B = E00. 
s=1, yen : 


which merely express the fact that the total number of systems, 
and the total energy remain constant. These equations are 
equivalent to 


Ds log Hole == 0, 


Sanvl). 2 eee 


E.of, = 0, 


$=1,2,3,... 


Sf, =0.. . . . | seelgpine 


a NC ae 7 
Hence it follows that the most probable distribution is given by 
logf, + PH, t+a=0. . . . (13°17) 
where a and f are constants, and consequently 
f, = Be*e . , . . “tose 


in which B is a constant. This is identical with the canonical 
distribution already described, since B can be put in the form 


B=A fa, 
or i — AGgidd: 07, ee ee (13°172) 
where A is a constant, and hence 


1 
Paz... s+ + (0348) 
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The constant B can of course be expressed in terms of # (or 9), 
since 


Day SS NS epee let's 
The maximum value of y is obtained by substituting the ex- 
pression (13°171) for f, in (13°15). We thus have 
=_- — —BES* = 
(eae Zh BEES (ost) (TR) 
or y,=—NlogB+fH= ... . . (13:19) 
in consequence of (13-185) and (13-101). 


§ 13-2. Criteria oF Maxm™a AND MINIMA 


We have tacitly assumed that ym is a maximum; but the foregoing 
argument does not distinguish between a maximum and a minimum. 
To settle this question we expand dy, the small increment of w due to 
small increments df,. Since 


a N2f, log Sos 
we have 
ép = — NE| (f, + Af.) log (f, + Of) — flog s|, 
or dy = — nz| Uf, + 6fs) {low f + log (1 + ?) —f, log f. |. 
Therefore 
by = — z[ df. tog J, + (f+ af.) 108 (1 +H) ], 


- waf aioe s+ 0fa(tt)” —a(2)" +. 


I 


Now when 
oy =~ — Yns 
this reduces to 


oy = — varfil)" a8)" 4 


which is essentially negative whatever the df, may be, provided they are 
small enough. Hence y, 1s a maximum. 


§ 13:3. SIGNIFICANCE OF THE MopULUS 


Let us now consider a small increment dy,, due to a small 
change dE in the energy of the whole assemblage. ‘The values of 
B and $, which for a given value of # are constants, will now 
experience increments dB and df, and we have from (13°19) 


ine ne 4 pd + dB . . . (1330) 
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Differentiating (13-185) we find 
0=dB pe e7 PB, — 12> E,e- "2d p 


s=1,2,3, ... §=1,2.3,... 
dB EH 
or — RT Wb 
and consequently, on substituting in (13-30), 
dE 
or Wm = Hy | ’ . (13-31) 


The dy,, in this equation must be sharply distinguished from dy. 
The former represents the small increment of y corresponding 
to the increment dH of the energy of the assemblage when 
statistical equilibrium is practically established. The latter 
means a small change in p occurring while # remains constant, 
and it can only differ from zero so long as statistical equilibrium 
(or, strictly speaking, the most probable state) has not been 
reached. 

We now turn to the problem of the statistical equilibrium 
of two assemblages, which can interchange energy with one 
another, but are otherwise isolated ; i.e. their combined energy 
is a constant quantity. We shall distinguish them by the letters 
A and B; so that 

HE=H,+ £;. 
It is easy to see that 
| Saeed ee ay, 
where P is the probability of a state of the combined assemblages, 


while P, and P,; are the probabilities of the associated states of 
the individual assemblages A and B respectively. Consequently 


Y= Ya + Ye. 
The condition for statistical equilibrium of the combined systems 


is oy = 0, 
subject to 60H=0 . . . ame 2 ee 


Now since the individual systems, A and B, are themselves in 
statistical equilibrium any small changes in y, or yz, must be 
due to transfer of energy from A to B or B to A, and are there- 
fore properly represented by dy, and dy,;. Consequently 


dy = dy, + dys, 
and 6f =dE, +dH,. . . » a (lioeaee 
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The conditions for statistical equilibrium are therefore 


dp, + dp, = 9, 
di ~p- dH, —O0; 4. . = (13-34) 
and, by (13°31), 
= dk, 
dy, = 6,’ 
_ dH, 
1 om 
On substituting for dy, and dy, in equations (13°34) we get 
di, dH, _ a 
On 
whence 
OG, =O, 0 3 3 ao OoP 


This then is the condition that the two assemblages may be in 
statistical equilibrium with one another. 

Any interaction between two assemblages which have not 
yet reached statistical equilibrium must be such that dy or 


Ce a ease 


is a positive quantity, because it is bound to have such a character 
as to bring about a condition which is more probable.t Therefore 


dh, dk, . oe 
6, ae 1s positive. 
If now 
O, = Oz 


dE, must be negative ; i.e. energy must flow from the assemblage 
which has the greater modulus, 0. 

It is now clear that O plays the part of temperature, and 
we have reached the stage when we may claim to have given 
an explanation of the more obvious features of thermal phenomena 
in mechanical terms. Reference to §§ 12 and 12-1, and more 
especially to equations (12), (12°01) and (12°16) will indicate 
that we must identify 0 with kT. For the thermal equilibrium 
of two assemblages (two gases for example) 

OF —O,, by (13:35); 
and the physical meaning of temperature necessitates that 
le 


dE 
1 Strictly speaking, we may only equate dy, to el when the as- 
A 


semblage A is itself in statistical equilibrium, so that the expression 
(13°36) may only be employed for dy when statistical equilibrium has 
nearly been attained. It will however suffice for the present purpose 
if we suppose that this is the case. 


270 THEORETICAL PHYSICS [Ch. XI 


6) 6) 
consequent] ee 
or ky = ka, 


and the assumption of the universal character of the constant 
a (or $k) in equation (12) is now justified. 


§ 13-4. ENTROPY 


In the chapters on thermodynamics we shail meet with a 
quantity, ¢, first introduced by Clausius and known as entropy. 
We shall see that when a system is nearly in thermal equilibrium 


ag =, 


where dQ is the heat communicated to the system and d¢ is the 
corresponding increase in itsentropy. If we compare this relation 
with 


dE 
dy = 6’ 
we see at once that 
kp=o . . « . | =e 


In consequence of this relationship k is often called the entropy 
constant. It is also known as Boltzmann’s constant. 


§ 13-5. THe THEOREM OF EQUIPARTITION OF ENERGY 


The general expression (8°26) for the kinetic energy of a 
Hamiltonian system simplifies in many cases to a sum involving 
squares of momenta, but not their products. When this happens, 
the energy of the system takes the form 


H=Vi+apPt+aprt... +apr+... (13-5) 


where @,, Gz, . ..a,, .. . are either constants or functions of 
the q’s only. Examples are: a particle, a rigid body or also 
a system consisting of two mutually gravitating bodies. It is 
convenient to term a,p,7, @.p.", ...4,p,*, ... ete., the 
kinetic energies associated with the co-ordinates 1, 2,... 8, 

. etc., respectively. We can now establish that, in any 
assemblage of this kind, the average kinetic energy (of a system) 
associated with any co-ordinate, s, is the same for all the co- 


ordinates and equal to S or to =. The number of systems in 
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the element dq.dq, ...dq,dpidp,...dp, may be expressed 
in the form : 
V+ayp,+asp."+ ... +a,p,i+ ..- 

[on )6©6CUle ee «Cg dg. . . dgidp,... dps 
where N is the total number of systems in the assemblage. 
The total kinetic energy associated with the co-ordinate, s, in 
this element of the phase space is 

V+aypy?+a,p2+ ... +ap2+... 
Pewee 060mCS~Ssti‘( ‘OSOSOCOC;:;:C CSG’ «w. jw. «. hg, . . - Ap, 
The average kinetic energy (in an element of volume dq.dq, 
. . . dqg,) associated with s is consequently 


UD," 
Lond an ag, | ap2e © dp, | 


ae (13-51) 
OG Oda. 6. dq, | &® dp, | 
a5Pg" 
a, | yee abe, 
(13-511) 


or Ue 
| e ° dp, 


Both integrals in this expression have of course the same limits 
—p, may range from 0 to + oo or from — oto + oo —in either 
case we get from (12-131) for the average kinetic energy 


10 
os 
as stated above. This is the theorem of equipartition of energy 


on which the proofs of the laws of Avogadro and Charles in 
§ 12 were based. 
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CHAPTER XII 
THERMODYNAMICS. FIRST LAW 


§ 15. ORIGIN oF THERMODYNAMICS 


HERMODYNAMICS, as we understand the term, owes 
its origin to the Frenchman Sadi Carnot who published 
in 1824 a treatise entitled ‘ Réflexions sur la Puissance 
Motrice du Feu et sur les Machines propres a developper cette 
Puissance.’ This work, one of the most important and remark- 
able in the whole range of physical science, was entirely ignored 
for more than twenty years, when its merits were recognized 
by Sir William Thomson, afterwards Lord Kelvin. Classical 
thermodynamics is based on two main principles, the first and 
second laws of thermodynamics. The first law, which is simply 
the principle of conservation of energy as applied to thermal 
phenomena, is commonly ascribed to Julius Robert Mayer, who, 
in 1842, evaluated the so-called mechanical equivalent of heat 
from the values of the specific heats of air at constant pressure 
and constant volume. In justice to Carnot it should be said 
that a precise and clear statement of the first law was found, 
after his death, in the manuscript notes which he left, and also 
a calculation of the mechanical equivalent of heat. The value 
which he found was 0-37 kilogram-metres per gram-calorie. 
The second law was also discovered by Carnot, and is contained 
in the treatise mentioned above. 
While classical thermodynamics is based on the two laws 
already mentioned, a ‘ third law of thermodynamics’ has been 
added in recent times by the German physical chemist, W. Nernst. 


§ 15-1, TEMPERATURE 


We may define the term ‘temperature of a body’ in a rough 
way as its hotness expressed on a numerical scale. The term 
‘hotness ’ has reference to the sensation we experience in touch- 
ing a hot body. Such sensations do not enable us to construct 
a scale of temperature with precision, and we have therefore 
to make use of appropriate physical quantities for this purpose. 
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Of these physical quantities, one which is very commonly used 
is the volume of a fixed quantity of some liquid, usually mercury. 
We assume that the reader is familiar with the mercury ther- 
mometer. An arbitrary scale, for example a millimetre scale, 
marked on the stem of such a thermometer defines a scale of 
temperature as far as the divisions extend. If we place the 
thermometer in water contained in a beaker, the mercury will 
expand, or contract, according as it happens to be initially colder 
or hotter than the water, until a state of equilibrium (thermal 
equilibrium) is established, when the top of the mercury column 
is at some definite mark on the arbitrary scale. If we make 
the water progressively hotter (in the sense that it actually feels 
hotter), we find as an experimental fact, that the mercury 
column rises in the stem of the thermometer. Another import- 
ant fact of experience is the following : if we place two bodies, 
having very different temperatures, in contact; for example 
if we surround some hot liquid contained in a copper vessel by 
cold water contained in a larger beaker, we find that ultimately 
a state of thermal equilibrium is set up, in which both the liquid 
. in the copper vessel and the surrounding water have the same 
temperature. This is the case whether we judge the temperature 
by the sensations experienced on immersing the hand in the 
liquids or by noting the position of the top of the mercury 
column on the stem of the thermometer. We see that the 
readings of a mercury thermometer follow, as far as we can judge, 
the much rougher indications of our sensations of warmth or 
coldness. We may continue to adhere to the definition of tem- 
perature given above, namely, ‘the hotness of a body expressed 
on a numerical scale’ provided that the numerical scale is 
defined by some physical quantity, as for example the volume of 
a definite quantity of mercury in thermal equilibrium with the 
body, the temperature of which is being expressed. 

There are many other physical quantities which may be 
employed for defining scales of temperature and for temperature 
measurement, e.g. the electrical resistance of a piece of platinum 
wire, or the electromotive force in a thermo-couple; but whatever 
physical quantity be used, it must express the temperature in 
a way that is unambiguous over the range of temperatures that 
are being measured. A water thermometer, for example, would 
not be a suitable instrument for temperatures immediately above 
that of melting ice, since, as it is gradually heated up the liquid 
column descends at first, reaches a minimum position, and then 
rises ; so that there are definite positions on the stem of such a 
thermometer each of which corresponds to two different tem- 
peratures. 
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§ 15:15. ScaLes oF TEMPERATURE. 


It is usual to subject scales of temperature to the condition 
that the difference in temperature of a mixture of ice and water 
in equilibrium under the normal pressure, and saturated water 
vapour under the normal pressure shall be 100.1. These two 
temperatures have been found to be invariable. This means 
of course—taking the case of ice and water in equilibrium under 
normal pressure for instance—that the indication of the ther- 
mometric device, whether it functions in terms of the volume 
of a definite mass of liquid, the resistance of a piece of platinum 
wire or in any other way, is always the same, once thermal 
equilibrium with the mixture has been established. 

If some physical quantity 2, which may be the volume of 
a definite quantity of mercury, the pressure of a definite quantity 
of some gas at constant volume, the electrical resistance of a 
piece of platinum wire, or any other appropriate quantity, is 
used for thermometric purposes and if x, and x, represent the 
values corresponding to the temperature of the ice and water 
under normal pressure (melting ice) and the saturated steam 
respectively, then x, — 2% represents a difference of 100°. A 
difference of 1° is defined by 

v1 — Xo 
100 


In the case of the Centigrade scale the temperature of the melting 
ice is marked 0°, and on this scale the value x would therefore 
represent the temperature, 


. (%1 — Xo) 
ey 100” 
= © 
v1 — Xo 
It is important to notice that different physical properties x 
define different scales of temperature. The readings of a gas 
thermometer for example do not agree with those of a platinum 
resistance thermometer. We shall see later that the second Law 
of Thermodynamics provides us with a means of defining scales 
of temperature which are independent of the physical property 
used in the experimental measurement. Meanwhile it may be 
noted that the product of the pressure and volume of a definite 
quantity of any gas is very nearly constant if the temperature 
(as indicated by a mercury thermometer for instance) is kept 
constant, i.e. the product is independent of the individual values 
of p or v (Boyle’s law). The product pv is a quantity which 


1 This is merely the definition of an arbitrary unit of temperature. 


or aso 


(15°15) 
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increases continuously as the gas is heated and therefore is 
suitable for defining a scale of temperature, and it has the special 
merit, that it is the same function of the temperature (whatever 
arbitrary scale we may have adopted) for all gases, at any rate 
approximately (law of Charles). This means that if we take 
fixed quantities of different gases, such that pv has the same 
value for all of them at 0° C.,it will have approximately the same 
value for all of them at any other temperature (§ 12). We 


have therefore 
pv =f) 2 ee lia 


where ¢ is the temperature on some definite but arbitrary scale, 
and f is the same function, approximately, for all gases. It 
is found that all gases approximate more and more closely in 
their behaviour to the laws of Boyle and Charles as their tem- 
peratures are raised, provided that the pressure is not unduly 
raised. We use the term perfect gas, or ideal gas for a hypo- 
thetical body which obeys these laws exactly and has certain 
other properties, to be detailed later, which actual gases approach 
under the conditions just mentioned. These facts suggest the 
use of a perfect gas to define a scale of temperature. The Centi- 
grade gas scale would then be expressed by the formula 


(pr), — (Pr)o 
t= 100 eg See CPD 17 
(>): — (pr) ale” 
It is more convenient to define a gas scale by giving equation 
(15:16) the form 

Dee Wl. a aoe een (15-171) 
where ¢t has been replaced by T’ and Ff is a constant, the value 
of which is chosen so that 


(pv), — (pv) = 100K. 
The zero of temperature on this scale is called the absolute 
zero, and the constant #& is the gas constant. 


§ 15:2. EQUATIONS OF STATE 


The equation connecting the pressure, volume and temperature 
of a definite mass of any substance is called its equation of 
state. The statements (15°16) and (15:171) are appropriate 
equations of state for an ideal gas. Other equations have been 
proposed, to which the behaviour of actual gases conforms more 
closely, for example the equation of van der Waals, 


(p + 5)@ —6) = RI" oe. (152) 


where a, b and RF are constants characteristic of the particular gas. 
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§ 15-3. THERMODYNAMIC DIAGRAMS 


It is convenient to represent the relation between the pressure 
and volume of a substance, or between the pressure and tem- 
perature, or any other pair of variables, graphically. The most 
important of these diagrams is that representing the relation 
between pressure and volume. These relations are determined 
by the equation of state of the substance, and the conditions 
to which it is subjected. For example if we take hydrogen 
gas, the equation of state of which is fairly accurately expressed 
by (15-171), and subject it to the condition of constant tem- 
perature, the graphical representation of the relation between 
p and v will be a rectangular hyperbola (see Fig. 15:3). It 
should be noted that when we speak of the pressure of a sub- 
stance we mean the pressure measured while it 1s in equilibrium. 

This is the sense in which the 
term pressure is used in the 

equation of state. 
It is very important to re- 
member that when a gas or 
2 vapour is expanding rapidly, 
for example, in a cylinder closed 
by a piston, the actual pressure 
exerted on the walls of the cylinder 
or on the piston will differ from 
uy Uz vu that which would be exerted if 
Fic. 15:3 the gas or vapour were in equili- 
brium, e.g. if the piston were not 
in motion, or if it were moving very slowly. In what follows, 
the term ‘ pressure ’ will, unless the contrary is expressly stated, 
always be used to mean the pressure measured under conditions 
in which the substance is in equilibrium or expanding with 
extreme slowness. Any process which takes place under con- 
ditions which differ only slightly (infinitesimally) from those of 
equilibrium is termed a reversible process. Such a process 
is in fact reversible in the literal sense of the term. If for example 
a gas were expanding in the way mentioned above, the process 
differing only infinitesimally from a succession of states of equi- 
librium, it is obvious from the equation of state that an in- 
finitesimal increase of the pressure would cause it to reverse. 
It is not however the reversibility (in the literal sense of this 
word) which is the essential feature of reversible processes from 
the point of view of thermodynamics; it is the succession of 
equilibrium states which is the important characteristic of them. 
The curve representing the relation between the pressure and 
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volume of a substance during a reversible change at constant 
temperature is called an isothermal. 

There is another relation between the pressure and volume 
of a substance with which we are much concerned in thermo- 
dynamics, namely the relation which subsists between these 
variables during a reversible change, which is subject to the 
condition that heat is not allowed to enter or leave the substance. 
The curve representing such a relation is called an adiabatic 
and such a change is called an adiabatic change. The term 
‘adiabatic’ is often employed rather loosely and carelessly to 
mean any process subject to the condition that heat is prevented 
from entering or leaving the substance. There are many very 
different processes which might be termed ‘adiabatic’ in this 
wider sense. Jor example we might subject a gas to the con- 
dition that heat is not allowed to enter or leave it and allow it 
to double its volume in the following different ways: (a) by 
expanding into a previously 
exhausted space, (b) by expand- 
ing reversibly. In the former 
process, experiment shows that 
its temperature is only very 
slightly altered, in the latter the 
gas is very appreciably cooled. 
In this treatise the term ‘ adia- 
batic ’ will be used, unless the 
contrary is clearly indicated, for TL 
a process subject to the two Fie. 15-31 
conditions, (i) notransfer of heat, 

(ii) reversibility. The latter condition means that the process 
takes place in such a way that the substance remains practically 
in a state of equilibrium. 

There are other ways of representing the states of a sub- 
stance graphically. We may, for instance, represent the relation 
between pressure and temperature under the condition of con- 
stant volume. Such curves are called tsochores. Or we may 
represent the relation between volume and temperature under 
the condition of constant pressure and we have the curves known 
as wsopiestics. A very important example of a pressure-tempera- 
ture diagram is that representing the equilibrium between different 
phases of a substance, i.e. between its solid, liquid and vapour 
states, or between the phases of a system with more than one 
constituent, e.g. water and common salt. The phases in this 
case would include ice, water vapour, the solution of the salt 
in water, and so on. The equilibrium between the different 
phases of water is illustrated in Fig. 15-31. 
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When the substance is in a state represented by any point on 
the line (OA), the liquid and its vapour are in equilibrium, 
i.e. neither evaporation nor condensation goes on. For such 
states both phases may exist simultaneously. Ji however the 
pressure, at some given temperature, is raised above the value 
corresponding to a point on (OA), the equilibrium state will be 
one in which only the liquid phase can exist; if the pressure is 
less than the value corresponding to a point on (OA), then only 
the vapour phase will be possible. Similar remarks apply to 
the curves (OB) and (OC). The point, O, represents a pressure 
and temperature at which all three phases can co-exist. 


§ 15-4. Work Donze Durine REVERSIBLE EXPANSION 


Let us imagine the substance to be contained in a cylinder 
(Fig. 15:4) closed by a piston. The pressure, p, is, by definition, 
the force per unit area; so that if A represents the area of the 

piston, pA will be the force exerted 

on it during a reversible change. 

During any very small expansion 

the pressure and therefore the force, 

pA, exerted on the piston will be 

! sensibly constant, and the work 

Fig. 15-4 done will be equal to pAs, if s re- 

presents the distance the piston 

travels. The product, As, is the corresponding increase in volume, 
so that during a small reversible expansion (§ 12) 

adW=pdv  . . . . » liege 

where dW is the work done by the substance, and dv is the 

corresponding small increase in volume. We see, therefore, that 

the work done during a reversible expansion from an initial 


volume v, to a final volume v, is expressed by the formula 
V2 


Ss 


A 


W = | pay oe. (15-401) 


Vy 
This work is obviously represented on the pv diagram by the 
area enclosed between the perpendiculars erected at v, and U.. 
During an isothermal expansion for instance it is represented 
by the shaded area in Fig. 15-3. 
In the special case of the isothermal expansion of a gas, we 


; RT" 
have, since p = ae 


V2 


Ww Rr | 
Vv 


U7" 
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or W = RT’ log = (TD 
1 
or, since in this case 
Piri = Pwo, 
W = RT’ log = . oo...) (15411) 
2 


The formulae are, of course, only approximately true for actual 
gases. If we deal with a gram-molecule of a gas and use absolute 
units, e.g. if we measure pressures in dynes per square centi- 
metre and volumes in cubic centimetres, the constant R has 
the same value, nearly, for all gases, namely 


Rh = 8315 x 107 ergs per °C., 
so that the work of expansion in such a case is given by 


W = 8315 x 10°7" log 22 
V1 


If we use the practical unit of work, the joule, we have obviously 
to give & the value 8:315 joules 

per degreet Finally we may Cc 

sometimes find it convenient Pp 
to express the work in terms of 

the equivalent number of gram Ai 
calories, in which case R will : 
be approximately 1-98 calories 


TIO 


PRA NS 
per degree. POR RKKTR KR 
When a substance is made seca w 
to pass reversibly through a suc- M N 
cession of states represented bya Fie. 15-41 


closed curve on the pv diagram, 

it follows from (15-401) that the net amount of work done by 
the substance against the external pressure, or done on it by the 
external pressure, according as the closed curve is described in 
a clockwise or counter clockwise sense, is equal to the area 
within the closed curve. Suppose the substance to start from 
the condition represented by the point A (Fig. 15-41) and to 
travel along the path ACB to B. The work done by it is repre- 
sented by the area bounded by ACB and by the perpendiculars 
AM and BN. If it is now caused to pass along the curve BDA 
to its original state A, the work done on it will be represented 
by the area bounded by the curve ADB and the perpendiculars 
AM and BN. Therefore the excess of work done by the substance 
over that done on it is represented by the area of the loop. 


1 Since the joule is equal to 10’ ergs. 
19 
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§ 15:5. Heat 


The meanings of the terms temperature and scale of tempera- 
ture have already been explained, and we have now to distinguish 
between the notion of temperature and that of heat, or quantity 
of heat. Ifa piece of some metal, initially at 100° C., be dropped 
into a cavity in a block of ice at 0° C., thermal equilibrium will 
be established when the metal has cooled down to 0° C., and 
a definite quantity of the ice will be melted during the process. 
We may define heat by using the amount of ice melted to measure 
the quantity of heat lost by the metal. Such a calorimeter, 
consisting of a block of ice with a cavity in it, covered by an 
ice lid to prevent heat from the room melting ice within the 
cavity, was used by Joseph Black (1728-1799) for measuring 
quantities of heat, and was one of the earliest, if not the earliest, 
forms of calorimeter. The unit of heat, called the calorie, may 
be defined as the quantity of heat necessary to raise a gram of water 
1° C. in temperature. The calorie so defined is not a unique 
quantity, since experiment shows that the quantity of heat 
necessary to raise a gram of water from 0°C. to 1°C., for example, 
is not quite the same as that needed to raise it, say, from 20° C. 
to 21° C. The term ‘calorie’ is used for any of a number of 
units of heat, most of them differing very little from one another. 
The 15° calorie is the quantity of heat needed to raise a gram 
of water from 144° C. to 152° C.; the mean calorie raises 
0:01 gram of water from 0° C. to 100° C.; the zero calorie raises 
a gram of water from 0° C. to 1° C. and so on. All these units 
differ only slightly from one another. 


§ 15:6. First Law or THERMODYNAMICS 


It has already been pointed out that Carnot himself arrived 
at the great generalization known as the Principle of Conserva- 
tion of Energy. The following passage was found after his 
death, in 1832, among his unpublished manuscripts: La chaleur 
nest autre chose que la puissance motrice [ow plutdt que le mouve- 
ment] qui a changé de forme. [C’est un mouvement dans les 
particules du corps.| Partout ou wl y a destruction de purssance 
motrice, il y a, en méme temps, production de chaleur en quantité 
précisément proportionelle a la quantité de puissance motrice 
détruite. Reciproquement, ow wl y a destruction de la chaleur, 
il y a production de puissance motrice. 

Ou peut donc poser en thése générale que la puissance motrice 
est en quantité invariable dans la nature, qu’elle n’est jamais, a 
proprement parler, ni produite, ni détruite. 
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This is a clear statement of the energy principle and Carnot’s 
puissance motrice is simply what we now-a-days call energy. 
It is true that, since the advent of the theory of relativity, we 
have come to regard energy as something having a more ‘ sub- 
stantial’ character than the mere capacity for doing work, or 
puissance motrice; but we are not at present concerned with 
this. 

The general adoption of the principle of energy came about in 
consequence of the experimental work of J. P. Joule, a Man- 
chester brewer,1 who carried out a series of classical experiments 
between 1840 and 1850. He determined, in various ways, the 
amount of work which must be done to generate a unit of heat 
and his results differ only slightly from the best modern measure- 
ments, which yield the mean result that one 15° calorie is equiv- 
alent to 4:188 x 10? ergs. The work of Joule received im- 
portant confirmation a little later by G. A. Hirn, an engineer 
of Colmar in Alsace, who, among other researches of interest 
and importance, carried out experiments on a steam engine of 
a converse type to those of Joule. That is to say he measured 
the heat used up to do work and his results showed that the 
mechanical equivalent is just the same as when work is done to 
generate heat. 

The principle of conservation of energy viewed from the stand- 
point of Joule or Hirn, is the deliverance of an extensive series 
of careful experiments. It is therefore a physical law which 
(like that of Boyle for example) might conceivably, when the 
accuracy of temperature measuring devices is sufficiently im- 
proved, turn out to be an approximation only. The experiments 
can scarcely assure us of its exact validity. Nevertheless we 
have gradually, and perhaps uncritically, developed a belief in 
its perfect exactitude. Indeed if future experiments should 
reveal that in certain circumstances more heat is generated, for 
example, than the work done would require, we should hardly 
doubt the principle of conservation, but rather infer from such 
experiences a previously unsuspected source of energy. 

If dQ represent a small quantity of heat communicated to 
a system and dW the excess of the work done by the system 


1The untenability of the old caloric theory was demonstrated before 
the close of the eighteenth century by Count Rumford’s famous experi- 
ments on the boring of cannon at Munich, and by Sir Humphry Davy’s 
experiments in which heat was generated by friction between blocks of 
ice. The former indeed furnished a rough estimate of the mechanical 
equivalent of heat. 


Roumrorp: ‘An Enquiry concerning the source of the heat which is 
excited by friction.’ TZ'rans. Roy. Soc., Jan. 25th, 1798. 
Davy: Collected works. 
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over that done on it, then we have for the gain in energy of 
the system 

dU=—=dQ—dW .. . . (ls 
The letter U represents what is called the internal or intrinsic 
energy of the system. We are concerned, for the present, with 
systems, the equations of state of which are relations between 
pressure, volume and temperature; that is to say with systems 
the state of which is fixed by the values of any two of these 
variables ; so that the internal energy of such systems is a 
function of the pressure and volume, or of the temperature and 
volume or of the pressure and temperature. 


§ 15:7. INTERNAL ENERGY oF A Gas 


Experiments carried out by Gay-Lussac as long ago as 1807 
indicated that the internal energy of a gas is determined solely 
by its temperature. Very similar experiments were carried out 
by Joule independently and much later. He allowed air, con- 
tained in a copper vessel under a considerable pressure, to ex- 
pand into a similar, previously exhausted vessel. The vessels 
were immersed in water, and Joule found no appreciable change 
in the temperature of the latter on stirring it after the expansion ; 
though he observed very marked temperature changes when the 
vessels were immersed in water in separate containers, the water 
surrounding the vessel out of which the air was expanding 
being cooled, and that surrounding the other vessel being heated. 
It is easy to see that the interpretation of these experiments is 
that given above. For no heat is communicated to or abstracted 
from the air during the experiments and no external work is 
done. Therefore by (15°6), the change in the internal energy 
is zero; and since the temperature of the air as a whole is not 
affected we see that the internal energy is the same for different 
volumes at the same temperature. 

A more sensitive method of investigating the dependence of 
the internal energy of a gas on its volume was suggested by 
Lord Kelvin, and carried out by him in collaboration with Joule. 
The results and the theory of their experiments will be dealt 
with in some detail later; it will suffice to state here that the 
internal energy of an actual gas does vary slightly with its 
volume. 


§ 15-8. Sprcrric Heat 


If, when a small quantity of heat dQ is communicated to a 
gram of a substance, there is a rise in temperature dt, we define 


dQ) 


t= 


dt 


§ 15°9] THERMODYNAMICS. FIRST LAW 283 


to be the specific heat of the substance. It is clear that this 
ratio will depend on the conditions under which the heat is com- 
municated, since we can alter the temperature of the substance 
quite appreciably without communicating or withdrawing heat 
at all; but merely by compressing it, or allowing it to expand. 
We are chiefly concerned with the specific heat measured under 
the conditions of constant pressure (and reversible expansion) 
or of constant volume. If we use the gas scale of temperature, 
the specific heats of a gas are approximately constants. The 
specific heat of a gas at constant volume, for example, 

dQ 

2 ( IP) 

is nearly independent of the temperature and volume of the gas. 
This is sometimes called the law of Clausius. 


§ 15-9. Tur Prerrecr Gas 


Actual gases, we have seen, conform approximately to three 
laws, namely : 
i. The law of Boyle, 
ii. The law of Joule, which may be expressed in the 
form 
oU 
=a 0. . ee. (15-9) 
iii. The law of Clausius. 
We shall use the term perfect gas or ideal gas for a hypo- 
thetical gas which obeys these laws exactly. 
We shall now apply the first law to a perfect gas. For a 
reversible process equation (15°6) becomes 


dQ = dU + pdv ; « «© + (25290) 


since the work done, dW, is now expressed by pdv. It must be 
remembered that in equations (15°6) and (15:91) the heat 
supplied, the internal energy and the work done are all expressed 
in terms of the same unit—which may for example be the erg. 
We shall often have occasion to make use of the formula 


= aes ~ » « — (25:92 
dz ae + fe ( ) 


where z is a function of the independent variables x and y, 
and where the round 0’s are used to indicate parival differentiation. 


In obtaining the coefficient a for example, the other independent 


variable, y, is kept constant during the differentiation. Since 
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the internal energy, U, of a system, is a function of the tempera- 
ture and volume we have, by (15:92) 


iy) = @4) aT" +. (5), dv... (1593) 


where the suffixes are used to indicate the variable which is kept 
constant during the differentiation. Equation (15:91) now 


becomes 
HO= 4) aT’ 4. +{(Z), +pldv, . (15-94) 


This formula is quite general. It applies to a reversible 
expansion of any substance. Applied to a perfect gas it takes 
the special form 

a) = ail +pdv . . . (15:941) 
in consequence of the law of Joule (15-9). 

If we are dealing with a gram of the gas, (15-941) obviously 

becomes 

dQ =cdT’+pdv . . . (15942) 
and if the heat dQ is communicated under the condition of con- 
stant pressure, 


pdv = RdT" 
and therefore dQ, =c,dT,’ + RdT", 
ia G const. pressure ie v z 
or fe, =o +R |. » « « «+ (FS*Sey 


Expressed in words, this formula states that the excess of the 
specific heat of a gas at constant pressure over that at constant 
volume is equal to the gas constant for a gram of the gas. If 
the specific heats are expressed in calories per gram per degree 
the formula becomes’ 


¢=6+= . . . (orm 


where J is the number of ergs equivalent to one calorie, i.e. 
the mechanical equivalent of heat. This formula in fact furnishes 
us with a means of determining J. If we take one gram of air 
(which approximates very closely to a perfect gas) we have 
approximately 

= 2-9 x 10° ergs per degree, 

» = ‘239 cal. per gram per degree, 


and Co == 60 ee 


29 99 29 2? 
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from which we get, by substituting in (15-951), 
J = 4-14 x 10” ergs per cal. 


This is the method of determining J which was employed by 
Mayer in 1842, and still earlier by. Carnot. 
Kquation (15:942), which governs any reversible change in 
a perfect gas, will, when applied to an adiabatic change, take 
the form 
0 =c,dT” + pdv 
or, since we have under all circumstances, 


0=c¢dT’ + tee 


If we divide both sides of this equation by c,7’ and make use of 
equation (15-95), we get, 


where y is employed for the ratio, c,/c,, of the specific heats at 
constant pressure and constant volume. When we integrate 
this equation we obtain 


pile 
0 = orm Vi 1) log —, 


where 7',’ and v, represent the initial temperature and volume 
and 7” and v the final temperature and volume. This result 
may obviously be written in the form, 


log T’ + (y — 1) log v = log 7,’ + (y — 1) log %, 
or in the equivalent forms 


log T’ + (y — 1) log v =constant . . . (15°96) 
T’vy-1 = constant . . (15-961) 

po’ =constant . . . (15-97) 

T’yp'-y = constant . . . (15-98) 


the two latter equations being obtained by eliminating 7” and 
v respectively in (15-961) by the substitutions T’ = pv/f and 
al / p. 

The constant y, as defined above, is the ratio c,/c,. Reference 
to equations (10-11) and (10°12) shows that it is also equal to 
the ratio, e,/ép, of the adiabatic elasticity of the gas to its iso- 
thermal elasticity. This equality is the basis of the method 
of Clement and Désormes for determining the ratio of the specific 
heats of a gas and of the method of obtaining it from the measured 
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velocity of sound in the gas. By (10-21) the velocity of sound 


waves in a gas is 
if 
u=,/—|, 
ie 


since n is zero; and the compressions and rarefactions in sound 
waves of audible frequency in gases are practically adiabatic, 
so that 


2 == OD, 
Hence t= ye : 
p 
or Sen) . 


§ 16. Heat Supriiep To A Gas Durine REVERSIBLE 
EXPANSION 


We have seen that when we subject a gas to the condition of 
constant temperature, the relation between its pressure and 
volume is expressed by 

pv = constant. 
If it is subjected to adiabatic conditions, the relation is 
expressed by 
pv’ = constant. 
More generally any condition to which the behaviour of the gas 
is subjected will make its pressure some function of its volume, 
p=flve) . 4. . . . ies 
We can deduce an expression for the heat supplied to the gas 
during a reversible expansion under the condition expressed by 
(16). From the equation of state of the gas we have 
dv + vdp 
dy’ — Pre MP, 
st R 
and when we substitute this expression for d7’ in equation 
(15:942) we get, 
dQ = aa + pdv, 


or UG = 


v 

dp + 
yal?» 
We now eliminate dp from this last equation by means of (16). 
We have 


= ppd. 


_ f(r) 
dp = ee 
or dp = f'(v).dv, 
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and therefore 


_ Ff (r) y 
In the special case where 


C 
F(v) Re or pu’ Gs 


c and s being constants, we have 


and therefore 


aQ =~ — pas Doe ee. (16-01) 
or 


(Heat supplied) =r x (work done) . . . (16:02) 


— 


When the expansion is isothermal, 

ae 
and we see that the heat supplied is equal to the work done, as 
indeed is otherwise evident from the fact that during an isothermal 
expansion the internal energy of a gas does not alter. If on 
the other hand we put 

Oa 
we have a further verification of our formula, since it correctly 
states that in this case the heat supplied is zero. 
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CHAPTER XIII 
SECOND LAW OF THERMODYNAMICS 


§ 16-1. Toe Perpetuum MosBILe oF THE SECOND KIND 


N the treatise referred to in § 15, Carnot makes the state- 
| ment: ‘La production de la puissance motrice est donc 

due, dans les machines 4 vapeur, non 4 une consommation réelle 
du calorique, mais a@ son transport d’un corps chaud & un corps 
froid, ...’ The words in italics constitute the earliest expression 
of the second law of thermodynamics. The rest of the statement 
is founded on the erroneous principle of the conservation of 
heat or caloric, which found acceptance in Carnot’s time, and 
we are not concerned with it. All heat engines, as Carnot 
noticed, in doing work, not only abstract heat from a source 
of heat; but give up a portion of it to a region (condenser or 
surrounding atmosphere) where the temperature is lower than 
that of the source of heat. Jn practice it is found to be im- 
possible to consume heat from a source in doing work, without 
giving up some of it to a condenser, or something, at a lower 
temperature. It is true that a limited amount of work can be 
done simply at the expense of heat taken from a source without 
giving heat to any other body, as for example during the expansion 
of a gas. But an expansion cannot be extended indefinitely, 
and actual engines are machines which necessarily work in a 
cyclic fashion, and during some part of the cycle heat is always 
rejected. Were it not for this sort of limitation of the converti- 
bility of heat into work, the practicability of propelling ships 
at the expense of the heat in the surrounding sea might be 
contemplated. Following Planck, we shall provisionally regard 
the second law as equivalent to the statement : 

It is impossible to construct an engine which 

i. repeats periodically a cycle of operations, 

li, raises a weight, 

iii, takes heat from a source of heat and does nothing 

else. 

The kind of machine which this axiom declares to be an im- 

possibility is called by Ostwald a perpetuum mobile of the 
288 


§16-2] SECOND LAW OF THERMODYNAMICS 289 


second kind to distinguish it from another type of impossible 
machine, namely one which simply does work gratis, or without 
the consumption of energy at all, and which may be called 
a perpetuum mobile of the first kind. 


§ 16:2. Carnot’s CYCLE 


In order to make use of this axiom, we shall study an ideal 
type of heat engine first described in Carnot’s treatise. It 
consists of a cylinder, A, (Fig. 16-2) and a piston, B, both made 
of material which is thermally perfectly insulating. ‘The base, 
C, of the cylinder, is made of conducting material. Further, 
the piston can slide in the cylinder without any frictional resist- 
ance whatever. It is connected with ideal frictionless machinery, 
so as to enable it to raise a weight. The source of heat, X, 


Fie. 16:2 


at the temperature ¢, (expressed in terms of some arbitrary 
scale) is supposed to be a perfectly conducting block of material, 
with a practically infinite heat capacity. There is a similar 
block of material, Y, at a lower temperature, ¢,, which we shall 
call the refrigerator. A block of thermally perfectly insulating 
material, Z, can be used at certain stages in the periodic work- 
ing of the engine to cover the lower end of the cylinder. No 
assumptions are made concerning the nature of the working sub- 
stance, except that it must be capable of exerting a pressure on 
the piston. It may be a gas, a mixture of water and its vapour, 
or anything else which might be used to operate an actual engine. 

Let us suppose the engine to begin work with its working . 
substance in the state represented by the point 1 on the indicator 
diagram (Fig. 16-21). The base of the cylinder is covered by 
the source of heat, X, (Fig. 16-2), and the load is so adjusted 
that the upthrust on the piston exceeds by an infinitesimal amount 
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the force necessary to balance the downward thrust due to the 
load. Under these circumstances the substance expands iso- 
thermally at the temperature ¢,. After a suitable expansion, 
corresponding to the point 2 on the diagram, the source is re- 
moved and the cylinder covered by the slab Z. The working 
substance now expands adiabatically, its temperature being 
steadily reduced till it reaches the state 3 on the diagram corre- 
sponding to the temperature ¢,. The slab Z is now removed 
and the block Y brought into contact with the base of the 
cylinder. An infinitesimal readjustment of the load is now made, 
so that the piston descends with extreme slowness. ‘The working 
substance is now compressed reversibly and isothermally. This 
is allowed to continue till it reaches the state 4, and then the 
block Y is replaced by Z and 
the compression is continued 
adiabatically till the substance 
reaches its original state. 

We may define the effici- 
ency of an engine as the work 
done during a cycle divided by 
the corresponding quantity of 
heat taken from the source. 

O In the case of the reversible 

Fic. 16-21 engine just described, the work 

done during a cycle is equal 

(§ 15:4) to the area, W, of the closed curve (1, 2, 3, 4) on the 
indicator diagram (Fig. 16:21). We have therefore 


Efficiency = 7. - « « 5 (iieZa 


2 
where Q, is the heat supplied by the source at the temperature 
t,. Since the working substance returns to its original state at 
the end of the cycle, the first law (15-6) requires that 
0, — 2, = ae (16°201) 
and hence 
Efficiency = aoe . . » « (Team 
2 
where Q, is the heat rejected to the refrigerator at the tem- 
perature 7. 


§ 16:3. CarRNoT’s PRINCIPLE 


We shall now prove that the axiom of § 16-1 leads to the con- 
sequence that all reversible engines working between the same 
temperatures, ¢, and ¢,, have the same efficiency ; or, in other 
words, that the efficiency of a reversible engine depends on the 
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temperatures of the source and the refrigerator and on nothing 
else. Let us suppose that, of two reversible engines A and B, 
working between the temperatures ¢, and ¢,, A has the greater 
efficiency and let us provisionally suppose further that both 
engines take the same quantity of heat Q, from the same source 
during a cycle, and that they use the same refrigerator. We 
have then 
es = me) by hypothesis, 
2” Qe 
and therefore 
Wa We . = «> 3 GS 


where W, and W, represent the work done during a cycle 
by the engines A and B respectively. It follows from (16-201) 
that A rejects to the refrigerator a smaller quantity of heat 
during a cycle than does B. Let us now imagine the two engines 
to be coupled together by ideal machinery (ie. frictionless 
machinery), so that A drives B backwards and makes it exactly 
reverse its normal operations in such a way that the two engines 
complete their cycles in equal times. This is possible because 
of the reversible character of B, and because of the inequality 
(16:3). 

The circumstance that during certain stages of this compound 
cycle, work is actually being done on the engine A, or indeed 
on both engines at the same time, need cause us no difficulty. 
We have only to think of the ideal machinery as suitably con- 
trolled by a fly-wheel with an enormous moment of inertia. It 
is clear that the ‘ source’ at the temperature ¢, will now change 
in a way which is exactly periodic, the period being equal to 
that of either engine (say t); since during such a period A 
removes Y, units of heat from it, while B restores the same 
amount to it. The ‘refrigerator’ on the other hand has more 
heat abstracted from it by B during the period, t, than is restored 
to it by A. Of the work, W,, done by A, the portion, Wg, 
is used in driving B backwards, and the balance, W, — Wz, 
may be applied to raise a weight. The combination of A and B 
and the * source’ atthe temperature ¢, constitutes an engine which 

i. repeats periodically a cycle of operations, 

li. raises a weight, 

iii, takes heat from a source of heat (in this case from what, 
in the normal working of A and B, has been called the 
‘refrigerator ’) and does nothing else. 

This is in conflict with the axiom of § 16-1, and therefore 

the hypothesis that the engine A has a greater efficiency than 
B is an untenable one. They must have the same efficiency. 
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We have restricted ourselves to the case of engines taking the 
same quantity Q, from the source during a cycle. We can 
however easily prove that the efficiency of a reversible engine 
is independent of the quantity of heat taken from the source 
during a cycle. Suppose we have a reversible engine working 
round the cycle abcd (Fig. 16:3) between the isothermals f, 
and t,. Let g be the quantity of heat taken from the source 
at t,, and w the work done during a cycle. Its efficiency is 
therefore w/q. If the engine be adjusted so as to work round 
the cycle befc between the same isothermals 7, and ¢,, as before, 
its efficiency will not be altered provided it still takes the same 
quantity of heat q from the source. It follows that the work 
done during a cycle is also the same as before, i.e. the two areas 
abcd and befcare each equal 
to w. Now let the engine 
be adjusted to work round 
the cycle aefd. Its effici- 
ency is equal to the area of 
the closed loop aefd divided 
by the heat it abstracts from 
the source. That is to say, 
it is equal to 2w/2q = w/q. 
So that doubling the quan- 
O tity of heat it takes from 
Fie. 16-3 the source does not affect 
its efficiency. A very obvi- 
ous extension of this proof leads to the conclusion that if the 
engine is adjusted so as to modify in any way whatever the 
quantity of heat it removes from the source during a cycle of 
operations its efficiency will not be affected and Carnot’s prin- 
ciple is established. 


§ 16-4. Ketvin’s WorK SCALE OF TEMPERATURE 


Carnot’s principle enables us to define a scale of temperature 
which is quite independent of the nature of any of the physical 
quantities, or of the apparatus used in measuring temperatures. 
If we consider a number of reversible engines, all of which work 
between the same temperatures /, and ¢,;, which we may suppose, 
for the present, to be measured in terms of some arbitrary scale, 
we have 


G.I an Onl 
i= Os Chie 16-4 
or C. Op OF etc... . 2 mm ) 
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This means that if a substance in expanding isothermally, at 
the temperature ¢,, absorbs a quantity of heat, Q.; and in 
expanding isothermally at another temperature, ¢,, between the 
same two adiabatics, absorbs the quantity of heat Q,, the ratio 


Qe 


0. is independent of the nature of the substance, and also of 


1 
the pair of adiabatics chosen, and depends solely on the tem- 
peratures ¢, and ¢,. In what follows we shall usually employ 
this result as an axiom, in place of the axiom (16°1). It may 
be regarded as equivalent to the second law of thermodynamics. 
We shall now define a scale of temperature by the equation 


Q> T, 

—=7. ... . . (16°41 

Q,~ F, aes 
We can show that the scale so defined is independent of the 
particular substance which may absorb the quantities of heat 
@, and Q,, when expanding isothermally between the same 
pair of adiabatics. The ratio of the same two temperatures 
on the scales defined by different substances, using (16°41), is 
the same for all substances, i.e. 


2 : ; é A (16°42) 


because of (16:4). Now we have agreed that the temperature 
difference between saturated steam at normal pressure and melt- 
ing ice at the same pressure shall be numerically 100, therefore 
we get, when we apply (16°42) to these two temperatures, 


Jun a Le 

where 7',, 7',’, T',’’, etc., represent the temperature of the melting 
ice on the scales defined by different substances. We see that 
» SS SOE S Ge. sa 
It is clear, therefore, that the temperature of melting ice, 
measured on a scale defined in this way, is independent of the 
properties of the thermometric substance involved. We can 
now show very simply that this is true of any other temperature, 
for since 


os = af = a = etc, 
OT OL eee : 
or, using the result just obtained, 
a — as = aa ele. 
Dom ly Lt, 


therefore 
TJ" = 7" = ete. 
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It is obvious that if we use this scale of temperature, the 
efficiency of a reversible engine is expressed by 
Lp 
(ea 
where 7’, and 7, are the temperatures of source and refrigerator 
respectively. The scale we have just described, and which we 
owe to Lord Kelvin, may be described in another way. Let us 
imagine any pair of adiabatics, abed and efgh (Fig. 16°4) of some 
substance constructed, and also the isothermals corresponding 
to the temperatures of steam and melting ice, which we may 
conveniently number 100° C. and 0° C. Now construct iso- 
thermals to divide the area 
bfge into 100 equal parts, 
the area of each of which 
wemaycalld. If we num- 
ber them in order 1°, 2°, 
3°... 99°C. and continue 
them below 0°C.and above 
100° C. in the same way, 
that is, so as to have the 
same area, ¢, between con- 
secutive isothermals and 
O v the pair of adiabatics, we 
Fic. 16-4 shall have the Kelvin scale 
of temperature, except for 
the trivial difference that we have numbered the temperatures 
from that of melting ice as a zero. This is obviously the case 
since (16°41) gives us 
Q» = or’, 


Q,=4dT, ... . . (enem 


where ¢ is the same constant for the same pair of adiabatics, 


and therefore 
Q2—-Q1= o(T. a T's), 
or if we apply this to the steam and ice isothermals 
Qsteam 5 Vice = 100 d, 


therefore 
-~_ Chen Ge Vice 
as 100’ 
__ area bfgc 16°431 
or ean +)» 2 nn ) 


Equations (16°41) indicate that the zero isothermal on the 
Kelvin scale is characterized by the property that no heat is 
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absorbed by the substance in passing from one adiabatic to 
another at this temperature. A reversible engine working round 
a cycle bounded by two adiabatics and the isothermals 7’ and 
zero would consume all the heat absorbed at the temperature 7' 
in doing work, since none is rejected to the refrigerator at the 
temperature zero. Since the first law requires that more work 
than is equivalent to the heat supplied cannot be done in a 
Carnot cycle we must conclude that the zero on the Kelvin 
scale is the lowest of all temperatures. It is called the absolute 
zero. 

The Kelvin, or work scale of temperature as it is some- 
times called, is not the only absolute scale of temperature. 
There is an infinite number of such scales. We may for example 
define a scale of temperature by laying down that the efficiency 
of a Carnot engine, working in a cycle bounded by any two 
adiabatics, and by a pair of isothermals which are very close 
together, is proportional to the temperature difference between 
the isothermals.1 This means, if we use 6 to represent tempera- 
tures on this scale, 

o = add, 
where dQ is the excess of heat absorbed over that rejected, and 
ais a constant. We have therefore 


aT 
7 an ad6, 
or y= "Cen? 


where C is a constant of integration. We may choose such a 
value for the constant a as will make the temperature difference 
between melting ice and steam 100, and for the constant, C, 
a value which will make one temperature, say that of melting 
ice, the same on both scales. If we do this, a is given by 


if steam __ e004 
? 


ey ye 
| steam . 
“a e100 meen 
and C is fixed by 
Pigg == Cemice 
Lie, 
or = e"Tice 


We see that the temperature corresponding to the Kelvin abso- 


1 This scale was in fact proposed by Kelvin before the work scale. 
20 
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lute zero is represented by minus infinity on the new scale. 
There is a certain appropriateness about this ; since the so-called 
absolute zero is very difficult to approach, and indeed there is 
reason to suspect that it is a temperature which is unattainable. 


§ 16-5. THe WorkK SCALE AND THE GAS SCALE 


The real merit of the work scale, and the reason for preferring 
it to any other of the possible alternatives, lie in the fact that it 
is identical with the perfect gas scale, and therefore approximates 
very closely to the temperatures as given by a gas thermometer 
containing hydrogen or some gas differing little from a perfect 
gas. The temperatures as given by such a thermometer there- 
fore require only very small corrections to convert them to the 
work scale. We can prove this in the following way: If Q, 
and Q, represent the quantities of heat absorbed by a substance 
in expanding isothermally and reversibly from one adiabatic to 
another at the temperatures 7’, and 7’, respectively, that is 
say if Q, represents the heat absorbed by a substance expands 
from the point 1 to the point 2 (Fig. 16-21), and Q, that absorbed 
during an expansion from the point 4 to the point 3, then, as 
we have seen, 

Q,_ 7s 


Qa TT 
This is true for any substance and therefore true for a perfect 
gas. In the case of a perfect gas, however, 


a, rr is 

@. pr log 

Us 
by (15-41), since the internal energy does not change. Here 
T.’ and 7,’ represent on the gas scale the same temperatures as 


T, and 7’, respectively. If we apply (15-96) to the adiabatic 
passing through 1 and 4 (Fig. 16-21), we have 


log T,’ + (y — 1) log v, = log 7)’ + (y — 1) log %, 
and by applying it to the adiabatic through 2 and 3, we have 
log 7’, + (vy — 1) log v, = log Ty’ + (y — 1) log vz. 
Subtracting the first of these equations from the second, we get 
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and therefore equation (16°5) becomes 


@. _ Ty 

Ore ine 
hence 

ts es 

T,~ 


which means that the two scales of temperature are identical. 


§ 16-6. Entropy 


We shall now introduce a quantity to distinguish the adia- 
batics—the term is used in the restricted sense explained in 
§ 15-3—on the p, v diagram, just as temperature distinguishes 
the isothermals. ‘This quantity is called entropy, a term intro- 
duced by Clausius (see § 13-4), to whom the conception of en- 
tropy is due. We may assign the value zero to the entropy of an 
arbitrarily chosen adiabatic, 
e.g., the adiabatic through 
the point M %, where » is 
the normal pressure, and uv, 
the volume of the substance 
at normal pressure and tem- 
perature ; just as on the Centi- 
grade scale we assign the value 
zero to the temperature of the 
isothermal through the same 
point. Having adopted an 
entropy scale, ¢, it becomes Fic. 16-6 
obvious that the state of a 
substance (or system) in equilibrium will be determined by 
the corresponding values of 7’ and ¢, since each pair of values 
T, @ is associated uniquely with a corresponding point p, v on 
the p,v diagram; and it will be helpful sometimes to employ 
a T,¢ diagram instead of a p,v or other diagram. The most 
convenient scale for ¢ is that already defined by (16°43) or 
(16°431). If in Fig. 16-4, abcd is the adiabatic of zero entropy, 
the area defined by (16°431), with the + or — sign, according 
as the corresponding Q is positive or negative, will be the entropy 
of the substance when it is in any of the states represented by 
points on the adiabatic efgh. Or more generally the difference, 
od. — $1, of the entropies associated with two adiabatics is equal 
to the area on the p, v diagram enclosed between the adiabatics 
and any pair of isothermals, the corresponding temperatures of 
which, on the work scale, differ by unity. Consequently 


(ou — 1) Zig—Ti): 2. . Gag 
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is equal to the area of the closed curve on the indicator diagram 
(e.g. 1, 2, 3, 4 in Fig. 16-21) of a Carnot cycle, between the 
temperatures 7’, and 7’, and the adiabatics ¢, and ¢,. So that 
the rectangular area, afyd, on the 7, ¢ diagram (Fig. 16-6) is 
equal to the corresponding area on the 9, v, or indicator diagram ; 
and it follows that the area of any closed curve on the p, v diagram 
is equal to the area of the corresponding curve on the 7’, ¢ diagram ; 
since the former can be regarded as built up of infinitesimal 
elements formed by an infinite number of isothermals and adia- 
batics, while the latter can be regarded as built up of corre- 
sponding infinitesimal rectangles. 


§ 16-7. ENTROPY AND THE SECOND Law oF THERMODYNAMICS 


According to the definition of entropy which we have adopted 
(16°43) 


b—dh=e . eek (16°7) 


where ¢, and ¢, are the entropies of a substance in two different 
equilibrium states 1 and 2. Q is the quantity of heat, positive 
or negative, that must be supplied to the substance in a reversible 
way along any isothermal whatever from a point on the adiabatic 
through 1 to the corresponding point on the adiabatic through 
2, and 7 is the temperature of this isothermal on Kelvin’s work 
scale. The possibility of expressing the entropy difference 
between two adiabatics in this way (16°7) is clearly a consequence 
of the second law and the adoption of Kelvin’s work scale. 
Conversely we may deduce the second law (as expressed in 
§ 16-4) from the statement (16°7). For consider any pair of 
adiabatics with the entropies ¢, and ¢, (¢2 >¢;). Then 


b— $1 = SE= #1, by (16-7), 


where Q, is the heat communicated to the system during a 
reversible isothermal change from the adiabatic 1 to the adia- 
batic 2 at the temperature 7'., and Q, has a corresponding mean- 
ing for such an isothermal change at the temperature 7,. Now 
consider any other pair of adiabatics, of the same or any other 
system, with entropies ¢,’ and ¢,’. We have 


ba’ — ¢,' _ Ws _Q 


in which the significance of Q,’ and Q,’ is obvious. It follows that 
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But this is the statement of the second law of thermodynamics 
as given in § 16-4. Consequently (16°7) is equivalent to the 
second law. 

Let A and B be two neighbouring points on the p, v diagram, and 
let AC and BC be an isothermal through A, and an adiabaticthrough 
B respectively ; their point of intersection being C (Fig. 16-7). 
The net amount of heat communicated to the substance during 
the reversible cycle ABCA is equal to the area ABO, i.e. 


Area ABC = dQ43 + €Qg¢ + €Q¢eu; 


or Area ABC = dQ43 + dQo4, 
since BC is an adiabatic. In the limit when B and C approach 
B 
P A 
Cc 
VU 
O 
Fia. 16-7 


very near to A, the area ABC becomes vanishingly small by 
comparison with dQ,, or dQ,,4, since it ultimately diminishes 
in the same way (AB)? or (AC)?; whereas dQ,, or dQo4 
diminish as AB or AC. Therefore 
AQaz + AQco4 = 9, 
or IQs, = IWQac; 
in the limit. Dividing both sides by the temperature, 7’, corre- 
sponding to the isothermal through A, we get 
Way _ Wao 
wR Ts 
The right-hand side of this equation represents, according to 
(16°7), the increase in entropy when the substance changes 
(reversibly) from the state A to the state B. We may therefore 
write 


d 
dbsy = 2 
or, simply dp = qQ » Se of) aS iGezeie 
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Consequently the increase in entropy of a substance, or system, 
in changing reversibly from a state 1 to another state 2 is 
expressed by 


2 


b—di= | F. oe. (46711) 


1 
and the value of the integral is clearly independent of the path 
joining the points 1 and 2 on the p, v diagram. An alternative 


expression for ¢, — ¢, 1s 
2 


dU 
nee joe (16°72) 
1 
which, for the special case of constant volume, reduces to 
2 
$:—¢1 = (& oe. (16721) 


1 
We shall adopt (16°71) as a final statement of the second law.! 


§ 16-75. ENTROPY oF A Gas 


For the unit mass of a perfect gas we have 


Tm ory say 
or dd =c,d log T + Rd log V 
and therefore 4 =, log a + (c, — ¢,) log aa . . (16°75) 
2" Vo 


if we agree that ¢ shall be zero when the temperature and volume 
are 7’, and V, respectively. 


§ 16:8. PROPERTIES OF THE ENTROPY FUNCTION. 
THERMODYNAMICS AND STATISTICAL MECHANICS. 


It is well to bear in mind that the systems with which we 
are dealing are characterized by an equation of state which 
expresses a distinctive variable, the temperature, as a function 
of the pressure and volume, when the system is in equilibrium. 
There are also systems in which there are other variables yj, 
Y2t2,... Ye, ... besides (or instead of) p and V. The 


1 As we have seen, the dQ in (16°71) and (16°711) is not any dQ, but the 
special increment associated with a reversible process. No such cautionary 
remark is necessary about (16°72) or (16°721) because dU + pdV repre- 
sents just this particular increment dQ that is in question. 
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external work done during a reversible change in such a system 
is expressed by | pav or & | yd, It will be convenient to 


call such systems thermodynamic systems, and we shall use 
the term closed system for one which does not interact in any 
way with thermodynamic systems outside it. A reversible process 
in a thermodynamic system is merely a limit that actual pro- 
cesses may approach—sometimes quite closely—but these latter 
are essentially irreversible. Mere transfer of heat—apart from 
volume changes—simply increases the internal energy of one part, 
a, of a system at the expense of that of another, 8; the con- 
sequent (algebraic) increment of entropy being, according to 


(16-721), 


dU, , aus 
Tr sl Tr 
or since 
aU, = — dU,, 
the increment of entropy is 
dU, au, 
Ee ae 


This is necessarily a positive quantity since, if dU, is positive, 
T, must be greater than 7’, and, if dU, is negative, 7’, must 
be greater than 7',. If an irreversible process in a closed system 
is associated with a change in volume, the internal energy of 
the system is bound to be greater when the final volume is 
reached than it would have been had the change occurred 
reversibly. If it were an expansion, for instance, the resisting 
pressure would be less at each stage of the process than would 
be the case during reversible expansion. Less external work is 
done therefore in a given irreversible increase in volume than 
when the same expansion occurs reversibly, with the consequence 
that in the former case the final value of the internal energy is 
greater. Similarly during an irreversible diminution in volume 
the external pressure is greater at each stage than that operating 
when the same diminution in volume is brought about reversibly, 
and again the final value of the internal energy is greater in the 
case of the irreversible process. Let U, be the final value of 
the internal energy when the given increase in volume occurs 
reversibly and U its value when it occurs irreversibly, then 
U>U, 

i dU 

and | 7p 


Us 
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is necessarily positive. But this integral, according to (16°721) 
represents the amount by which the entropy at the end of the 
irreversible process exceeds that at the end of the reversible 
process. In the latter process there is no change in entropy, 
consequently the irreversible process is necessarily accom- 
panied by an increase in the entropy of the system. This 
result is quite general. In the words of Clausius : 


Die Energie der Welt ist constant. 
Die Entropy der Welt strebt einem Maximum zu. 


It follows from the foregoing discussion that the necessary 
and sufficient condition for the equilibrium of a closed thermo- 
dynamic system is: when some small change, 6—for example 
a small change 6V due to a slight readjustment of the external 
pressure—is made in the state of the system, 


86-0 . . . . . 1 ele 


where ¢ is the total entropy of the system. The condition is 
necessary because reversible changes, which as we have seen 
consist of successive equilibrium states, are characterized by 
¢@ = constant, and it is sufficient, because no departure from 
equilibrium is possible unless 


56 > 0. 


We have now brought to light the essential identity of the 
entropy, ¢, of a thermodynamical system and the function 
represented by y in Chapter XI; and a brief comparison of 
statistical mechanics and thermodynamics will not be out of 
place here. Thermodynamics rests on two main principles, which 
we may conveniently call the principles of energy and of entropy. 
It is characteristic of its methods that no hypotheses concerning 
the nature of heat or the microscopic or sub-microscopic consti- 
tution of materials or systems are employed. Thermodynamics 
therefore enables us to arrive at reliable conclusions—reliable 
because of the proved reliability of the two main principles— 
which are quite independent of the (sub-microscopic) constitu- 
tion of materials and of the nature of the processes occurring 
in them. Statistical mechanics accomplishes something more 
than this. It starts out from the hypothesis that the special 
form of energy called heat is identical with mechanical energy 4 
and bases the first law of thermodynamics on the mechanical 
principle of conservation of energy; while the second law of 
thermodynamics and the entropy function emerge as statistical 


1This does not necessarily mean ‘mechanical’ in the restricted 
Newtonian or Hamiltonian sense, 
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properties of assemblages of vast numbers of mechanical systems 
which interact on one another in a random fashion. 
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CHAPTER XIV 


THE APPLICATION OF THERMODYNAMICAL 
PRINCIPLES 


§ 16-9. GENERAL FoRMULAE FOR HOMOGENEOUS SYSTEMS 


HEN a substance has an equation of state which is 
a relation between 7’, » and V, we have seen that 
its entropy, ¢, is a quantity which is uniquely deter- 
mined by any two of these variables, i.e. 
¢@ = function (7, V), or ¢ = function (p, V), 
and it follows, if we write 


df= AdT+BdV .. . . (16:9) 
that 
_ (%% 
A= (an) 
og 
=(— : ee 16:901 
e (55 , ( ) 


(see the formula (15:92)). Now, as we have seen, we may also 
write dQ, the quantity of heat communicated reversibly to the 
substance in a similar way: 

dQ = A'dT + BdV; 
but we may not in this case infer 


Fel (EG 
eS = (Gr v 


,_ (eQ 
B =(5 : 


These equations would imply that Q is a function of 7’ and V. 
We have seen however that this is not the case. In fact, Q, 
the algebraic sum of the quantities of heat that may have been 
communicated to a substance, may have any value whatever 
while the independent variables that determine its state remain 
unchanged. We have only to recall the fact that, after complet- 
ing any Carnot cycle, the variables JT and V, for example, re- 
304 
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assume their original values, while @ may have increased by a 
perfectly arbitrary quantity determined by the dimensions of 
the cycle (§ 16-2). 

Such a differential as d¢ is called a perfect, or complete 
differential. From (16°901) we derive the equation 


(5), = (Fr), eee (1691) 


which will serve us as a useful rule, when we meet with ex- 
pressions like (16-9), which are complete differentials. Writing 
(15-94) in the form 


dQ = & at +p 7 +p\av - (16-92) 


we have dd = al sr ae +7 a +2} av, 
Therefore, by (16°91), 


1eU  — 1(/0U 1 aU | 1/op 
T aver | (Gr) +? 1 F aTeV hal se 7 


oU mo? 
oF (Gar + =T(F Bo. Wiser) 


Substituting this result in (16°92) we have 


10 = (Gr 7) ar +2(35 an) av: 


or, if we are dealing with the unit mass of the substance, 


dQ = o.aT + 7(#, dV... . (16-94) 
oT'/v 


In this equation it is of course understood that dQ is com- 
municated reversibly. If we further subject it to some condition, 
x, which might, for example, be constant volume, or constant 
pressure, and divide both sides by dZ’, we Hist 


(8), == +908) Gn), 


or C=C +7(2 (Gr), - « « (16:95) 


where ¢, means the specific heat of the substance measured under 
the condition 2x. 

Let us now apply the same method when the independent 
variables are 7’ and ». We find, since dU and dV are perfect 
differentials, 


SG = (Sn) at -} (—) +2 | (5p) ar te (S ih, 
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or 


#0 = {(er), +2Cen),}*? + {(Gp)_ + 2p), } 4° 0690 


Assuming the unit mass of the material, this may obviously 
be written 


oU OV 
HO 0 hi =) a (5) ld 16-961 
Q=eAT + (5) +0(5-) lap ( ) 
For ae we have 


oU OV oU 
= l(on), + °Can),}2? + 2 Gp) 
ec (=) |p (16-962) 
On applying the rule of (16°91), we easily get 


aU av av 
aU Cea ee Poa . . (16-97 
a 2G.) or /, ( 
and hence, by (16°961), 
dQ =,dT — 4 (4 7). dp... (16-971) 


If again we suppose the reversible communication of heat dQ 
to be subject to some condition, x, and divide both sides by 
dT we get 


_ aV\ /dp 
pe ae Bon) an + (16-972) 


When the condition, xz, is that of constant pressure, the 
formula (16°95) leads to 


oy — 0 = Tae n) (ar . .. (16-98) 


and we arrive at precisely the same result om (16:972), when 
x means constant volume. 

We can readily verify that this result is in agreement with 
(15-95), which applies to a perfect gas; for in this case the 
equation of state is 


ee 
and consequently 
(Gn), -# 
Pp oT . = > 
Op\ 

V(r =: 

whence it follows that (16-98) becomes 
C, —C i= R 


ne 
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We may express cp — cy in terms of such quantities as the coefficient 
of expansion of the substance and its isothermal elasticity, which are 
more immediate results of experimental measurement than are the 


oV 
quantities (=), or — o By definition the coefficient of expansion, 


eT 
a, is 
oV 
? = al 
aV 
and therefore av =(5), a ee es (16:981) 


We may get rid of (2) in the formula by the following device: 
av = (2.20 + (2) 
therefore 0= ( + (=), i ATi)" 


eee, 86 (2) = ~ (2) (2), 


a (2). J a a eee 
since, by definition, the isothermal elasticity, e,, is 
op 
So = Var) 
Now substituting the expressions (16-981) and (16-982) in (16:98) we get 
Cp —Co =Tepa®2V . . . . . ~~ (16°983) 


where V is the volume of a gram of the material. It will be observed 
that the product on the right (if different from zero) is essentially positive. 
Hence cp —c is always positive or zero. 


We derive the formulae which express adiabatic relationships 
by making c, zero in (16°95), or in (16:972). The condition x 
is now simply the condition ¢ = constant, consequently 


_ — p( Pr (eV 
ee a) a n> . Meo 
OV\ (op 
= tor AR e ° ® ‘ 1 
and c, aS (16-991) 
These equations reduce to 
oV 
ee Paes ( =F , es (16992) 


and o> = Tad (se, oe ee (16-993) 
i) 
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Dividing the latter by the former we get 


G 
ae eS 20) 
y Cy Cp 
or a Lowe ew (162994) 


a result we have already established for the special case of a 
perfect gas. 


§ 17. APPLICATION TO A Vv. D. WaaLs Bopy 


By differentiating the equation of state, 
a 
(p + 75) (V —0) = RF, 


: op\ 
we obtain (ar L Wee 
ae sm) = Ls 
Cue = 2 
° (+a) -— pl 8) 
Be (r _ KV —6) 
OT) 2 
RT — wV = hye 
Consequently, on substituting in (16°98), 
R2 
Ce Ey Se. 
Vi er 
which becomes, if we neglect small quantities of the second order, 
R 2a 
Be Es ie i 
RTV 


For an adiabatic expansion of a v. d. Waals body we find 
from (16°99) 
CF, = = TR sn) 
: (V — 6b) \oT/]’ 
or dropping the subscript, ¢, 
dV 
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aT dV 
Therefore —— Car +. i— 
consequently 0=cd log T + Rd log (V — b), 
and, if we may take c, to be a constant we find, on integration, 
T(V — b)® = constant, 
R 
or T(V —b)* =constant . . . (17:01) 


If we divide (16°94) by 7, and substitute for (5), the expression 


appropriate for a v. d. “Waals bedy, we find 
dQ aT dV 


ee ge ys 
aT dV 
Therefore dé = ComT +R V—o 
V —b 
and $ = calog a + Blog fy —p ~ . » (17°02) 


where 7, and V, are the temperature and volume at which we have 
agreed the entropy shall be zero. 


§ 17-1. THERMODYNAMIC POTENTIALS 


There is a number of functions which are prominent in the 
application of thermodynamical principles to special problems, 
and which on account of their properties are called thermo- 
dynamic potentials. Consider, for instance, any reversible 
process taking place at constant temperature and pressure. 


We have 
dQ = dU + pdV, 
and therefore Tdéd =dU + pdV. 
If now 7’ and » are constant during the process, 


d(T) = dU + d(pV), 


and consequently 
0=d{U —Téd+pV}. . . (171) 
In such reversible processes therefore the function U — 7'¢ + pV 
remains constant. ‘This function, which we shall represent by 
the letter f, is commonly called the thermodynamic potential. 
Its increment df can be written 
df = (dU — Td¢é + pdV) 


— ¢dT + Vdp, 
or since the terms in brackets are collectively zero, 
df= —d¢dT+Vdp . .. . (47-11) 


This is obviously a perfect differential, because the differentials 
of the terms which make up / are themselves perfect differentials. 
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It follows therefore that 


_(F 
oan) 
of 
and v=(7) ee ee (TEE 
Fal ( ) 
It is to this property that the function f owes the name 


‘ potential.’ 

A similar function is the free energy of a system, which we 
shall represent by the letter #. We arrive at it naturally in 
inquiring about the external work done by a system during a 
reversible process taking place at constant temperature. Start- 
ing out from 

Tdéd = dU + pdV, 
we have pdV = —daU + Tadd, 
or, when the temperature is constant, 
paV = —d{U —T?d} 
=—dF . .. . . . (i750 
Or the external work done during such a process is done at the 
expense of the quantity 
F=U-T¢d ... . . (17:14) 
The increment dF of F is 
dF = (dU — Tdd + pdV) — ¢dT — pndJ, 
and as the expression in brackets is zero, 
dF = — ¢dT — ndV. 
This is also a perfect differential, and consequently 


OF 
Sac 
oF 
—p=(5 os (ee 
If we substitute for ¢ in (17°14) the equivalent expression in 
(17-141) we have 
oF 
F=U+T(5, + ee 2 Ciigeition 
This result is known as the Gibbs-Helmholtz formula. If instead 


of the variables p and V, the equation of state contains other 
corresponding variables, y and 2, (17°15) becomes 


Mes i ok T(=) So... (17151) 
The Gibbs-Helmholtz formula finds its chief applications in 


cases where y (or p) is constant at constant temperature, 1.e. 
is independent of x (or V). 
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If we write the equation 


Tdp = dU + pdv 


in the form dU =Tdd—pdV . . ... (17°16) 
we see that U is a function which has similarities with f and F ; 
and also that OU es (Fr) ; 
0U 
= ——) | (—— f © F : 1 . 1 
>= (57), ve 


The increment, dU, of the internal energy of a system is 
equal to the quantity of heat, dQ, which would have to be 
communicated to it, at constant volume, to produce the increment 
dU. This consideration suggests still another function, namely 
one which has the property that its increment is equal to the 
quantity of heat supplied (reversibly) to the system under the 
condition of constant pressure. Now since 


dQ = dU + pay, 
this condition leads to 

dQ =d(U + pV). 
If therefore we represent the function we are inquiring about 
by G, we have G=U-+oV...,. . = |= (l7ag 


It is called pai ed (OdAnwg = warmth, heat). We find for dG, 
= (aU — Dag + pa¥) + Tap + Vap, 


or A= Tdp+Vdp. . . (17-171) 
Consequently ime (= 
0G 

Ae ( ee TT 

Ds ( ) 


§ 17:2. MaxweE.u’s THERMODYNAMIC RELATIONS 


By applying the rule (16°91) to each of the differentials df, dG, dF 
and dU we obtain the four equations 


-(4),-, 
(=), =), @ 
es (2). @) 


re = -(3 |; (6) 5 2 = zea 


known as Maxwell’s thermodynamic relations. They are given in 
the order in which Maxwell himself gave them.? 


1 J. Clerk Maxwell: Theory of Heat. 
21 
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§ 17-3. Tue EXPERIMENTS OF JOULE AND KELVIN AND THE 
REALIZATION OF THE WoRK SCALE OF TEMPERATURE 


In Joule’s historic experiments on the expansion of gases 
into a previously exhausted region (§ 15:7) the temperature 
changes could not be determined even approximately on account 
of the relatively enormous heat capacity of the surrounding 
vessel and medium, as compared with that of the gas itself. 
The experiments only sufficed to show that such temperature 
changes were relatively small. Kelvin devised an experimental 
method which evaded the difficulties of the earlier experiments, 
and which he, in collaboration with Joule, successfully applied 
to a number of gases. The gas under experiment was forced 
by pressure through a porous plug of cotton wool which occupied 
a short length (between 2 and 3 inches) of a long tube. This 
latter was immersed in water maintained at a constant tem- 
perature. The part of the tube containing the porous plug was 
made of box-wood, 14 inch in internal diameter. The box-wood 
being a bad conductor, and the temperature gradients small, 
no appreciable transfer of heat occurred between the expanding 


Py Al. P2 
Fie. 17:3 


gas and the surrounding medium. A sensitive thermometer, 
placed immediately behind the porous plug, gave the temperature 
of the gas on emerging from the plug. Only the box-wood 
part of the tube was thermally insulating, so that before expansion 
the gas had the temperature of the surrounding water. The 
pressures on both sides of the plug were maintained constant, 
on one side atmospheric pressure and various pressures up to 
several atmospheres on the other. We may visualize the porous 
plug as a diaphragm, A (Fig. 17-3), with a minute aperture in 
it. The gas expands through the aperture from a region of 
constant high pressure, p,, into a region of constant low pressure, 
p2 Ti V, be the volume of the unit mass of the gas at the 
pressure, p,, and V, its volume at the lower pressure, p2, the 
external work done on the unit mass of the gas will be p,V;, 
and that done by it, p.V,. Consequently the net amount of 
work done by the unit mass of the gas in expanding will be 


P2V2 — PiV i, 
or ApvV. If therefore the gas does not deviate appreciably 


1 Joule: Scientific Papers, Vol. II, p. 217. 
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from Boyle’s law over the range of pressures to which it is 
subjected in the experiments, the net external work done by it 
(or on it) is zero; in which case the experiment is essentially 
Joule’s original experiment in a slightly different form. In 
general however there will be small, but appreciable, deviations 
from Boyle’s law, so that the temperature change accompanying 
the expansion of the gas in passing through the porous plug will 
be partly due to this. As there is no appreciable transfer of 
heat between the gas and the surrounding medium we have 
Ae bY) = 0 

or iG, — Oe (17°35) 
The corresponding condition in the original Joule experiment, 
assuming no transfer of heat, is 

Ue. (17°31) 
The successive steps in the application of thermodynamical 
principles to the two experiments are given in parallel columns 
below. Most of them are fairly obvious and are therefore given 
without detailed explanation : 


J oule-Kelvin. 
AG = 0, 
T Ad + V Ap = 0, 


(er), a° + (ep) AP} 
(ap) 47 


+{v+0(st) | Ap =, 


op 
T+iV+T = 0, 
Oy A +{ =f aR Ap 


Applying Maxwell’s 
relation (a) (17:2) 


AT +{V—1( sr | ap= 0. 
If ga At 


Joule. 
AU =90, 
T A¢d — — pAV = 0, 


7{(an),4" + Gor) ,47] 


—pAV =0, 

(gp), 47 
—{p—2( fav =o, 
AT —|p— 1( sf jar =o. 


Applying Maxwell’s 
relation (y) (17°2) 


c, AT p—0( | av=o. 
fl 
ta aP 


} =o, 
0 


(17°321) 
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It should be observed that, in these two formulae, the tem- 
perature is expressed in terms of the work scale; while in the 
experiments themselves the temperatures or temperature differ- 
ences were determined by mercury in glass thermometers. 
Imagine the temperatures, in the Joule-Kelvin experiments, to 
be expressed in terms of the constant pressure gas scale of the 
gas under experiment. This is practicable, since it is only neces- 
sary to compare the thermometer actually used with the gas 
thermometer. Let 7” be the temperature on the constant pres- 
sure gas scale as defined by 

pV 
p being constant, and AR chosen as explained in § 15:1. We 
have consequently 

id (a), 


or a), =F . CUR 


The specific heat, c,, and the ratio, €, when expressed in terms 
of the scale 7”, may be represented by c’, and &’ respectively. 
It is clear that 

Cy 3 es Cy ou 


because specific heat is a quantity with the temperature as 
denominator, whereas it constitutes the numerator in the quantity 
&, and in the product of the two the peculiarities of the scale of 
temperature actually used cancel out. We may now re-write 
(17-32), and mutatis mutandis (17°321), in the manner shown 
below, and obtain results which enable us to use the observations 
in the Joule-Kelvin and the Joule experiment to correct the 
readings of the constant pressure and constant volume gas 
thermometer (containing the gas experimented on) respectively, 
so as to get temperatures on the work scale. 


J oule-Kelvin. Joule. 


se (0 —1(ep) Sr] =2 | «Le 2G) Se] -9 
) 


Applying (17°33 Applying the formula anal- 
ogous to (17°33) 


cf + {7 — pV at" |= 0, e'— | — Tir or | =. 


R, 
ie 


T dP 1" aT 
5 Or) | eee 
wes] iia 
T qi] —% 
Us p 
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Taking the left-hand formula (17°34) and integrating over 
the range of temperature from that of melting ice to that of 
saturated water vapour at normal pressure, we have 


T,'+100 ; 
pp ee ln T 
2 T 0 "| l + I 
V 


‘ 


where 7’, and 7’, are the temperatures of melting ice on Kelvin’s 
scale and on the constant pressure gas scale respectively. The 
integral on the right is made up of observable quantities only, 
and can be evaluated. Calling it t), we have 
100 

ny evo — ] 
Similarly for any other temperature, T’, on the constant pressure 
gas scale and the corresponding temperature, 7, on Kelvin’s 
work scale, we have 


(17°35) 


Tg 


em NP 
as jon 3%] 


‘ 


Calling the integral on the right t, we have 


100¢7 
a | = 2. ee See, (lresoy 

This formula will also serve for the constant volume ther- 
mometer if for t and t, we substitute the values of the corre- 
sponding integrals obtained from (17°341). Such an application 
would, however, have no practical value if we had to rely on 
estimates of 7’ derived from experiments of the original Joule 
type. 

The theory of the Joule-Kelvin experiment (and of the Joule 
experiment) applies not only to gases, but to any sort of fluid 
up to equations (17°32) and (17°321). Joule and Kelvin found 
a cooling effect (€ positive) for all the gases they experimented 
on, except hydrogen, for which they observed a very small rise 
in temperature (€ negative). They found the change in tem- 
perature to be proportional to the drop in pressure, p1 — po, 
and inversely proportional to the square of the absolute tem- 
perature. The cooling effect is of course the basis of the methods 
of liquefying air which are most extensively used at the present 
time. Gases like hydrogen and helium, which in the ordinary 
way exhibit a heating effect, are found at sufficiently low tem- 
peratures to be cooled. There is therefore a temperature of 
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inversion at which é changes sign, i.e. becomes zero. From 
equation (17:32) we learn that, when é = 0, 


V OV 
eer (oe 17: 
T a (a 
If we represent the equation of state of the gas by 
f@,V;p)=0. . . > Was 


differentiate it with respect to 7’, keeping p constant, and then 


equate the expression thus found for om to i (17°37), we 
get an equation 

col GEE 5 Go) 0 - « « « (U7eses 
connecting 7, V and p, which is true for all states of the gas 
for which € =0. We may eliminate one of the variables, p 
for example, from (17°39), by using the equation of state (17°38), 
and we thus obtain an equation which gives us the temperature 
of inversion in terms of the volume. Its graphical representation 
on a 7'V diagram is called the curve of inversion. 


For a v. d. Waals body 


Fe ef 

OL s/n = a 2a ; 
(p+ 7) —palY —9) 

and therefore by (17°37) we have 


V 
Te a 2a : 
(p+ 7) ~ 
where 7’; is the temperature of inversion. On eliminating p we easily find 
2a @ — 3) a 
= Bly 
The following null method of realizing the Kelvin work scale is of 
interest, though it may not be of practical importance. Imagine we 
have found empirically the equation of state of a gas, 
f(l’Vny=0. . . . «. = eae 
where 7” is the temperature in terms of the constant pressure scale of 
the gas in question, and likewise the equation of the curve of inversion, 
gT’V)=0 . . . . . & OESS 
Differentiating (17°392) with respect to T’, keeping » constant, we obtain 
an equation 


T; (17-391) 


(Sp), =Sut"s ¥, 


/ 


dT 
Multiplying both sides of this by ap we find for states of the gas repre- 


sented by points on the curve of inversion, by (17°37), 


Vv dT’ 
ii =f 1", V, p) a 
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We can eliminate p and V, by means of (17°392) and (17-393) and 
thus obtain 


dT 
mo iMT OE. 1... (17-394) 


which, since the function f, is known, enables us to find 7 in terms of T”’. 


§ 17-4. HETEROGENEOUS SYSTEMS 


We now turn to systems in which two or more states of 
aggregation, or phases, are in equilibrium with one another. 
The simplest example is that of a liquid in equilibrium with its 
vapour. For the range of temperatures below the critical 
temperature of the substance there exists for each temperature 
a definite pressure, usually called the saturation pressure of 
the vapour, but more appropriately called the equilibrium 
pressure, under which the liquid and its vapour are in equi- 
librium. This is represented by the horizontal lines such as 
BF in Fig. 12-51. According to the theory of v. d. Waals the 
isothermals have the shape illustrated by ACDEG, assuming 
the whole of the substance to be in one state of aggregation at 
any given pressure or volume. This is supported by the fact 
that the portions BC and EF can be experimentally realized. 
The question arises: What is the situation of the horizontal 
line BF relatively to the curved line ACDEG? During the 
reversible passage of the substance from the state A to the 
state G, there is a definite increase in its entropy, determined, 
as we have seen, solely by the positions of the points A and G 
on the diagram. If therefore the passage occurs isothermally 
the quantity of heat communicated to the substance will be just 
the same for either of the alternative paths ABFG or ACEG. 
On the other hand the increase in the internal energy is also the 
same for both paths, since this too is determined solely by 
the positions of the points A and G on the diagram. Thus 
it follows, by the first law of thermodynamics, that the work 

G 


done, | pdv, is the same in both cases, and this means that the 


A 
area BCD is equal to the area DEF. 


§ 17-5. THe Triete Point 


When we plot the pressures associated with each of the 
horizontal lines BF (Fig. 12:51) against the corresponding tem- 
peratures we get such a curve as OA in Fig. 15-31. For a given 
point on such a curve, the function f (§ 17-1) has the same value 
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for a gram of the liquid as for a gram of the vapour, since the 
conversion from one state to the other takes place reversibly 
at constant pressure and temperature (17:1). Therefore 


L=t . : ae | elie 
and since f, and jf, are definite functions of the independent 
variables » and 7’, equation (17°5) is the equation of the curve 
OA. Similar remarks apply to the equilibria between liquid and 
solid and solid and vapour, represented by the curves OB and 
OC. The equations of the three curves are therefore 


In = So 
=f, . . . . . sees 


The point of intersection of OA and OB, being common to both 
curves, satisfies both of the first two of these equations, and 
hence for this point 

uf cea if y? 


which shows that it is a point on OC. In other words the three 
curves intersect in one point, as the figure has anticipated. This 
is called the triple point. 


§ 17-6. Latent Heat EQuaTiIons 


Consider two neighbouring points on OA (Fig. 15:31). By 
(17°5) 


to =Sv 
and Jo + Oy = hi + af 
and therefore i 
Consequently by (17:11) 


—$dT + Vdp = — odT + Vidp, 


or (t, — ddl = (V, — V,)dp. 
Now t — = L/T, by (16-7), 
where L is the latent heat of evaporation. Therefore 
en ya vot, en 66) 


This is known as Clapeyron’s equation. 

It is important to remember that this formula implies the 
use of absolute units. For example » means force per unit area, 
force being measured by rate of change of momentum; work 
is measured by the product of force and distance and L is 
measured in work units of energy reckoned per gram of the 
substance. It is of course immaterial what are the precise 
fundamental units which have been adopted, whether pound, 
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foot, Fahrenheit degree, etc., or gram, centimetre, centigrade 
degree, etc. 


As an illustration consider the equilibrium between ice (solid) and 
water (liquid). The latent heat of fusion is approximately 
80 x 4:2 x 10° ergs per gram ; 
Vi —V, = — 0-09 c.c. per gram. 


At normal atmospheric pressure, i.e. 1,014,000 dynes per cm.*, the equi- 
librium temperature (so-called melting point) is 273 on Kelvin’s scale. 
Therefore 
80 x 4:2 x 107 = ~ 0:09 x 273 x & 
aT” 
where dT’ is the elevation of the melting point of ice due to the elevation. 
dp, of the pressure. Hence 


aT 
Ge 7:3 x 10° approximately, 
or the melting point is lowered by 0-0073° per each atmosphere increase 
in pressure. 
The Gibbs-Helmholtz formula (17°15) provides an alternative way of 
deriving Clapeyron’s equation. For a gram of the vero and liquid 


respectively, 
FF 
1H Gg =a Uy -+- 7a " 


ee SU) a(o 7 


Hence Fy ~ Fi = Ue —Us + ,( 
Now in this case 

» -h= — p(Vo aa Vi), 
therefore —p—p(Vo —Vi) = Uy —Ti —(Vn — Vi)T re, 
or U. —Ur + p(Vo ozs Vi) = (Vs — vy e 


This is Clapeyron’s equation, since the left-hand member is obviously 
identical with the latent heat. Finally it will be noted that this equation 
is a special case of the more general formula (16-94), 


Let us now turn to the variation of the latent heat with 
temperature. It is convenient to make use of the constant 
pressure lines of the substance (e.g. water and water vapour) 
on a 7’, @ diagram (Fig. 17:6). Starting at a point A, imagine 
heat to be communicated to the liquid reversibly at constant 
pressure. The entropy and temperature will both increase until 
a point B is reached for which the temperature is the equilibrium 
temperature of the liquid and its vapour for the particular 
pressure chosen. The reversible communication of heat is now 
associated with reversible vaporization, the temperature remaining 
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constant till the whole of the liquid is vaporized. This stage 
is represented by the horizontal line BC. Beyond the point, 
C, the curve will again ascend, as shown by CD. For aslightly 
higher pressure we have a corresponding curve A’B’C’D’. We 
may represent the equilibrium temperatures and latent heats 
corresponding to BC and B’C’ by T, 7 + dT and L, L+dL 
respectively. The broken 
line BB’ represents, for dif- 
ferent temperatures, states 
of the liquid in which it 
is in equilibrium with its 
vapour. Similarly CC’ 
represents saturated vapour 
at different temperatures. 
Consider now the heat com- 
municated to the substance 
when it is taken round the 
Fie. 17-6 cycle BB’C’CB. Let c, be 
the specific heat of the 
liquid when in equilibrium with its vapour, and c, that of the 
saturated vapour. The net amount of heat communicated during 
the cycle is obviously 


6,047 +L4+dL—cdT~—L 
or (c, —c,dT+db . . . . (17°61) 


But we have already seen (§ 16-3) that this is equal to the area 
of the closed loop, i.e. to 


aT’ x (BC), 
or dl'(¢, a $i) 
or, finally, 
LdT 
“A (17°62) 
On equating (17°61) and (17:62) we get 
ae (17°63) 
Gl ee 


§ 17-7. Toe PHasE RULE 


Turning again to the equilibrium between two phases of a 
single constituent, e.g. water, we have seen that we can represent 
it by a curve on a p7' diagram ; for liquid and vapour the curve 
OA (Fig. 15:31). Within the limits between which these phases 
can exist we may have equilibrium at any temperature we like 
to choose; but having once fixed the temperature there is only 
one pressure under which equilibrium is possible. Or on the 
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other hand we may choose any pressure we like, but there will 
then be only one temperature at which equilibrium is possible. 
We say the system of liquid and vapour has one degree of 
freedom. The equilibrium of three simultaneous phases is 
represented by a single point, O, on the diagram. In this case 
there are,no degrees of freedom at all. In the case of only one 
phase, e.g. liquid, there are obviously two degrees of freedom. 
Over the range of pressures and temperatures for which this 
phase can exist we may choose both arbitrarily and independently 
of one another. These facts are instances of a simple general 
tule due to Willard-Gibbs, and known as the Phase Rule. 
It may be stated in the following form : 

F+P=C+2. . . . Stee 
where F is the number of degrees of freedom when P phases are 
in equilibrium, the number of constituents being C. As an 
illustration of the case of two constituents, let us take water 
and a soluble salt. Consider the phases, ice, solid salt, solution 
of salt in water, and water vapour. Lor two phases, e.g. solution 
and vapour, the rule gives, 

iP 26D ee 
or two degrees of freedom. This means that we may, for example, 
choose both pressure and temperature (within the limits between 
which these phases can exist) at will. Equilibrium will be always 
possible at some definite concentration of the solution, or we 
may adjust at will the concentration and temperature; there 
will then be a definite pressure under which the two phases are 
in equilibrium. When three phases are in equilibrium, for 
example ice, solution and vapour, there is only one degree of 
freedom. 


We can establish the phase rule in the following way: In any revers- 
ible transference of one or more constituents from one phase to another 
(i.e. transference under equilibrium conditions) the function f for the 
whole system remains unaltered, if we keep the pressure and temperature 
constant (§ 17-1). Therefore 


Oj =O «. . 2. 6 «6 « Ceres 
If there are P phases, f is a sum of contributions from each phase, or 
f=f4+7' +7" +... +f” » ve a ae Claas 
and consequently 
Of = of’ + of” + of” +... +d0f" =0 . . (17°721) 
In any redistribution of the constituents among the P phases, let 
OM OMG Olly sae One,» 


represent the increments of constituent number 1 in the P phases 
respectively and 


those of constituent number 2 in the P phases respectively, and so on. 
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Since the total masses m,, mM, ... Me, are given, 
Omy + 6m,” + 6m" +... + 6m," = 0, 
om,’ oe dm!” a bm!” a ee 2 dm,'?) = 0, 


Big’ + bmg” + dmg!” +... fom?) =0 . (17-73) 
Taking any one of these equations, the first one for imstance, we may 
choose only P —1 of the 6m,’s arbitrarily, the remaining one being 


determined by the equation. So that altogether there are C(P — 1) 
6m’s only which we may choose arbitrarily. Let us represent them by 


Oa OX, O25, eee OL o( p—1) 
The condition for equilibrium (17°71) or (17°721) now becomes 


of of 7 : 
pepe + Boe tee ew t apa = 0, e (17 74) 
and since the dz’s are arbitrary, we have 
of 
ac, ~ 
of 
on, ~ 
of 
—2£=0 . . « »«» 5 Spas 
OXqP—1) ( ) 


These C(P —1) conditions are necessary and sufficient for the equi- 
librium of the P phases at some given pressure and temperature. 

Let us now consider how many data are required to fix the state of 
the system. To begin with we have the two data pressure and tem- 
perature. In addition to these we require the data fixing the constitution 
of each phase. For each phase C —1 data are evidently necessary for 
given total masses of the C constituents, sce the character of a phase 
is determined by the C —1 ratios 

Me! Me! Me’ 


ep >: ae og Po LS er cs 
My My’ my’ 


of the masses of the C constituents present in it. The constitution of 
the P phases is therefore determined by P(C — 1) data. Adding to these 
the 2 data, pressure and temperature, mentioned above, we require 
altogether 

2+ P(C —1) 


data to completely describe the state of the system. We have already 
seen that C(P — 1) relations must exist between them, and there remain 
over consequently at our arbitrary disposal 


2+ P(C —1) —C(P —1) 
or 2 —P4+C factors. 
This means that we may choose 2 — P + C of the independent variables, 


which determine the state of the system, quite arbitrarily and still have 
P phases in equilibrium, i.e. 


FP=2-P4+0. 
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§ 17-8. DILUTE SOLUTIONS 


A solution of a crystalline or other body, in water for example, has a 
lower equilibrium vapour pressure than the pure solvent. We can ex- 
plain this in the following way: Imagine two vessels A and B in an 
enclosure (Fig. 17-8), the former containing the pure solvent, the latter 
a dilute solution, and the rest of the enclosure only the vapour of the 
solvent. If the two levels a and 6 were initially coincident, the surface 
of the solution would function as a semi-permeable membrane, and vapour 
would condense into B until finally a difference in level, h, equivalent 
to the osmotic pressure, P, of the solution in B, became established 
(§ 12:4). When this equilibrium condition exists, the vapour pressure, 


B 
B 
OL 
B 
A 
A 
i eyo 
Fic. 17-8 Fig. 17-81 


p’, maust be the same at all points in the horizontal plane, 6, and if p 
be the pressure at the lower level, a, i.e. the equilibrium pressure between 
the vapour and the pure solvent, obviously 


p-p = gh, 
where 6 is the vapour density, which we may take to be approximately 
uniform. On the other hand the osmotic pressure, P, is expressed by 


P = ogh, 


where @ is the density of the solution, or, in the case of a dilute solution, 
the density of the solvent itself. Hence 
Di Die : 
Pose oe 

The equilibrium between the vapour and the pure solvent, and that 
between the vapour and the dilute solution, are represented by the curves 
AB and A’B’ respectively in Fig. 17-81. Let T be the boiling point of 
the pure solvent, i.e. the equilibrium temperature for the solvent and its 
vapour, when the pressure is the normal pressure of 76 cm. of mercury. 
The boiling point of the solution will be T’, a little higher as the diagram 
explains. 

Now by Clapeyron’s equation (17-6) 


_ ppb) 
L = Vm 


where JL is the latent heat of the solvent, V is the volume of the unit mass 
of the vapour (we have neglected the volume of the unit mass of the 
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liquid, since it is small by comparison). This equation may be written 
in the form 


ee 
sah ay — Tet 
since V6 = 1. Combining this with equation (17°8), we get 
- LP 
T’—-T = oi (17°81) 


for the excess of the boiling point of a dilute solution over that of the 
pure solvent, and there is obviously an analogous formula for the excess 
of the equilibrium temperature of solution and solid solvent over that 
of liquid and solid solvent. 

The kinetic theory suggests (§ 12-8) that in a dilute solution the 
relation between osmotic pressure, volume of solution and temperature 
is identical with the perfect gas equation, to a first approximation at 
any rate. Therefore 

PV =RT. . . «© © » Clee 


where P is the osmotic pressure, V the volume of a gram molecule of 
the dissolved substance, and # is the gas constant (8-315 x 10” ergs 
per °C.) for a gram molecule (we are assuming that the ultimate particles 
of the dissolved substance in the solution are molecules, i.e. that it does 
not dissociate, nor associate). If o is the concentration, i.e. the quantity 
of dissolved substance per unit volume, and M its molecular weight, 


M 
V=-, 
o 
and therefore 
PM 
pommel ~ © © «© «© ez 
Combining this with (17°81) we find 
: RT? o 
TT’ —T Saab (17-83) 


a formula which enables an approximate estimate to be made of the 
molecular weight of a body from the elevation of the boiling point due 
to dissolving it in a suitable solvent. 

We have assumed that the dissolved body does not dissociate (nor 
associate). If each molecule in solution were to break up into two parts 
(ions), the osmotic pressure would of course be twice that which would 
result if no such dissociation occurred, and conversely if association of 
the molecules to form larger particles were to occur, the osmotic pressure 
would be correspondingly lower. This is the reason for the abnormally 
low osmotic pressures of colloidal solutions. In aqueous solutions of 
crystalline bodies, the ultimate particles in solution are always, or in 
most cases, either molecules of the dissolved substance, or ions into 
which it dissociates. In the case of cane sugar (and other non-electrolytic 
crystalline bodies) the osmotic pressure is quite close to that which we 
should calculate on the assumption that it occupied, in gaseous form, 
a volume equal to that of the (dilute) solution, without dissociating. In 
the case of common salt (and similar electrolytic bodies) the osmotic 
pressure in dilute solutions is approximately twice that of the equivalent 
solution of cane sugar, indicating that each molecule dissociates into 
two particles (ions). The phenomena of electrolysis furnish independent 
evidence in support of this view. A rough classification of bodies is 
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usually made into crystalloids and colloids. Cane sugar and common 
salt are examples of the former class. Their solutions are characterized 
by high osmotic pressure, which we explain by the supposition that the 
ultimate particles of the dissolved substance in solution are molecules 
or still smaller particles into which their molecules have broken up. 
Colloids on the other hand are substances the aqueous solutions of which 
have low osmotic pressures, the ultimate particles of such substances, 
when in solution, ranging from the order of magnitude of molecules at 
one extreme to Perrin’s visible spherules at the other. 
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